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Abstract

While thenew economicgeographyof tradeandlocationhas,understandablyenough,
concentratedon developingmodelsof stylisedrelationships,it now seemsthata review of some
techniqueswhichmaybeappliedin empiricaltestingcouldproveuseful.It is this taskthatwill be
approachedhere,conditionedby theadvancestakingplacein new economicgeographyon theone
hand,andin spatialdataanalysison theother.

Spatialdataanalysisrangesfrom thevisualizationandexplorationof spatialdata,through
spatialstatisticsto spatialeconometrics.Thetechniquesinvolvedareintendedto explorefor and
demonstratethepresenceof dependencebetweenobservationsin space.Typically, observationsare
classifiedinto threebroadtypes:fieldsor surfaceswith valuesat leasttheoreticallyobservableover
thewholestudyarea,asin geostatistics,pointpatternsrepresentingtheoccurrenceof an
observation,suchasreportedcasesin epidemiology, andfinally latticeobservations,whereattribute
valuesadhereto a tesselationof thestudyarea.This lastform hasmuchin commonwith timeseries
studies,andsharesanumberof key testingtechniqueswith econometrics.

Thepaperreviewschosentechniqueswhich canbeappliedin new economicgeography. Point
patterns,for instance,canbereadilyusedto attemptto detectclustering.Latticeobservationsare
usedin thestudyof dynamicexternalities,andconsequentlytheeffectsof testinghypothesesbased
on spatialseriesshouldbeexamined.Finally, attentionwill bedrawn to problemsarisingfrom
spatialnon-stationarity, whencausalrelationshipsmayvaryacrossspace,andfrom themodifiable
arealunit problem,whentestresultsareinfluencedby thechoiceof spatialaggregationemployed.

1 Intr oduction

Therelationshipsbetweenknowledge,especiallyconceptualknowledge,scientificdisciplines,and
empiricalobservationsareoftenfar from simple.Insightandintuition playanimportantrole in leading
to new conclusions.A striking exampleof thesignificanceof locationin suchintuition is themapping
of thelocationsof choleradeathsin Londonin 1854by Dr JohnSnow, indicatingthatproximity to the
BroadStreetwaterpumpcouldbeimportant.By disablingthepump,Dr Snow endedtheepidemic(cf.
Tufte,1997).Few of uswill beableto make suchdramaticinterventionsjustby mappingourdata,but
wheredataarelocatedatgeographicalcoordinates,it seemsunfortunatenot to examinethepossibility
thatlocaldependencemaybepartof thestory.

Spatialstatisticsspanmany disciplines,with methodsvaryingin relationto thespecificresearch
questionsbeingaddressed,whetherpredictingorequality in mining,examiningsuspiciouslyhigh
frequenciesof diseaseevents,or handlingthevastdatavolumesbeinggeneratedby GPS(global
positioningsystem)andsatelliteremotesensing.A uniquefeatureof spatialdatais thatgeographical�

Thispaperhasbeenpreparedin connectionwith theCEPRsymposiumonNew Issuesin TradeandLocation(2277),Lund,
Sweden,28–30August,1998.
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locationprovidesakey sharedeitherexactlyor approximatelybetweendatasetsof differentorigins.
Censusdatacanbeoverlayedoverpatientor customerdata;environmentaldatacanbeintegratedwith
diseasefrequencies;problemswhichhithertodid notadmitreadyempiricaltestingarebecoming
approachable.Geographicalinformationsystemsarecontributing to thedevelopmentandspreadof
spatialstatisticalmethods,whichhave, largely sincetheir inception,remainedwithin narrow research
confines,at leastpartlybecausethey wereseenasbeingcomputationallyburdensome.

In this review, I will concentrateon indicatingthekindsof researchproblemsto whichspatialstatistical
methodscanbeapplied,with particularreferenceto tradeandlocationwherepossible.It shouldbe
admittedthatthenumberof suchapplicationsis asyet very limited, but thisdoesnotappearto be
becausethereareno opportunities— ratherit seemsthatKrugman’s argumentaboutlackof mutual
acquaintancealsoapplieshere(1995).Further, few of theeconometrictoolseconomistsarefurnished
with provide suitableestimationmethods.Haining(1990)givesabroadgeneralintroductionto the
field, supplementedby Hepple(1996)andGetisandOrd (1996).Threerecentsurveys, including
availablesoftware,areLevine(1996),GatrellandBailey (1996),andBivand(forthcoming).

Having examinedresearchtraditionsin tradeandlocationin relationto thetestingof modelsagainst
empiricalobservations,basicissuesin spatialstatisticswill bediscussed,focusingonhow the
relationshipsbetweenlocationsareexpressed.Wemovenext to theanalysisof pointpatternsandfields.
Mostof thepaperdealswith latticedatatypicalof socialscienceresearchproblems.Startingfrom the
exploratoryanalysisof spatialdata— alsoavital stagein pointpatternanalysisandgeostatistics,global
measuresof spatialassociationarepresentedbeforethemostrecentwork on local indicatorsis
reviewed.Attentionis alsodrawn to themodifiablearealunit problemoftenpresentin theanalysisof
latticedata.Finally, we turn to spatialeconometrics,firstly thedetectionof spatialdependency in
estimationresultsbasedon theassumptionthatthemutuallocationof observationsis without
importance,andsecondlytheexplicit modellingof thisdependence.Thissectionis concludedby a
discussionof amethodof geographicalweighting,providing awayof revealingnon-stationarityin
spatialdataunderanalysis.

1.1 Research traditions

Many of thepointstakenby Krugman(1995)in his accountof thedevelopmentof economicgeography
andregionalsciencearewell taken,anddeserve to bereceivedwith moregracethanhasappearedin
repliessofar. Economicsdoesnothowever sharetheinstitutionalcontexts andresearchtraditionsof
geography, which, like economics,hasbothadisciplinarycoreand“flavours” extendingin many
directions.Severalof thesearemanifestlypresentwithin this review, particularlymedicalandphysical
geography. At present,theclearfocusof many quantitative andappliedgeographersis on geographical
informationsystemsandcollaborationwith disciplineslike computerscienceandsurveying. In spatial
statistics,thekey breakthroughoccurredin 1973,with thepublicationof Cliff andOrd’s Spatial
Autocorrelation. Clif f hasdeepenedhis concernwith epidemiologicalmodellingin geography(Cliff
andHaggett,1996),while Ord,astatisticianof note1, worksfrom timeto timewith geographerssuchas
Getis(GetisandOrd,1996).

An intelligentdescriptionof thecurrentsettingandresearchtraditionsof quantitative geographyhas
beenwrittenby Hepple(1998)in reply to anaggressive social-theoreticattack,in whichall contactwith
correlationandregressionis condemnedfor thelinks betweenGaltonandPearsonandlatenineteenth
centuryeugenics.I feel thatit is worthnotingHepple’s approach.He is carefulto express
understandingfor thecriticism advanced,andproceedsto usethesamemethodsasthesocialtheorists
in orderto demonstratethat,with amorecontextual readingadmittingadditionalinformationfrom the
periodin question,onewould have foundthatopinionswerealsodivided. In thecaseof regression,

1J.K. Ord joined in thework of updatingKendall’s advancedtheoryof statisticsin the late1970’s, andhasbeeninvolved
in boththe4thand5theditions.
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Heppleadvancesa persuasive casefor arguingthatYule,studyingwhatwewouldnow termsocial
exclusion,madeamoreimportantcontribution,andthatconsequentlyit wouldbeprematureto
condemnquantitative methodsassuchon thebasisof just someof their associations.

Indeed,it will beusefulfor ourpresentdiscussionto citeYule (afterHepple,1998,p. 2792):

Theinvestigationof causalrelationshipsbetweeneconomicphenomenapresentsmany
problemsof peculiardifficulty, andoffersmany opportunitiesfor fallaciousconclusions.
Sincethestatisticiancanseldomor never makeexperimentsfor himself,hehasto accept
thedataof daily experience,anddiscussasbesthecantherelationsof awholegroupof
changes;hecannot,like thephysicist,narrow down theissueto theeffect of onevariation
ata time. Theproblemof statisticsarein thissensefar morecomplex thantheproblemsof
physics.

Beforeweproceedto take upkey issuesraisedin usingthespatial‘dataof daily experience’,a few
wordsonavery few selectedexamplesof empiricalwork in tradeandlocation.Thegeographyof
innovationin thecontext of knowledgespilloversis a researchareawith substantialinterest,but where
opportunitiesfor interactionwith spatialstatisticsdonot yet seemto have beenexploitedsufficiently
(Jaffe, Trajtenberg andHenderson,1993,AudretschandFeldman,1996).In work on dynamic
externalitiesandgrowth in cities,Henderson(1997,p. 455)doesadmitthattheresiduals“may be
correlatedfor all countieswithin ametropolitanarea”,andusesasimpleadhocdiagnostic.Thestudy
of thedeterminantsof economicgrowth usingcross-sectionalregressions(Sala-i-Martin,1994,Barro,
1997),despitetechnicalsophistication,doesnot seemto have openedfor thetestingof hypotheses
concerningresidualor structuralneighbourhoodeffects.In conclusion,attentioncanbefruitfully drawn
to thework of Francophobeeconomists;Thisse(1997)sumsup lucidly theindeterminacy of regional
bounding,showing how processeslike spillover rendertheconstructionof entitiesfor empirical
purposesproblematic— we will returnto this issueagainasthemodifiablearealunit problem.

2 Basicissuesin spatial statistics

Sinceobservationsof spatialdataareasunlikely to beindependentasobservationson time series,it is
perhapssurprisingthatnotmoreusehasbeenmadeof this sourceof information.With anadequate
choiceof explanatoryvariables,this spatialdependencemaybereadilydrawn into amodel,andcease
to beanuisance.However, spatialdependenceis notnecessarilyjustanuisance,but mayhelpusto
captureimportantfacetsof therealitiesof economicprocesses(cf. HendryandMizon, 1978).The
literatureon spatialstatisticsis substantial(seeCliff andOrd,1973,1981,Ripley, 1981,Uptonand
Fingleton,1985,Griffith, 1988,Anselin,1988,Haining,1990,andmorerecentlyCressie,1993,and
Bailey andGatrell,1995).Wewill heregive abrief introductionto someof thekey issues.

In theirnow classicsurvey of problemsin analysingspatialdata,Duncan,Cuzzort,andDuncanexpress
thefocusof this studyin thefollowing way:

Interestin arealdistributionsmergesmoreor lessimperceptiblyinto aconcernwith the
‘spatialstructure’of communities,economies,andsocieties.At thepresenttime it is
difficult to appreciatethemagnitudeof effort whichwasrequiredto establishtheconcept
of aneconomyor asocietyasa territorially organisedsystem(1961,p. 16).

They continueto identify four perspectiveson spatialdifferentiation,which they describeas:(a)
chorographicinterestin arealdifferentiation;(b) interestin arealdistribution; (c) interestin spatial

2from Yule,G., 1897,“On thetheoryof correlation”,Journalof theRoyalStatisticalSociety, 60,p. 812.
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structure;and(d) concernwith theexplanationof arealvariation(page19). They deserve creditfor
takingup theproblemswhichspatialdataposefor analystsof society, andof changein society. Since
spatialdataareneithertheoutcomeof controlledexperiments,nordo they resultfrom randomsamples,
it is clearthatbeyondmappingandinformal inferencefrom patterns,specificspatialstatisticalmethods
arerequired.

Datafrom whichstatisticalinferencesareto bedrawn oughtto fulfill anumberof criteria,key among
which is thatthey areindependentof eachother. Thefoundersof statisticswerekeenlyawareof the
difficultiesof makinginferencesfrom spatialandtimeseriesdata.Studentdescribestheproblemin
detailin apaperpublishedoverninetyyearsago(1914),while theway in whichGaltonposedthe
problemis discussedbelow. In timeseries,weknow thatlaterobservationsmaydependonearlierones;
thisdependenceis termedautocorrelation.Firstorderautocorrelationis betweenthecurrentobservation
andits immediatepredecessor. Theorderingof thedatais clear, althoughthechoiceof temporalunits
doesmake adifference,for examplehourly, daily, weeklyor monthlydatamaydisplaydifferentforms.
In thetimeseriescase,it is usualto speakof a temporaldatagenerationprocess.Thiscanbethoughtof
asanunobservablecurve,generatedbothin relationto its own previousvaluesandin relationto the
currentandpossiblypreviousvaluesof othervariables.If we observe it atdiscreteandregularlyspaced
intervals,wegettimeseriesdata,from whichwecantry to estimatetheunderlying,unobservablecurve.

Spatialdatamaybeviewedasobservationstakenatdiscretepointsonasurface,ratherthana curve,
sincewe arein two dimensions,not just thesingledimensionof time series.It is in thissensethatwe
canspeakof underlying,unobservablespatialdatagenerationprocesses,aboutwhichwe would like to
infer. Theinferenceswhichwe would like to beableto make areabouttheseprocesses,which for a
varietyof reasonsmaynotbedirectlyobservable.Usingpolitical behaviour asanexample,we could
seekto establishtheidentitiesof voters,hopingto link their ballotpapersto theirothercharacteristics,
suchasplaceof residenceor birth, sex, age,occupation,etc.An exit poll couldbeusedto achieve this,
but thenthefocuswouldbeon theindividual level, ratherthanon thelocal, territorial,or ecological
links. While we have to acceptthatwe cannotmake inferencesaboutindividual behaviour from
ecologicaldata(LangbeinandLichtman1978),it is oftenbothnecessaryandrelevantto studyspatial
datageneratingprocessesat theaggregatelevel. Aggregationin itself shouldnotbeavoided,not least
becauseit oftenreturnsin oneform or otherasclassificationsusedasexplanatoryvariablesrelatedto
cleavages,beit socio-occupationalclass,organisation,or someotherstructuringvariableabove the
level of theindividual.

Spatialaggregationbringswith it a numberof specificproblems.Theboundaryeffectsat theedgesof
thestudyareaareoftenimpossibleto controlfor. If we areconcernedwith reconstructingunobservable
surfaces,thenwe arefacedwith thehypotheticalquestionof whetherthesurfaceextendsoutsidethe
studyarea,eventhoughwehave noobservations(Haggett1981).If wehadpossesseddatafrom beyond
thestudyarea,would it alterour inferencesabouttheshapeof thesurfaceat theedgesof ourstudyarea?

In addition,theoftenarbitrarynatureof theassignmentof observationunitsto aggregates,known asthe
modifiablearealunit problem,hasto berecognised.It hasbeendemonstratedthatthereis a relationship
betweenthecoherenceor simplicity of theprocessgeneratingthesurfacewe aretrying to make
inferencesabout,andtheway in which theobservationsareaggregated(Openshaw andTaylor1979).
They separatethescaleproblem,whereresultschangefrom lessaggregatedto moreaggregatedspatial
units,from theaggregationproblemcausedby arbitrarychoicesmadein zoning,thatis assigningbasic
spatialunitsto contiguouszones.Zonesin turn imply thecontiguityof memberunits,while groups
requirenocontiguity. Openshaw andTaylorwereableto demonstratethattheinteractionbetween
spatialautocorrelationandthezoningproceduredirectlyaffectedresultingstatistics(1979,p. 142). It is
quiteclearthattheresultsof analysisaredependenton theparticularlatticeof arealunit boundaries
chosen,andthatdifferentresultsmaybeyieldedby analysesusingdifferentboundaries.For this reason,
unitsof observationmaybetermedzones,to show thatthey have beensubjectto aprocessof
aggregationfrom basicspatialunitsfor whichdatamayoftennotbeavailable.
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Finally, thenon-stationarityof varianceacrossthestudyareais aproblemanalogousto thatfacedin
many studiesusingstatisticalinference.Werecallthatregression,for example,assumesthatthe
varianceof theerrortermshouldbeconstant,andnot vary with theindependentvariable.In thetime
seriescase,we cansaythattheseriesis stationaryif it hasa constantmean,andfluctuatesaboutthat
meanwith aconstantvariance.Themeanmayof coursebea residualaftertheremoval of estimated
structuralfeaturesof thecurve underlyingtheobservations.In orderto make inferencesaboutthe
curve, it is importantthatthevarianceabouttheestimateshouldnot vary in time. In thesameway, with
spatialdatawe shouldbeawareof problemsthatarisein inferenceif varianceabouttheestimated
surfaceis not constantover thewholestudyarea.

Haining(1990,p. 22-26)providesausefuldiscussionof many of theissuesinvolvedin inferring from
spatialdata.If it is possiblethatobservationsbeingtreatedasindependentin factderive from ashared
ancestor, thenthey will not contributeseparatedegreesof freedomto theformal testusedfor inference,
or to thejudgementinvolvedin thedrawing of informal conclusions.Furtherlight is thrown on the
difficultiesinvolvedin reachingsubstantive conclusionsby Haining(1991),in adiscussionof the
Clifford-Richardsonadjustmentof the"effective" samplesizefor bivariatecorrelation.Thereis aclear
link betweenthemethodsuggestedby Haining(1991,page215),for thecalculationof therelevant
adjustment,andthefamily of distancestatisticssummarisedby GetisandOrd (1996).Both the
adjustmentmethodanddistancestatisticsrely on theexplicationof thecorrelationstructureatvarying
distances.

Summingup,we areoftenfacedby non-experimentaldatafor sitesor zones,whichwe would like to
analyse.Abstractingfrom zonesto simplify theargument,wearein aninherentlymultivariatesituation,
whereeachsitestandsin a relationshipto every otherone.Wearefacedwith asetof probably
non-independentrandomvariables

�
Y � s��� s �	� 2 
 , commonlyreferredto asaspatialstochasticprocess,

andwheres arethepoint locationcoordinates.A typicaldatasetthenconsistsof observedy � si � , andis
referredto asa realizationof thespatialprocess.It is only asingleobservationfrom thejoint
probabilitydistribution of therandomvariables

�
Y � s1 ��� Y � s2 ��������� 
 , from which little canbegleaned

abouttherelationshipsbetweenthesesites,evengiventhatweacceptthatthey arereasonably
representative in somesense(Bailey andGatrell,1995,p. 24–28).

On this basis,wewill now proceedto review thecomponentareasof spatialstatistics,dealingin turn
with point patternanalysis,geostatistics,andtheanalysisof latticedata.

3 The analysisof point patterns

Pointpatternanalysisis concernedwith thelocationof events,andwith answeringquestionsaboutthe
distribution of thoselocations,specificallywhetherthey areclustered,randomlyor regularly
distributed.Pointpatternanalysisis very sensitive to thedefinitionof thestudyarea,sincea regularly
distributedpatterncanbemadeto seemclusteredby includinglargemarginswithin thestudyarea.
Measuresarealsosubjectto boundarycorrections,andmostoftenstudyareaboundarieshave to be
definedasconvex polygonsover thestudyarea,or in thesimplestform asrectanglesboundingthe
pointsunderanalysis.It is of coursealwaysimportantto plot theeventsto detectoutliersvisually,
togetherwith theboundariesbeingapplied(Bailey andGatrell,1995,Cressie,1993).

Thesimplestway of exploring point patterndatais by examininga two-dimensionalfrequency
distribution of countswithin equal-areaunitsimposedon thestudyarea,giving animpressionof how
theintensityof thepointprocessvaries;this canbeextendedto kernelestimation.Nearestneighbour
distancesarealsousedto analyseintensity. Intensityin thissenseis afirst orderproperty, themean
numberof eventsperunit areaatpoint s. Spatialdependenceis capturedby thesecondorderproperties
of aspatialpoint process,which involve therelationshipbetweennumbersof eventsin pairsof arbitrary
areaswithin thechosenstudyarea:γ � si � sj �� γ � si � sj �� γ � h � . For astationaryprocess,this
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relationshipdependson thedistanceanddirectionbetweenthepairof areas;whentherelationship
dependson distancealone,theprocessis termedisotropic.

Having anempiricaldatasetis not sufficient to testfor divergencesfrom randomness.In general,tests
areconductedagainstastandardmodelfor completespatialrandomnessfollowing ahomogeneous
Poissonprocessover thestudyarea.This impliesthatany of theeventscouldhave occurredanywhere
in thestudyarea,andthatthelocationsof theeventsaremutuallyindependent.This is enoughfor a
start,but quickly encountersdifficulties,whentheunderlyingcontroldistribution is nothomogeneous
acrossthestudyarea.Further, onemaywish to testhypothesesthattheincidenceof eventsis raisedat
or neargivenlocations.Both of theseissueshave attractedsubstantialcontributionsin thepastdecade,
andmethodsarenow availablefor testingpointpatternsagainsthypothesesof non-randomnessin
relationto a secondcontrolvariablewith avaryingspatialdistribution (CuzickandEdwards,1990,
Diggle,1990,DiggleandChetwynd,1991,DiggleandRowlingson,1994,Kingham,Gatrelland
Rowlingson,1995,Gatrelletal., 1996).

Thesedevelopmentshave led to empiricalwork usingpoint patternsfor cases— observedevents—
andcontrols— for theunderlyingnon-homogeneousdistribution. In this framework, K functionsare
definedfor a labelledstationaryisotropicpoint processfor case-case,control-control,andcase-control
pairsfor distancesup to anarbitrarymaximum,andthedifferenceis calculatedbetweenthecase-case
andcontrol-controlpairsfor thechosendistancesteps.An confidenceinterval envelopecanbe
constructedaroundthenull of no difference,permittingtheanalystto detectatwhichdistances
significantdifferencesoccurbetweenthedistancesbetweencasesandbetweencontrols.Thesemethods
have beenemployedby Jones,LangfordandBentham(1996)to exploretheoutcomesof road
accidents,andwithin thefield of locationby Sweeney andFeser(1998)to examinesmall
manufacturingbusinesslocationpatternsin North Carolina.They find conclusive evidenceof plants
from 8–49employees,with 8–17employeeplantsdisplayingclusteredlocationsat rangesup to 15
kilometres,while thelarger18–49employeeplantsclusteredat all spatialscaleswithin thebound
calculated.Largeplantswith over 205employeeswerefoundto seekdispersedlocationssignificantly.

4 Geostatistics

Geostatisticalmethodsmostoftenstartfrom observationsatpointsof singleor multiple attributes,and
areconcernedwith their statisticalinterpolationto afield or continuoussurfaceassumedto extend
acrossthewholestudyarea.It is of coursepossibleto interpolatein adeterministicway, or to use
polynomialregressionon thesitecoordinatevaluesto predicta trendsurface,but thesemethodsdonot
give thedegreeof statisticalcontrolto behadfrom variogramanalysisandsubsequentlymodellingby
kriging. Geostatisticalmethodsarealsosubjectto avariantof themodifiablearealunit problem,known
asthechangeof supportproblem(Cressie,1996);althoughasurfaceis assumedto exist throughoutthe
studyarea,it is not feasibleto gatherdataatall of thes in thestudyarea,or to know on thebasisof the
samplepointshow they representthestudyarea.Geologistsarealsovitally interestedin finding
anomalies,perhapssimilar to clusters;thesameappliesto environmentalscientistsexaminingthe
distribution of radioactive isotopes,whoareconcernedto locate“hot-spots”.

In practicea sampledatasetmaybetreatedfor systematicvariationin thefirst two momentsbefore
geostatisticalanalysisbegins.Thenext stepis to usevariogramsfor exploringspatialvariability
betweenall pairsof pointsaspecifieddistanceapart.Measuresaretakenacrossthewholemap,andcan
betakenassumingisotropy, or in a chosendirection.Thechief sourcesfor exploratoryvariographyand
variogrammodellingareCressie(1993),IsaaksandSrivastava (1989),andDeutschandJournel(1992).
Semivariogramanalysisandmodellinghasbeenattractinggrowing attentionin thespatialanalysisof
datafrom othersthantheearthsciencesover recentyears.Amongotherexamples,geostatistical
methodshave beenemployedin medicalaswell asphysicalgeography(OliverandWebster1986,
Webster, Oliver, Muir andMann1994).
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Thedistancemeasureh is avectorexpressingdistanceanddirection,within specifiedtolerances,and
thushasanaturalheadandtail. Theheadandtail variablescanbethesame,but candiffer; in such
bivariatecasescausaleffect is manifestedin thedirectionandat thedistancespecified.It is assumed
thatthesamedependency relationshipsbetweenlocationswill bemanifestirrespective of placingin the
studyarea,althoughtherelationsmaybeanisotropic.Theclassicalsemivariancemeasureis:

γ � h �� 1
2Nh

N � h �
∑
i � 1

� xi � yi � 2
whereN � h � is thenumberof pairsfulfilling relationshiph, xi is thetail value,andyi is theheadvalue.
Thecovariogramis similarly defined:

C � h �� 1
N � h � N � h �

∑
i � 1

xiyi � �
1

N � h � N � h �
∑
i � 1

xi
1

N � h � N � h �
∑
i � 1

yi �
Thesemivarianceis thusthesumof squareddifferencesbetweenpairsof valuesatdistanceh, divided
by twice thenumberof suchpairs.This is analogousto theGearystatistic,while thecovariance
correspondsto adistance-bandedMoran’s I statistic(describedin sectionson theanalysisof latticedata
below). Many furthersemivarianceestimatorsareavailable,providing robustnessto outliers,and
perhapsabetterseparationof thestructuredaspectrelatedto theoverall distribution of thephenomenon
from theoftenerraticlocal behaviour of thephenomena.

Modelling is derivedfrom thefitting of oneor moreof a family of functionsto theobservedcurve,
adjustedwith respectto anumberof parameters.Theprincipleadvantageof usinggeostatistical
methodsis yieldedwhentheresultantmodelsareusedfor predictionto otherlocationswithin thestudy
area,usingbothresultsof trendanalyses,andof local dependencies.Theseresultin surfacesof fitted
values,perhapsplottedovera regulargrid andcontoured,andmoreimportantlysurfacesof variances,
permittingconfidenceintervalsto beconstructedaroundmodelpredictionsover thestudyarea.For
environmentalscientistsin general,andmining geologistsin particular, attemptingto squeezethemost
informationpossibleoutof eachsamplecore,thesemethodshave provedto beof considerablevalue.
Socialscienceapplicationsarelimited chieflybecausetherearerelatively few phenomenawhichcan
reasonablybesupposedto exist assurfacesof thisnature,althoughby theuseof analogy, onemight
relaxthis limitation. Therearesomeparallelsbetweenwork in geostatisticsandthetreatmentof
non-stationarityusinggeographicallyweightedregressiondiscussedbelow.

5 Exploratory spatial data analysisand lattice data

In this section,we will find thatapplicationsof spatialstatisticsto tradeandlocationbecomemore
realistic,not leastbecausethemethodsusedandtheunderlyingdependency structuresappearmorelike
econometricsin thetime seriesdomain.While themethodsdiscussedabove arerelatedto thosefor
moretypical socialsciencelatticedata,they areperhapsmoresimilar to theapplicationof timeseries
methodsin engineeringor thephysicalsciences— thekindsof processeseconomistsandhuman
geographersareinvolvedin studyingareonly seldomeventsof thepointpatternkind, or surfaces
analysedin geostatistics.Theunderstanding,however, of stationarityandisotropy thatthey bringwith
themdoeshowever carryover into studiesof latticedata,includingattemptsto detectthespatialrange
atwhichneighbourhoodeffects,spillovers,make themselvesfelt. Two recentsurveys coveringthearea
of exploratoryspatialdataanalysisexplicitly areby Bivand(forthcoming)andD. Unwin (1996).
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5.1 Visualization

D. Unwin (1996)specificallyfocuseson visualizationasa necessaryfirst stepin all spatialdata
analysis,simplybecausethepositionof particularattributevalueson amapinducesassociative
processesin theanalyst,drawing uponanalogies,possibleprior information,or memory(for instanceof
possiblesourcesof dataerror). In geostatisticalanalysis,Haslettetal. (1991)andCooket al. (1996,
1997)have introducedlinkedvariogramcloudplots,displayingthevaluesof thesquareddifferencesof
thepairof headandtail observations � xi � yi � 2 in onewindow, andthespecifictail to headline on a
mapin asecondwindow. By moving apointingdevice aboutthevariogramcloudplot, theanalystis
ableto seewhereon themapdisplaythechosenpairsarelocated.In general,linkedplot technologyfor
dynamicdatavisualizationis becominganimportantpartof themodernstatisticaltoolbox,perhaps
exemplifiedby XLispStat(Tierney, 1990)andXGobi (Buja,CookandSwayne,1996),neitherof which
is specificallydesignedfor spatialdata,but wherebothhave beensuccessfullyutilised(Cooketal.,
1996,1997,BrunsdonandCharlton,1996).Furtherexamplesof visualizationtechniquesfor
socio-economicdataaregivenby A. Unwin (1996).

5.2 Global measuresof spatial association

At thispoint,anumberof definitionsandexplanationsof standardspatialstatisticalnotationsare
required.A measureof spatialdependenceis boundto make someassumptionsabouttheunderlying
datagenerationprocessor processes.Amongtheassumptionsthathave beenusedin studiesof
autocorrelation,theoneimplying leastaboutourprior knowledgeof relationshipsbetweenobservations
for spatialunits,saypoint sites,or boundedzonesexhaustively dividing up thestudyarea,is basedon
contiguity. It is notusualto beableto estimatetheserelationshipsfrom data,involving asthey do
N2 � N interactions,omitting thosewithin zones;they arenot thesameaszonalfixedeffectseither,
althoughtheeliminationof suchfixedeffectsin panelstudiescanalterthewaysin which interaction
mayappear.

Cliff andOrd (1973,p. 11–13)provide theinitial formalizationof therelationshipsasageneralized
weightingmatrix,mostusuallytermedW. Themostrecentsystematization,reviewing theMarkovian
propertiesof someweightingmatricesis givenby Bavaud(1998).In a recentstudyreviewing theuseof
differentformsof weightingmatrices,Griffith (1995)hasdemonstratedthataparsimonious
specificationof therelationshipsbetweenobservationsis to bepreferredto onemakingassumptions
aboutsaydistancedecay. BrettandPinkse(1997)alsonotedifferencesin inferencewhichcanoccurin
usingdistancebandsandcontiguities,which they call “Hotelling neighbours”for obviousreasons.

It is usualin theliteratureto definethecontiguityrelationin termsof setsN� i � of neighboursof zoneor
site i. Thesearecodedin theform of aweightsmatrixW, with azerodiagonal,andtheoff-diagonal
non-zeroelementsoftenscaledto sumto unity in eachrow (a.k.a.standardizedweightsmatrices),with
typicalelements:

wi j  ci j
N

∑
j � 1

ci j

whereci j  1 if i is linkedto j andci j  0 otherwise.This impliesno useof otherinformationthanthat
of neighbourhoodsetmembership.Setmembershipmaybedefinedon thebasisof sharedboundaries,
of centroidslying within distancebands,or otherapriori grounds.

Figure1A shows theway in which thesetsof contiguousneighboursof eachzoneareconstructed;in
Figure1B, neighboursaredefinedwithin afixeddistancefrom thezonein question.In tableform, the
setsof neighboursfor selectedzonesareshown in Table1.
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Figure1: Latticesof irregularpolygonzonesandpointsites.

Table1: Neighbourhoodsetsfor latticesshown in Figure1.

Zone A: contiguity B: distance
number neighbours number neighbours

1 2 (2, 9) 2 (2, 9)
. . .

6 3 (5, 7, 8) 2 (5, 7)
. . .

8 6 (3, 4, 5, 6, 7, 9) 4 (3, 4, 7, 9)
9 5 (1, 2, 3, 7, 8) 3 (1, 7, 8)

As GetisandOrdpoint out (1992,p. 190),therearegoodreasonsfor examiningpatternsof spatial
dependenceat amorelocal scale.If wedo nothave goodreasonto supposethattheprocessin question
is spatiallystationary, it seemsnaturalto applydistance-basedteststo theobservedspatialseries.For
usewith distancestatistics,onedefinesasymmetricone/zerospatialweightingmatrixusingthe
distancebetweenthecoordinatesof apoint associatedwith theobservations.Thechoiceof point for
non-siteseriesis notarbitrary, nor is thechoiceof thedistancemetric.Heretheadministrative centres
of theobservationunitshave beentakenasadequatelyrepresentingthelocationof theobservation.
Distancehasbeenassumedto bethesimpleEuclideandistancebetweenpoints,ignoringbarriersand
otherfactors.Distancehasfurtherbeenbandedon thebasisof thefrequenciesof interpointdistances,
andthefurthestnearestneighbourdistanceasshown in Figure2. A typicalelementof the
non-standardizedspatialweightmatrixC � d � for distanced is definedas:

ci j � d ���� 1 if hypot� i � j ��� d � i � j
0 otherwise

andhypot� i � j ���� � xi � x j � 2 � � yi � y j � 2.

Theextentto which resultsareaffectedby thechoiceof pointsrepresentingzones,andthechoiceof a
simplerepresentationof distanceis unknown. Distancebandedspatialweightmatricesmaybestoredin
thesamefashionascontiguitymatrices,andmayalsoberepresentedasslicedincrements,again
reducingstoragerequirements.

In Figure2A, thenearestneighboursof eachzoneareshown. It is zone9 thathasthefurthestnearest
neighbourdistance,at 50km from zone7, while zone3 is 39km from zone8. Figure2B illustratesthe
useof distancebands,at30,60,90,and120km. Table2 shows theincrementalneighbourhoodsetsfor
zone8 for thesebands.If zoneswerepermittedto betheirown neighbours,thenzone8 wouldbelong
to thesetof neighboursfor band1.
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Figure2: Nearestneighboursanddistancebands.

Table2: Theincrementalneighbourhoodsetsof zone8 (Figure2B).

Band Distance Number Neighbours
1 < 30 0
2 30 - 60 3 (3, 4, 7)
3 60 - 90 3 (5, 6, 9)
4 90 - 120 2 (1, 2)

Table3: Spatiallagvaluesfor zone8.

Zone8 Number Neighbours Laggedvalue
6 (3, 4, 5, 6, 7, 9)

Sum 6 (15.0,17.0,19.0,18.0,17.0,14.0) 100.00
Average 6 Eachcontributes1/6 16.67
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Wecanexemplify thespatiallagusingtheneighbourhoodsetfor zone8 from Figure1 andTable1. If
thesetof observationsfrom all theninezonesis (10.0,12.0,15.0,17.0,19.0,18.0,17.0,16.0,14.0),
thenwe canseefrom Table3 how thespatiallylaggedvalueis calculatedasasumor anaverageof the
valuesof six neighboursof zone8, in this case.Theaveragelaggedvalueof 16.67correspondsclosely
to theobservedvalueof 16.0.

Usingtheseconstructions,we candefinetwo commonlyusedglobalmeasuresof spatialautocorrelation
(Cliff andOrd,1973,p. 12,Haining,1990,p. 230),Moran’s I :

I  N
N

∑
i � 1

N

∑
j � 1

wi jzizj

N

∑
i � 1

N

∑
j � 1

wi j

N

∑
i � 1

z2
i

takingdifferencesfrom themean:zi  xi � x̄, andtheGearycoefficient:

C  � N � 1�
2 � N

∑
i � 1

N

∑
j � 1

wi j �
N

∑
i � 1

N

∑
j � 1

wi j � xi � x j � 2
N

∑
i � 1

z2
i

�
In addition,mentionshouldbemadeof thegeneralclassof crossproductstatisticsdueto Mantel
(1967),anddevelopedby Hubertetal. (1981):

Γ  N

∑
i � 1

N

∑
j � 1

ωi jξi j �
If we setωi j  wi j, we canexpresstheMorancoefficient asξi j �� xi � x̄� � x j � x̄� , while theGeary
measuretakestheform: ξi j !� xi � x j � 2. Γ yieldsageneralframework for thedevelopmentof additional
measures,includingspace-timeinteractionandmultivariatetests(Haining,1990,p. 230–231).

TheMoranandGearycoefficientsmaybetestedusinganalyticalexpectationsandvariances(Cliff and
Ord,1973)basedlargely on theneighbourhoodstructureassumedin thespatialweightingmatrix,and
areasymptoticallynormallydistributed.In additionto testsfor interval scaledvariables,therearealso
join-countstatisticsfor nominalvariables,basedasthenamesuggestson countingthenumbersof
same-colouranddifferent-colourjoinsbetweenneighboursdefinedby theweightingschemeadopted.
Lowell (1997)providesa review of thesemeasuresin thelight of morerecentdevelopments.A study
adaptingMoran’s I to heteroscedasticityhasbeenconductedby Waldhör(1996),who is concernedwith
situationswhentestingtheobservedestimateof thestatisticagainstanull in whichany permutationof
valuesto zonesis notequallylikely, anassumptionunderlyingtheanalyticalexpectationandvariance
of themeasure.Finally, new measureshave beenintroducedby ShermanandCarlstein(1994)and
Sherman(1996)usingamethod-of-momentssolutionusingonly thedataat hand,andby Brett and
Pinkse(1997)for spatialindependencebasedon characteristicfunctions.TheMoranstatistichasbeen
usedin studiesof pricesin internationaltradeby Aten (1996,1997).

5.3 Local indicators of spatial association

While globalmeasurespermitusto testfor spatialpatterningover thewholestudyarea,it maybethe
casethatthereis significantautocorrelationin only asmallersection,which is swampedin thecontext
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of thewhole.Bothdistancestatistics(GetisandOrd,1992,1996,OrdandGetis,1995),andthelocal
indicatorsof spatialassociationderivedby Anselin(1995,seealsoGetisandOrd,1996),resemble
passingamoving window acrossthedata,andexaminingdependencewithin thechosenregion for the
siteonwhich thewindow is centred.Thespecificationsfor thewindow canvary, usingperhaps
contiguityor distanceatsomespatiallag from theconsideredzoneor point.

Thereareclearconnectionsherebothto thestudyof point patterns— althoughmethodsfor boundary
correctionhave notbeenspecificallyaddedto weightingmatrixdefinitionsyet — andto geostatistics,
sincethesestatisticshave applicationto theexplorationof non-homogeneitiesin relationshipsbetween
locationsacrossthestudyarea.They arehoweversubjectto acorrelationproblem,thatestimatedvalues
of thelocal indicatorfor neighbouringzonesor siteswill becorrelatedwith eachotherbecausethey are
necessarilycalculatedfrom many of thesamevalues,recallingthatneighbouringplacementsof the
moving window will mostlikely overlap.Ord andGetis(1995)provide suitableadjustmentsto critical
valuesof theGi andG"i statistics.

By extensionfrom theglobalmeasureΓ presentedabove,Getis(1991,seealsoGetisandOrd,1996,
Anselin,1995)defines:

Γi  N

∑
j � 1

ωi jξi j �
whereΓi is themeasurefor locationi definedin termsof theweightingmatrixwith elementsωi j , and
ξi j capturestheinteractionbetweentheattributevaluesat locationsi and j. GetisandOrd (1996)define
six differentmeasures,thelocal MoranIi: ξi j #� xi � x̄� � x j � x̄� , threelocal Geary-typestatistics(Ci ,
K1i, andK2i) with ξi j �� xi � x j � 2, andtheGi andG"i statisticswith ξi j #� x j � andξi j �� xi

� x j �
respectively (Gi andG"i differ in thatG"i includestheattributevalueat locationi aswell asthoseat
j � N� i � ). Gi andG"i have beenshown to beasymptoticallynormallydistributedasthenumberof
neighboursof locationi, j � N� i � , increases,for instanceby increasingtheradiusd aroundi usedto
definetheweightingmatrix.

Theusesto which local statisticshave beenputareto identify “hot-spots”,to assessstationarityprior to
theuseof methodsassumingthatthedatadoconformto thisassumption,andotherchecksfor
heterogeneityin thedataseries.A typicalapplicationis to plot theestimatesvaluesof a local statistic
with increasingdistancefrom aselectedlocationi, perhapsalsocontrollingfor direction(Getisand
Ord,1996,Bivand,1997).In addition,Anselin(1996)hassuggestedthataplot of xi againstits spatial
lag∑ j wi jx j , termedaMoranscatterplot,particularlyusedwith dynamiclinkedvisualization,mayassist
in revealinglocal patterning.

Examplesof theapplicationof local statisticsin relationto topicsin economicgeographyare
O’Loughlin andAnselin(1996),examiningtradebloc formation— challengingassertionsmadeby
Krugman,andby Barkley etal. (1995)andBaoandHenry(1996)in exploring theuseof local
indicatorsin assessingtheappropriatenessof definitionsof functionaleconomicareas.Talenand
Anselin(1998)have alsousedthesemethodsto evaluatethemeasuresusedto defineaccessibilityto
publicplaygrounds,a studyin theequityof urbanservicedelivery.

5.4 The Modifiable Ar eal Unit Problem(MAUP)

Having outlinedtheMAUPabove, it remainshereto indicateprogressin addressingandin part
resolvingtheissuesinvolved. Arbia (1989)madeamajorcontribution by studyingin deptha rangeof
links betweenthepresenceof spatialautocorrelationandtheMAUP;until thattimemostanalystshad
chosento sidestepOpenshaw andTaylor’s (1979)potentiallydevastatingfinding thattheresultsof
statisticalanalysisof datafor spatialzonescouldbevariedat will by changingthezonalboundaries.
Theproblemincludestwo parts,theproblemof scale,involving theaggregationof smallerunitsinto
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largerones,andtheproblemof alternative allocationsof componentspatialunitsto zones,alsoknown
asgerrymandering.

A furtherpositive contribution wasmadeby FotheringhamandWong(1991),followedup by Amrhein
(1995),FisherandLangford(1995),AmrheinandReynolds(1996),andMorphet(1997).Openshaw
(1996)summariesmany of thetechnologiesnow availablefor choosingzoningsystemsto optimize
results.Perhapsthemostactive groupof recentpublicationshasresultedfrom collaborationbetween
socialstatisticiansexperiencedin complex survey designandgeographers,includingHolt, Steel,
Tranmer, andWrigley (1996)andHolt, Steel,andTranmer(1996),andWrigley etal. (1996).Focusing
closelyon thescaleandzoningeffects,they concludethattheuseof well chosengroupingvariablesto
adjustthearea-level resultsmayyield reliableestimatesof underlyingindividual-level relationships,
thusproviding at leasta partialsolutionto theMAUPwith respectto the“ecologicalfallacy”, the
drawing of individual-level inferencesbasedonarea-level analyses.

6 Spatial econometricsand lattice data

Estimationmethodsfor modelsusinglatticedataandtakingspatialdependenceinto accountareas
matureasglobalstatisticsfor spatialautocorrelation(Ord,1975,Hepple,1976);theform of modelmost
commonlyusedis known asthesimultaneousautoregression(SAR).Tenyearshave now passedsince
AnselinandGriffith (1988)surveyedtheregionalscienceandeconomicgeographyliteratureto seehow
far thesemethodswerebeingappliedto datasetsfor which they shouldhave beensuited.Thelow
penetrationthey reportedseemedrelatedto thelackof accessto thesetoolsin standardstatistical
packages,addressedsubsequentlyby AnselinandHudak(1992),Griffith (1993),Bivand(1992),and
others.Themostsubstantialeffecthasbeenachievedby Anselin’s “SpaceStat”program,permittingthe
estimationof mostof thespecificationtestsandmodelsdescribedin theliterature(1995b).

Examplesof theapplicationof thesemethodsby economistsareDubin’s estimationof a hedonic
regressionwith cross-sectiondata(1988),ananalysisof spatialpatternsin householddemandby Case
(1991),andtwo detailedstudiesof fiscalpolicy interdependencebetweenU.S.states(Case,Rosenand
Hines,1993,Besley andCase,1995).In addition,mentioncanbemadeof somerecentstudiestaking
up locationproblems:Anselin,VargaandAcs(1997)challengeandrefineJaffe’s conceptualframework
for theanalysisof local geographicalspilloversbetweenuniversityresearchandhigh technology
innovations,modifyingpreviousconclusions.Bernat(1996)evaluatesmanufacturingandregional
economicgrowth acrossU.S.statesin relationto hypothesesbasedon Kaldor’s laws. Bivandand
Szymanski(1997)have investigatedtheattenuationof neighbourhoodeffects,suggestedto stemfrom
local yardstickcompetition,following theintroductionof compulsorycompetitive tenderingfor refuse
disposalservicesin Englishlocalauthorities.A classicstudyon priceautocorrelationin spaceis
reportedin Haining(1983,1984).In all of theseexamples,theinclusionof informationaboutthe
mutuallocationof theobservationsmakesadifferenceto theconclusionsdrawn.

Wewill now presentbriefly thebasicmodelsof spatialeconometrics.Assumingthatthevarianceof the
disturbancetermis constant,westartfrom thestandardlinearregressionmodel:

y  Xβ � ε � ε $ N � 0 � σ2 �
wherey is an � N % 1� vectorof observationson adependentvariabletakenat eachof N locations,X is
an � N % k � matrixof exogenousvariables,β is an � k % 1� vectorof parameters,andε is an � N % 1� vector
of disturbances.Thetwo alternative formsof spatialdependencemodelsarethespatiallagmodel:

y  ρWy � Xβ � ε �
andthespatialerrormodel:
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y  Xβ � u � u  λWu � ε �
whereλ is ascalarspatialerrorparameter, andu is a spatiallyautocorrelateddisturbancevector. These
two modelscanalsoberelatedthroughtheCommonFactormodel(seeBurridge,1981,Bivand,1984).
Theuseof thenon-spatiallinearmodelwith spatialdatais equivalentto assuming,in theabove
parameterisation,thatρ  λ  0. Thespatiallag andspatialerrormodelscanonly becombinedfor
estimationif theneighbourhoodspecifications,heretheW matrices,of thelag anderrorcomponents
differ; for testing,however, thesamematrixmaybeemployed.

Dependencebetweenobservationsin econometricscanstembothfrom ahypothesiseddatageneration
process,suchasthekind presentedabove,andfrom omittedvariablebiases,possibleevenboth
simultaneously. Thespatiallag modelis clearlyrelatedto adistributedlag interpretation,in thatthe
laggeddependentvariable,Wy, canbeseenasequivalentto thesumof apower seriesof lagged
independentvariablessteppingoutacrossthemap,with theimpactof spilloversdecliningwith
successively higherpowersof ρ. This maybetermedastructuralautoregressive relationship,andone
wouldexpectit to bebasedon economicprocesses.Thealternatemodelpresupposesasharedspatial
processaffectingall of thevariables,andis perhapsmoreoftento beinterpretedasindicatingmissing
variables.

6.1 Specificationtesting

A recentline of researchin analysingspatialdata,mainly associatedwith Luc Anselin,hasfocusedon
how to establishthecharacteristicsof thedependencebetweenobservations,whetherdependencecan
bedemonstratedandhow it oughtto berepresented.(seefor instanceAnselin,1988b,1990,Anselin
andRey, 1991,AnselinandFlorax,1995,Anselinetal. 1996).Burridge(1980,1981)madethefirst
attemptto extendthetestsfor regressionmisspecificationgivenby Cliff andOrd (1973),using
Lagrangemultiplier techniquesto derive simplerprocedures.Thesehave beenfollowedup by Anselin
andcollaborators,andarenow at astageat which theirusein all casesin whichgeographical
cross-sectionaldataarebeinganalysedshouldbeexpected.

A problemsolvedin Anselinet al. (1996)is thatof testsfor spatiallag andspatialerrorspecifications
beingmutuallycontaminatedby eachother, thatis theoriginalLM testfor non-zeroρ alsorespondsto
non-zeroλ andvice-versa.Thenew teststake into accountthepossiblenon-zerovalueof thenuisance
parameter, andappearto discriminatewell betweenthetwo alternative forms.Resultsobtainedby
BivandandSzymanski(1998)indicatethattheserefinedLM testsareof considerableusein model
specification,andthattestresults,drawn from OLS residualsfrom theinitial model,areconfirmedby
likelihoodratio testresultsfrom maximumlikelihoodestimatesof ρ andλ for thespatiallag andspatial
errormodelsrespectively.

Work on globaltestsfor mis-specificationis continuing,with TiefelsdorfandBoots(1995)andHepple
(1998b)arriving independentlyatexactdistributionsof Moran’s I asa teststatisticfor regression
residuals,usingresultson ratiosof quadraticformsin normalvariables.TiefelsdorfandBootshave also
extendedtheir resultsto thelocalMoran’s Ii statistic(1997).

6.2 Modelling spatially dependentdata

Ord (1975)givestheMaximumLikelihoodmethodsfor estimatingthespatiallag andspatialerrorSAR
models;no satisfactoryalternativeshave beenfoundsubsequently, chiefly becauseof theimportantrole
of theJacobianexpressingthespatialtransformationof eitherthedependentvariablein thespatiallag
model,or thedisturbancein thespatialerrormodel.Unlike thetime seriescase,thelogarithmof the
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determinantof the � N % N � asymmetricmatrix � I � λW � or � I � ρW � doesnot tendto zerowith
increasingsamplesize;it constrainstheparametervaluesto their feasiblerangebetweentheinversesof
thesmallestandlargesteigenvaluesof W, sincefor positive autocorrelation,asρ & 1,
ln ' I � ρW '(& � ∞, andanalogouslyfor λ. Thelog-likelihoodfunctionfor thespatiallag modelis:

) � β � ρ � σ2 �� � N
2

ln2π � N
2

lnσ2 � ln ' I � ρW '
� 1

2σ2 * y +,� I � ρW �-+.� I � X � X + X ��/ 1X +0� � I � ρW � y 1
andβ �� X + X � / 1 � I � ρ̂W � y, whereρ̂ is theML estimate,andfor thespatialerrormodel:

) � β � λ � σ2 �� � N
2

ln2π � N
2

lnσ2 � ln ' I � λW '
� 1

2σ2 * � y � Xβ � + � I � λW � + � I � λW � � y � Xβ �21
To completethemodel,thevariance-covariancematrixof theparametersneedsto beestimated.In
many casesit is approximatednumericallyfollowing non-linearoptimizationof thelikelihoodfunction,
but SpaceStatderivesits estimatesof theasymptoticstandarderrorsanalytically(Anselin,1995b,
AnselinandHudak,1992).For largerN, this cantake considerabletime,requiringtheinversionof an
N % N matrix.

As PaceandBarry (1997,1997b,1997c)have conclusively demonstrated,a feasiblesolutionto
modellingsituationswith largeN is to exploit thesparsenatureof thespatialweightingmatrix,both
saving memoryandmakingcomputationpracticalin reasonabletimewithout supercomputerresources.
They wereableto computeresultsfor amodelof themedianpriceof dwellingsover all the20,640
blockgroupsin Californiafrom censusdata,improving thefit of themodeloverOLS results,halving
themedianabsoluteresidual,findingahighly significantspatiallag coefficient estimate,andrecording
severalsignificantsignchangesamongtheindependentvariables(1997b).They alsoprovide aprofile
likelihoodsolutionto thecalculationof coefficient estimatestandarderrors,avoiding thecomputation
of theinformationmatrix.

Hepple(1995,1995b),LeSageandPan(1995),andLeSage(1997)proposethewideningof spatial
econometricsto includeBayesiantechniques,not leastbecauseof theinformationthatthis yields
aroundthespecificpoint estimatesreachedin standardmodelling.PinkseandSlade(1996)andDubin
(1997)have begunwork on theapplicationof spatialeconometrictechniquesto discrete-choicemodels,
notingthatnon-sphericaldisturbancesareextremelydifficult to handlein thelimited dependentvariable
context. PinkseandSladeareconcernedto beableto detectspatialclusteringor dispersionof in retail
gasolinecontracttypesacrossbrandedservicestationsin Vancouver, while Dubinmodelsthebehaviour
of automobiledealers.

Simply in orderto give aflavour of thekindsof issuesinvolved,I will briefly run throughoneof the
standardexamples,first analysedin thiscontext by Hepple(1976).

Hanna(1966)proposedthatthe1960valueof 1955-9usedcarswouldbehigherin statesthathad
highersalestaxesand/orhighertransportchargesaddedto thepriceof new vehicles,ahypothesis
confirmedby his ordinaryleastsquaresresults(Table4). Hepple(1976)usedHanna’s studyto illustrate
theeffectsof errordependencein regressionmodelling,anddemonstratedthatthis findingwas
spurious.Thepricevariableis significantlyautocorrelated(thestandardvariateof Moran’s I is 8.07
underrandomisation,prob. < 0.001),asis theleastsquareserrorterm(Moran’s I = 4.25,prob. < 0.001).
Heppledrew theconclusionthattheproblemwasin theerrorterm,not leastbecauseat thattime other
testswerenotavailable.
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Table4: Modelling usedcarpricesin 1960,49 U.S.states,(t-valuesin parentheses).

OLS Spatiallag Spatialerror Autoregression
Constant 1435.97 332.70 1526.24 282.55

(52.8) (2.97) (56.39) (2.81)
Salestax/othercharges 0.69 0.18 0.11 —

(3.96) (1.61) (1.05) —
ρ — 0.77 — 0.82

— (9.94) — (12.52)
λ — — 0.80 —

— — (11.58) —
R2 0.25 0.73 0.73 0.73
σ2 3181.96 1080.39 1088.18 1093.91

TestingtheOLS modelusingthestandardLagrangemultiplier testsgiveshighly significantresultsfor
bothof thealternative specifications,but usingthenew LM testsaccommodatingthealternative
non-zeronuisanceparametersyieldsvaluesof 8.42for thetestfor anunderlyingspatiallag model(χ2

with 1 d.f., prob. = 0.004),andof 0.035for anunderlyingspatialerrormodel(prob. = 0.851).A
likelihoodratio testbetweentheestimatedspatiallag andspatialerrormodelsjust fails to find in favour
of thespatiallag model(LR = 1.80,prob. = 0.121).

Theconsequencesof takingspatialdependenceinto accountarequiteclear. Theerrorvarianceof the
two spatialmodelsis muchsmallerthanthatof theleastsquaresregressionestimates,andthe
proportionof thevariancein usedcarpricesexplainedhasrisenfrom aquarterto threequarters.The
coefficient of thecostvariableis no longersignificantat theα = 0.05level. Perhapsunsurprisingly, the
spatiallagρ anderrorλ coefficient estimatesarehighly significant.Werewe to preferthespatiallag
model,we couldinterprettheresultsto indicatethatρ representstheinfluenceof theaveragepricein
contiguousstates,indicatingthatpricesettinginvolvesthecomparisonof pricesacrossstatelines.From
thefinal columnin Table4, we seethattheresidualvarianceof theautoregressive model,droppingthe
tax/chargesvariablealtogether, doesverynearlyaswell asthespatialerrormodel,andindeedtheLR
testto differentiatebetweentheautoregressionandthespatiallagmodeldoesnot comedown strongly
for thelatter(LR = 2.60,prob. = 0.067).

6.3 Geographicallyweightedregression

As globalmeasuresof spatialassociationhave beensupplementedby local indicators,Fotheringham,
Charlton,andBrunsdon(1996,1997)andBrunsdon,Fotheringham,andCharlton(1996)have been
developingweightingschemesto allow possibledifferencesin localparameterestimatesfor regression
modelsto berevealed.Moving from theglobalto local settings,onewouldperhapsexpectthelocal
parameterestimatesto vary, but within theboundsof theirglobalstandarderrorbasedconfidence
intervals,thatis with divergencesof morethan 3 2 lessthanfive timesin ahundred.Theweighting
schemeusedsofar is distancebased,weightingzonei with unity, andwith weightsdecliningwith
increasingdistancefrom i. Therearesimilaritieswith kernelregressiontechniques,althoughtheseuse
weightingin attributespace,ratherthanacrosstheobservations.Currently, cross-validationis usedto
selectanappropriateglobalbandwidthparameter, which thendeterminestheform of thedistancedecay
functionusedto definetheweightsfor eachobservation.Thereareclearlysubstantialdifficulties
involvedin makingstatisticalinferencesfrom resultsof this kind of procedure,althoughit hasproved
veryusefulin showing up missingvariables.
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7 Final comments

Themotivationfor this contribution hasundoubtedlybeenrathermissionary, becausetherearetwo
possiblereasonswhy spatialeconometricmethodshave notbeenmorewidely adoptedin economics,
andparticularlyin thevery relevantareasof tradeandlocation,supposingthatresearchersare
concernedto testtheir hypotheseson empiricaldata.Thefirst, which is not improbable,is thatthe
methodsarenot yet adequate,but hereonecanseeeconomists,like Pace,Pinkse,Dubin,or Case,
contributing with new variantsor incrementsto theexistingbodyof work. Indeed,economiststendto
bevery welcometo publishin thekey journalsin thefield, suchasEnvironmentandPlanningA,
GeographicalAnalysis, or RegionalScienceandUrbanEconomics. Thesecondis thatwe have not
doneavery goodmarketingjob, andalthoughthispaperis notgoingto impressmy colleagues
specialisingin that“black art”, I hopethatit mayincreasecuriosity, andthatthelengthylist of
referencescangive thatcuriositysomethingto feedon. Nonetheless,caveatemptor.
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