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Abstract � is a languagesimilar to � for statisticaldataanalysis,basedon mod-
ernprogrammingconceptsandreleasedundertheGNU GeneralPublicLicense.
It permitstheintegrationof programscriptswith compileddynamicallyloadedli-
brariesof functionswhencomputingspeedis important.Followingabroadoutline
of existingcollectionsof functionsfor spatialstatisticswrittenfor � , weshow how
they maybeportedto � , andcomparetheircharacteristics.Wefurtherdemonstrate
how existingwork maybeextendedto topicsnotyetcovered,andhow librariesof
functionsmaybeconstructed.

Functionsfor threetypesof spatialstatisticsarecovered:spatiallycontinuous
data,pointpatterndata,andareadata.Wepresentpackaged� functionsfor spatial
statisticalanalysis,andtheir applicationto standarddatasets.Both the develop-
mentof � , andof thesefunctions,is on-going,but have now reacheda critical
massmaking � anattractiveplatformfor teachingandapplyingspatialstatistics.

1 Introduction

While spatialstatisticsoughtarguablyto beat leastasfrequentlytaughtandused
astime seriesmethods,it hasbeenthecaseovermany yearsthatlackof accessto
suchmethodsin statisticsor GISsoftwarehashindereddiffusion.Wheresoftware
hasbecomeavailable,as indeedwith GIS, costper seathasbeena further con-
siderationat leastin the academiccommunity. Observingthe researchpractices
of statisticians,it hasbeenpossibleover recentyearsto seea tendency for new
methodsto bepublishedbothin written form, andascollectionsof scriptswritten
in the � language,andsubsequentlyarchivedatStatlib( �������	��
�
���
��	���������������������� ��
�� 
 ). With the advent of � , a statisticalprogramminglanguagesimilar to �
madeavailableunderthe GNU GeneralPublic Licenseversion2 (main archive:
� �����	��
�
"!�!�!	�#� 
$�%����!&
 �"' �%���(�)����
*� 
 ), many packageshave beenportedfrom �
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to � , includingsomefor spatialstatistics.Since � canbe installedwithout diffi-
culty on all Unix systems,andalsoexists in binaryform for MS Windows9* and
NT 4, writing or porting spatialstatisticssoftwarefor a wider rangeof potential
usersseemsto bebecomingeasier.

Our concernhereis to review packagesalreadyported,to describework in
progresswhereno � scriptscould be identified as appropriate,and to point to
areasrequiringfurthereffort1 . Webegin by settingthescenewith regardto spatial
statistics,goingon to introducethe � language.

Sinceobservationsof spatialdataareunlikely to beindependent,it is perhaps
surprisingthatnot moreusehasbeenmadeof this sourceof information.With an
adequatechoiceof explanatoryvariables,this spatialdependencemaybereadily
drawn into a model,andceaseto be a nuisance.However, spatialdependenceis
not necessarilyjust a nuisance,but may help us to captureimportant facetsof
the realitiesof spatialprocesses.The literatureon spatialstatisticsis substantial
(seeCliff andOrd,1973,1981,Ripley, 1981,UptonandFingleton,1985,Griffith,
1988,Anselin,1988,Haining,1990,andmorerecentlyCressie,1993,andBailey
and Gatrell, 1995,amongmany others).We will heregive a brief introduction
to someof thekey issues.Threerecentsurveys, includingavailablesoftware,are
Levine (1996),GatrellandBailey (1996),andBivand(1998).

After having setthecontext, wewill review thecomponentareasof spatialsta-
tistics,dealingin turn with point patternanalysis,geostatistics,andlattice (area)
dataanalysis,showing what hasbeendonein � , and giving exampleslargely
takenfrom theliterature.Wherepossible,resultsfrom � scriptshavebeenchecked
againstresultsfrom usingothersoftware.First,however, wewill presenttheback-
groundof the � and � languages,andtheopportunitiesandchallengesofferedby
open-sourcesoftware2 .

2 � , � and open-source software

The history of � is relatively long, and as with so many other innovations in
software,stemsfrom researchersat Bell Laboratories;for a detailedaccountsee
Becker(1994).Thetwo majorsourcesonthelanguageareBecker, Chambers,and
Wilks (1988) andChambersand Hastie(1992); VenablesandRipley provide a
very useful introductionto appliedstatisticsusing � (1997). � presentsthe data
analystwith a rich toolboxof components,permittingboththeroutineprocessing
of statisticaltasks,andthe programmingof new functionsnot initially included
in the language.It employs vectorsasbasicbuilding blocks,bothpermittingthe
convenientuseof linearalgebraoperations,andtheapplicationof standardor user-
definedfunctionsto data.It alsoincorporatesdatastructures,andanobject-based
task dispatchapproachbasedon methodsand classes.Many of theseelements
have beenaddedwith time,anddo change.� is now only availablecommercially
as � +*, -"./� 3 , afactwhichhasconcernedUSusers,whofaceaFederalrequirement
that they oughtnot to developsoftwarein a languagenot availablefrom multiple
independentsources.� +*, -*.�� is an excellentsystem,but is not always ideal for
teachingpurposesbecauseof its perseatcost,even wherestudentandacademic
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pricingmaybeavailable.In 1996,MathSoftintroduceda spatialstatisticsmodule
for ��+*, -*./� (Kaluzny et al., 1996),andlinks to GISsoftwarearealsoavailable.

The � +*,�-*./� spatialstatisticsmoduleincludesafairly widerangeof techniques
for spatialdataanalysis,coveringmany of thekey methodspresentedin Haining
(1991)andCressie(1993);Ripley actedasa consultanton thedesignanddevel-
opmentof themodule.SinceVenablesandRipley hadincludedsoftwarefor some
geostatisticalandpoint patternanalysesin their book(1997;first edition1994),it
is notsurprisingthatsomeof theirwork is reflectedin themodule.In addition,two
techniquesparallellingthoseusedby PaceandBarry (1997)areincluded:using
quadtreedatastructuresfor finding spatialneighbours,and usingsparsematrix
methodsfor fitting spatiallinear regressionmodels.The moduledoesnot cover
a numberof frequentlyusedtechniquesin point patternandirregular latticedata
analysis,andit is indeedcuriousthatAnselin’swork is not citedin Kaluzny et al.
(1996).

The backgroundto � is interesting,in that it is basedon two computerpro-
grammingtraditions:Bell Laboratoriesthrough � , andMIT throughScheme.As
Itaka (1998) relates,meetingthe first edition of the classicStructure and Inter-
pretation of Computer Programs (1985,secondedition: Abelson,Sussmanand
Sussman,1996)openedup “a wonderfulview of programming”.He metScheme
at thesametime asanearlyversionof � , andquickly realizedthatsomefeatures
of modernprogramminglanguagedesign,suchaslexical scoping,canleadto su-
periorpracticalsolutions.Theseadvantageshave,amongothers,broughtTierney,
the authorof Lisp-Stat(1990),into the � coredevelopmentteam.Differencesin
the underlyingcomputingmodelsbetween� and � aremany andimportant,and
sometimesconcerntheactiveuser. They areoutlinedbothin � systemdocumenta-
tion, theR-FAQ availableatthearchivesite,andin the � complement4 to Venables
andRipley (1997).VenablesandRipley arealsoactively portingtheirown work to
� , partlyasaserviceto their readers,andpartlybecausethedifferencesin theun-
derlyingcomputingmodelsteaseout potentialcodinginfelicities. Many of these
issuesareactively debatedon � discussionlists — for details,seethe � archives.
Becauseof the closenessbetween� +*,�-*./� and � , the codedescribedbelow has
eitherbeenportedto � from � +*, -*.�� with no or minor modifications,while code
written in the � environmentcanbemovedbackto ��+*, -*./� with thesamefacility.

Thekey differenceslie in scopingandmemorymanagement.Scopingis con-
cernedwith theenvironmentsin whichsymbol/valuepairsaresearchedduringthe
evaluationof a function,andposesa problemfor porting from � to � , whenuse
hasbeenmadeof the � model,ratherthanthat derived from Scheme(Itaka and
Gentleman,1996,p. 301–310).Memory managementdiffers in that � generates
largenumbersof datafiles in theworking directoryduringprocessing,allocating
andreallocatingmemorydynamically. � , beingbasedon Scheme,startsby occu-
pying auser-specifiedamountof memory, but subsequentlyworkswithin this,not
committingany intermediateresultsto disk. Within the memoryheap,a simple
but efficient garbagecollectormakesthe bestpossibleuseof the memoryat the
program’sdisposal.This mayhindertheanalysisof very largedatasets,sinceall
datahave to be held in memory, but in practicethis problemhasbeenalleviated
by falling memoryprices.Onereasoncitedby someauthorsfor alsousing � , is
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thataccessto thesamecompilersasthoseusedby MathSoftto permitthedynamic
loadingof compiledC andFortranobjectcodeis not a problemwith � : you just
needthesame(open-source)compilerthatyou usedto install � in thefirst place.
Thishasaffectedusersof � +*, -*.�� on MS Windowsplatformsin particular.

Itaka (1998) placesthe future of � clearly within open-sourcesoftware. In-
deed,the rapid developmentof � asa computingenvironmentfor dataanalysis
andgraphicsbearsoutmany of thepointsmadeby Raymond(1997)in hispercep-
tivepaperonthedynamicsof user/developerinteraction.Overseveralyears,it has
begunto beclearthat,evenwhenwell-regardedcommercialsoftwareproductsare
available,communitiesof usersanddevelopersareoften ableto gain a momen-
tum basedon very rapid debugging by large numbersof interestedparticipants
— bazaar-styledevelopment.Indeed,commercialorganizationscanbenefitfrom
the activity ensuingfrom this kind of brainstorming:over half the web siteson
the Internetuseopen-sourceservers,andmostof therestreply on Perl,anopen-
sourcelanguage,to deliver active content.Opensourceis not limited to Unix or
Unix-basedoperatingsystems,sinceopen-sourcecompilersandassociatedtools
havebeenportedto proprietarydesk-topsystemslike MS Windows95,MS NT 4,
andothers.Thesein turn have permittedsoftware,like � , to be portedto these
platforms,with little or no versionslack.

3 Point pattern analysis

Pointpatternanalysisis concernedwith thelocationof events,andwith answering
questionsaboutthe distribution of thoselocations,specificallywhetherthey are
clustered,randomlyor regularlydistributed.Pointpatternanalysisis verysensitive
to thedefinitionof thestudyarea,sincearegularlydistributedpatterncanbemade
to seemclusteredby including largemarginswithin thestudyarea.Measuresare
alsosubjectto boundarycorrections,andmostoftenstudyareaboundarieshave
to be definedasconvex polygonsover the studyarea,or in the simplestform as
rectanglesboundingthe points underanalysis.It is of coursealways important
to plot the eventsto detectoutliersvisually, togetherwith the boundariesbeing
applied(Bailey andGatrell,1995,Cressie,1993).

Theimmediateplaceto begin in pointpatternanalysisis the �1�����&
"� � package
accompanying VenablesandRipley (1997),portedto � , andofficially releasedat
the � archivesite.Loadingthepackage,we find thatthefunctionsavailablecover
the input of point processobjects,settingthe rectangularwindow usedfor edge-
correction,andcalculationof Ripley’s K functionandsimulatedenvelopesabout
it undervariousalternativepointprocesses.

Runningthe examplegiven in VenablesandRipley (1997,p. 482–3,Figure
16.9) for oneplot of L 2 t 3 showing the envelopeof 100binomial simulations,we
gettheresultshown in Figure1; distanceunitsarein metres,andthattheestimated
functiondifferssignificantlyfrom straightness.Thispackageis limited bothin the
useof only rectangularregions,andin only providing the K function. It may be
supplementedby theSplancspackageby RowlingsonandDiggle (1993)5 , which
requiredvery few modificationsunderporting to � . It consistsof a numberof
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Fig. 1 Swedishpinedatasetexampleusingthe 465*7�8*9�71: package.

functions,differing from the �1�����;
"� � package,for the input of point patterns,
kerneldensityestimation,andspatialpointpatternanalysisincludingcase-control
studies.

In orderto try outSplancs,theexampleusedabovewasre-runusing �1��<�=?>�@ to
settherectangularstudyregion;had����<�=?>A@ beenused,it wouldhaveemulatedthe
�1���*�&
"� � packagemoreexactly. As Bailey andGatrell (1995)point out, in point
patternanalysismuchdependson the interpretationof graphicaloutputproduced
undervarying assumptionsaboutthe boundingregion and the spatialscaleand
natureof theprocess.Consequently, theeasewith which � (andof courseS)permit
resultsto beplottedis amajoradvantage.

Turning to Bailey andGatrell (1995,INFOMAP datasets)asa sourceof ex-
amplesfor thevalidationof selectedSplancsfunctionsunder� , we replicateBai-
ley andGatrell’s Figures4.1 and4.7 (1995,pages122and130) for the locations
of ‘thefts from property’ offencesin OklahomaCity, including information on
the ethnicbackgroundof the offenders.We have hereuseda region boundedby
�1��<*=?>A@ of thejoint datasetin theabsenceof indicationsthatanotherboundarywas
usedin the original. Using randomlabelling,we aretestingwhetherthe ‘black’
crimesarejust a randomsubsetof theoverall patternof all crimes.As theplot of
theK12 function BDC�E �����?>�@ againsttherandomlabellingenvelopeF �*' G �H���*� � �$>A@
shows, the visual impressionthat offencescommittedby ‘blacks’ aremorespa-
tially clusteredis confirmed.

In addition,Splancsincludesfunctions for raisedincidenceand space-time
clustering.It would be of advantageif both Splancsand the �1�����&
�� � package
definedpoint objectsin the sameway, or at least if conversionfunctionswere
written,permittingdatato bemovedbetweenthemwithout uncertaintyaboutthe
boundingregionbeingused.Bothinitially datefrom aperiodwhenobject-oriented
mechanismswereonly beginningto enter� , andasVenablesandRipley comment,
the � +", -*./� spatialstatisticsmoduleprovidesmorecomprehensive andpolished
facilitiesthantheirpackage,includingF̂ , Ĝ, K andL functions,envelopesaboutK
andL functions,andkerneldensityestimation,usingconvex boundingpolygons.It
will berecalledthatSplancsfunctionspermitconcaveboundingpolygons,making
its approachthemostgeneral.
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Fig. 2 OklahomaCity crimedatasetpresentedandanalysedusingSplancsfunctions.

4 Geostatistics

Today thereare somegeostatisticalpackagesfor I�J"K L*M�I , either available for
freefrom the I and I�J"K L"M/I archiveatStatLib( N O�O�P	Q�R�R�S�T�U	V#W1O�X�O�V�Y�Z�[	V)\�]�[�R�I�R )
like W1P�X�O;T"X�S or ^�[�_�^/T1O;W andalsocommercialpackageslikeS+SpatialStats.Now,
with the availability of ` , the questionarisesof which of thesepackagescanbe
usedwith this freefreestatisticalenvironment.Of courseit is not possibleto use
commercialI�J"K L"M/I moduleslike S+SpatialStatswith ` . But this is more than
compensatedby theexisting freegeostatisticalpackages,which all canbeor are
beingportedto ` . Moreover, theopensourceconceptof ` givesbetterchancesto
modify thesepackagesto meetparticularneeds.

But evenwith thecorefunctionalityof ` , somespatialanalysiscanbedone.
Linear modelscanbe usedfor trendremoval, althoughcarehasto be shown in
predicting from fitted trend surfaces,and local smoothingtechniques(libraries
S�a�Y�^;T1O andZ&a�]�b�\�c ) canbeusedto generatelocally weightedregressionsurfaces
or to estimatedensities.An importantgeostatisticalpackagecomeswith Venables
andRipley (1997).Chapter15 of their bookdescribesthe useof this packagein
detail. The first port of the W1P�X*O&T"X�S packagewasmadeavailable in late 1997.
Meanwhile,they tooknoticeof thedevelopmentof ` , andnow maintainthepack-
agefor ` alongwith the I�J"K L*M�I version.The advantageof this implementation
of kriging predictionis that critical computationsarecarriedout in dynamically
loadedC functions.
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Fig. 3 Four representationsof thesurfaceof log PCBscores,Pontypooldataset.

Figure3 shows theresultsof usingfour surfacemodellingfunctions.Thedata
modelledaretakenfrom Bailey andGatrell (1995),andreporton thescoreson a
numberof PCBindicesfor 70 locationsaroundapossibleemissionsitenearPon-
typool; logarithmsof thePCBscoresareusedhere.Firstly acubictrendsurfaceis
fittedusingthe �1� d�e������f>�@ functionfrom the �������&
"��� package,thepredictedval-
uesbeingobtainedusingthe ��d"�;���?>A@ functionon thetrendsurfacemodelobject.
Next, the 
 ' � � d��g>�@ functionfrom the � B 
h�&� package,aninterpolatingalgorithm
basedon FORTRAN codeby H. Akima (1996),containingcodefor linear and
bicubic splineinterpolation,is used.Thirdly, the ��< � ���f>�@ local regressionfunc-
tion from �&< � d ��i package,using � d ��� 
������H��< � ���D>A@ to generatethepredictions.
Finally, after estimationof the empiricalvariogramfrom the cubic trendsurface
model,andthefitting of atheoreticalmodelby eye,kriging predictionsweremade
using ��� d e�� i ���f>A@ and � d"�;���?>A@ from the �������&
"��� package.All of themethods
usedshow theclusteringof highervaluesaroundthepossibleemissionsite,with
theglobal trendsurfacemodelbeingleastsatisfactory. Both kriging andlocal re-
gressioncanalsoprovidestandarderrorsof prediction.
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The �1���*�&
"� � packagedoesnot provide functionsfor fitting theoreticalvari-
ograms;thesemaybefoundin the � i�� <�������� package(portedto � fromS+GeoStat,
Majure, 1995), which containsmany variogramexploration tools, for instance
the ������� � ��<�=?>A@ functionfor examininga variogramcloudusingboxplots.There
areeven implementationsof robustvariogramestimationasdescribedin Cressie
(1993).The � i�� <�������� packageis written throughoutin interpretedcode,making
it moretransparentatthecostof executionspeed,especiallyfor kriging prediction.

5 Lattice data analysis and spatial econometrics

In thissection,wewill usethetermlatticedatafor dataassociatedwith anarbitrary
division of the areabeingstudiedinto an irregular lattice; thesearethe kinds of
datamostoftenassociatedwith spatialeconometricstechniques.Wherepossible,
resultshavebeencross-checkedwith othersoftware.

In the � +*,�-*./� spatialstatisticsmodule,neighbourhoodrelationshipsarerep-
resentedby adataframe,in which thefirst two columnsidentify thepairsof zones
thatareneighbours,andtheweightassignedto therelationship.A fourth column
is usedto recordwhich typeof relationshipis referredto by column3: wheresev-
eraldifferentdefinitionsareused,columnsthreeandfour arerepeated,permitting
subsettingfor exampleto thoseneighbourswith centroidslessthan50 km apart
which werenot contiguousin thesenseof belongingto zoneswith sharedbound-
aries.Thisformatprovidesfor convenientconstructionof distance-basedmatrices,
but no automatictally of thenumbersandidentificationsof neighboursof a given
zoneor site.

Work below hasfollowed earlier structuredformats,returningan � list ob-
ject containinga vector �*��d � with the numbersof neighboursof eachzone,and
two vectorsof pointerscontrollingaccessto theneighbourtable�&�"� suchthatthe
sequence
�� Cfj 
�k��h
A� E�j 
�k contains �*�*d � j 
�k elements.At present,weightsare
eitherstandardizedor non-standardized,but generalformsmayreadilybe imple-
mentedby addinga vectorof � �*' i ���?>l�&�*�m@ , containingthe weight values.All
the list componentsareintegervectors,taking n�o�� �*'�i ���g>��"��d � @qpr���*�	>��*�*d � @
positionsof integermemory, a matterof lessimportancenow thanformerly. Un-
fortunatelyfor both formats,accessto vectorandmatrix elementsis costly in �
and � , so that the preparationandtestingof weightsmatricesusing interpreted
codeonly is not fast,andcouldbespeededup by usingdynamicallyloadedC or
Fortranfunctionsor subroutines.

Usingthe � 
����?>A@ functionin the � G � package,it is easyto constructnaivedis-
tancebandingandincrementalweightsmatricesfor moderatenumbersof zones.
Whenthenumberis larger, sayover300,othertechniquesshouldbeusedto avoid
theunnecessarycomputationof distancesbetweenpointsfarfrom eachother. This
is donebyPaceandBarry(1997),andin the � +*, -"./� module,byusingquadtreesto
partitionthelocations.PaceandBarryalsosuggesttheuseof analternativeneigh-
bourhoodcriterionstipulatingthem nearestneighboursto i asbeingincluded,for
fixedm. This avoidsoverlargenumbersof neighboursin denserpartsof themap,
while preservingneighbourhoodinfluencein lessdenseparts.Finally, the imple-
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mentationof higherorder lagsbasedon contiguitiesis required,usingmethods
basedon AnselinandSmirnov (1996).

TheMoranandGearycoefficientsmaybetestedusinganalyticalexpectations
and variances(Clif f and Ord, 1973) basedlargely on the neighbourhoodstruc-
tureassumedin thespatialweightingmatrix,andareasymptoticallynormallydis-
tributed.New measureshave beenintroducedamongothersby Brett andPinkse
(1997)for spatialindependencebasedon characteristicfunctions.

Thedatasetusedfor theexamplegivenherewasincludedin thematerialsof
theESDA with LISA conferenceheldin Leicesterin 19966 , seeBrunsdon(1998)
andDykes (1998).The dataare for the five midweststatesof Illinois, Indiana,
Michigan,Ohio, andWisconsin,andstemsfrom the 1990census.Theboundary
datastemsfrom thesamesource,but theunitsusedarenotwell documented;there
are437countiesincludedin thedataset.

Theimplementationof thesemeasuresis not amajordifficulty, but onceagain
we find that the accessingof the individual elementsin the neighbourhoodlist
vectorsimposesatimecost.Sincein futureversionswewantto permitsubsetting,
the weight matrix sumsneededcannotbe computedoncefor all, but needto be
refreshedat eachrun.Evenfor this relatively largecase,usingbuilt-in full matrix
methodsis only slightly slower thaninterpretedlook-upfor thespatiallaggingof
a variable.Thereseemto be goodreasonsfor moving at leasta kernelof neigh-
bourhoodlist functionsfrom interpretedto compiledcode,although,for smaller
numbersof zones,responsetime is acceptable.

While globalmeasurespermit us to testfor spatialpatterningover the whole
study area,it may be the casethat thereis significantautocorrelationin only a
smallersection,which is swampedin thecontext of thewhole.Both distancesta-
tistics(GetisandOrd, 1992,1996,Ord andGetis,1995),andthe local indicators
of spatialassociationderivedby Anselin (1995b,seealsoGetisandOrd, 1996),
resemblepassinga moving window acrossthe data,andexaminingdependence
within the chosenregion for the site on which the window is centred.The spec-
ificationsfor the window canvary, usingperhapscontiguity or distanceat some
spatiallag from theconsideredzoneor point. In addition,Anselin(1996)hassug-
gestedthata plot of xi againstits spatiallag ∑ j wi jx j, termeda Moranscatterplot,
particularlyusedwith dynamiclinkedvisualization,mayassistin revealinglocal
patterning.

The local indicatorsof spatialassociationpresentedby GetisandOrd (1996)
have beenimplementedin interpretedcode,andtheGi andG si statisticschecked
againstChenandGetis(1998)for accuracy. Onceagain,it is clearthataccessing
the distancematrix used,herefor neighbourswithin 0.45distanceunits of each
other, in interpretedcodeimposestime penalties,althoughnot morethanfor the
global measures.The function ��
��"�g� i >A@ returnsan n t 2 matrix with valuesof
theGi andG si statistics,readyfor furtheranalysisandmapping.

In the examplebelow, we examinethe value of theselocal indicatorsfor a
variabledisplayingmoderate,but still significant,global spatialautocorrelation,
the percentageof thepopulationover 25 with a higheror professionaldegree.A
summaryof G si is presented,togetherwith thevaluesof thestatisticsfor counties
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with adifferencebetweenGi andG vi statisticsof morethan1; Washtenaw County
in Michigan,containsAnn Arbor. Thevaluesof G vi areshown in Figure4.
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Estimationmethodsfor modelsusing lattice dataand taking spatialdepen-
denceinto accountare as matureas global statisticsfor spatialautocorrelation
(Ord, 1975,Hepple,1976);the form of modelmostcommonlyusedis known as
thesimultaneousautoregression(SAR).Tenyearshavenow passedsinceAnselin
and Griffith (1988) surveyed the regional scienceand economicgeographylit-
eratureto seehow far thesemethodswerebeingappliedto datasetsfor which
they shouldhavebeensuited.Thelow penetrationthey reportedseemedrelatedto
thelack of accessto thesetools in standardstatisticalpackages,addressedsubse-
quentlyby AnselinandHudak(1992),Bivand(1992),Griffith (1993),andothers.
Themostsubstantialeffect hasbeenachievedby Anselin’s “SpaceStat”program,
permittingtheestimationof mostof the specificationtestsandmodelsdescribed
in theliterature(1995a).

A problemsolved in Anselin et al. (1996) is that of testsfor spatiallag and
spatialerrorspecificationsbeingmutuallycontaminatedby eachother, that is the
original LM testfor non-zeroρ alsorespondsto non-zeroλ andvice-versa.The
new teststake into accountthepossiblenon-zerovalueof thenuisanceparameter,
andappearto discriminatewell betweenthetwo alternative forms.

We will test the residualsfrom a leastsquaresmodelof crime, relatedto in-
comeandhousingvaluefor 49 neighbourhoodsin Columbus,Ohio, from thedata
setprovidedwith SpaceStat,andextensively usedin the literature.This modelis
alsousedin Anselinet al. (1996)to illustratethemodifiedtestswhich have been
maderobust to the influenceof the nuisanceparameter. The following example
shows theregressionresultsin brief, followedby a tableof specificationtestsfor
spatialdependence:

Ô°Õ%ÖH×1Ø¢×�ÙÆÚHÛ°×�Ù�ÜÞÝ%ß#à�á)âÄã°à�äHÝ�ålá)â°æ°ç�å�è�é�à�äHê�ë$ìHílî�í%ï�Õ%Ö)×lð)Ù)ñ)ð#ò�óÔ°Õ%ÖH×1Ø¢×�Ù
ÝHÖ)ô%õ)õ�ö)Õ)ö)ô�÷Hî�ò�øÜÅà©÷�î�ôlù�Õ%ôlúHî#ó à�äHÝ�ålá)â ç�ålè�é�à�äHêû)ü Ø û�ý%ü)þ Û ý Ø¢ÿ þ���� Û��"Ø�� ���)þ
Ô¨×�Ù�Ø¿ò�úHî�ô�ò�î�ò�Ü�Õ)Ö)×1Ø¢×�Ù"ë Õ%Ö)×��#ó
	 ö%í�
l÷�ÖHò�î#ö)Õ)ò�õ�ÖlùÄò�ú�ílî#ö%í)×~ìHôlú�ô�÷�ìHôl÷#Õ%ô1øò�î�ílî�ö)ò�î#ö)Õ�ì%õ¨ú�ù�Ö�ñ*Ø� á�ô%ù)ù ÿ1Ø � � � � ý �"Ø�� ýlû���
� á�×Hí�
 þ Ø �)û���
 ý �"Ø�������� ýß � á�ôlù)ù���Ø�� �)þ ÿ ý �"Ø �����)þ��ß � á�×)í�
 � Ø ��ýlþ)þ ý �"Ø��Hÿ �����é��%ßHá�� þ Ø 
�
 � þ ���"Ø���� ü)þ �
In the test results,the valuesobtainedcorrespondto Table 2 in Anselin et

al. (1996,p. 87), with LMerr as their LMψ, LMlag as LM φ, RLMerr as LM sψ,
RLMlag asLM sφ, andSARMA asLMφψ. The resultsalsoagreewith SpaceStat
output.Moran scatterplotscorrespondingto the componentsof the LM testsare
shown in Figure5.

Ord (1975)givesthe Maximum Likelihoodmethodsfor estimatingthe spa-
tial lagandspatialerrorSARmodels;nosatisfactoryalternativeshavebeenfound
subsequently, chiefly becauseof theimportantrole of theJacobianexpressingthe
spatialtransformationof eitherthedependentvariablein thespatiallag model,or
the disturbancein the spatialerror model.To completethe model,the variance-
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Fig. 5 Moranscatterplotsfor theresidualanddependentvariable,Columbusdataset.

covariancematrix of theparametersneedsto beestimated.In many casesit is ap-
proximatednumericallyfollowing non-linearoptimizationof thelikelihoodfunc-
tion, but SpaceStatderives its estimatesof the asymptoticstandarderrorsana-
lytically (Anselin 1995a,Anselin andHudak,1992).For larger N, this cantake
considerabletime, requiringtheinversionof anN t N matrix.As PaceandBarry
(1997)haveconclusively demonstrated,a feasiblesolutionto modellingsituations
with large N is to exploit the sparsenatureof the spatialweightingmatrix, both
saving memoryandmakingcomputationpracticalin reasonabletime without su-
percomputerresources.They alsoprovide a profile likelihoodsolutionto thecal-
culationof coefficient estimatestandarderrors,avoiding the computationof the
informationmatrix.

Following PaceandBarry(1997)andthe � +", -*./�­���A�	>A@ function,useis made
of botheigenvaluecomputationandsparsematrix methods7 to implementmaxi-
mumlikelihoodmodelsfor threetypes:lag, mixed,anderrormodels.Themixed
model is a lag modelbut alsoincludesthe laggedX variableson the right hand
side.The ���&�*d?>A@ functionhasbeenimplementedusingthesameinterface,print,
andsummaryobject-orientedapproachastheregular �A�	>A@ function,whichis used
to constructthemodelframefor estimation.As yet neitherweightingnor subset-
ting aresupported,but at leastsubsettingis not difficult to addto the functionas
it stands.The log likelihoodfunction is maximizedwith referenceto the spatial
parameterestimateusing <*� �;
6�$
�� � >A@ , andtheremainingparameterestimatesare
reachedusing generalizedleastsquares.The standarderrorsof the coefficients
are,following PaceandBarry (1997),computedusingtherestrictedleastsquares
estimator, ratherthancomputingtheinformationmatrix directly.

Ô°Õ%ÖH×1Ø¢×)í�
­Ú)Û­ò�Ù#×lù1Ü¢õ�Ö%ù%Ù)ð�×)í	ï­Ý%ß#à�áHâ{ã°à�ä�ÝHålá)â°æ°ç�å�è�é�à�äHê�ëæ ìHílî�í°ï­Õ%Ö)×�ðHÙ)ñ)ð#ò�ë?Õ%Ö)×��1ë(î��lú�ô%ï���×)í�
��hëfÙ�ôlî��#Ö%ì)ï���ò�ú�ílù�ò%ô��lóÔ°ò�ðHÙ)Ù�ílù��1Ü�Õ%Ö)×1Ø¿×)í�
�ó
ÝHÖ)ô%õ)õ�ö)Õ)ö)ô�÷Hî�ò�ø�Ü¿ù�ôHò�î)ù#ö)Õ�î�ô%ì¨×Hô)íHò�îÄò��lð�ílù�ôHò¨ò�î�íl÷�ìHílùHì¨ô%ù)ù�Ölù�ò�óâ�ò�î#ö�Ù�ílî�ôÂélîHì�Øfâ)ù)ù�Ölù�����í)×lð�ô��)ù1Ü�Ô! "�# ¢óÜÅà©÷�î�ôlù�Õ%ôlúHî#ó 
 ÿ1Ø�� �)þ�
HûHü$
 Ø�� 
Hû)ü)û)ü ý)ý Ø ý��Hþ�� Ú���Ø��)ô)Û ý%û�%�%�%à�äHÝ�ålá)â Û ý Ø�� ��ýlû�ý%û ��Ø�� ü ÿ)ÿ 
�� Û � Ø û�ý � ü ��Ø������ � ��� þ�%�%�%ç�å�è#é�à�äHê Û���Ø&� û ÿ þ � � ��Ø�� ü)ü�ýlþ �rÛ � Ø�� ý ÿ � ��Ø������)ÿ û�� � %�%Û)Û)ÛéHö�
%÷#ö�õ"Ø(Õ)Ö%ìHôHò�ø'�)( %�%�%+* �"Ø���� ý ( %�%+* ��Ø�� ý ( %+* ��Ø��Hÿ)(�Ø * ��Ø ý ( * ý
ß���Ö�ø,��Ø 
���ý ��� � ß­î�ôHò�î���í)×�ð�ô�ø þ Ø þ������ ú�Û���í)×�ð�ô1ø-��Ø���� ý ÿ ü)ü��
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� Ö�
­×Hö/.�ô)×�ö0��Ö)Ö%ì"ø$Û ýlü ��Ø �)þ � 
 õ�ÖlùÆ×)í�
	Ù�Ö%ìHôH×ß�ôHòHölìlð�í)×1��ílù�ö%í�÷hÕ%ô²Ü�ò)ö�
lÙ�í°ò��%ð�ílù�ô%ì#óAø þ ÿ1Ø 
Hþ ÿä%ð)ÙHñ�ôlù­ÖlõÆÖ�ñ#ò%ôlù���ílî�ö%Öl÷#ò�ø 
Hþä%ð)ÙHñ�ôlù­Ölõ¨ú�ílù�í�Ù#ôlî�ôlù�ò¨ôHò�î�ö�Ù#ílî�ô%ì�ø 
��à�Ý"ø ��� �1Ø �)ü é%Ý�ø �)ü ��Ø � ÿ
The above exampleshows the calculationandresultsof computingthe spa-

tial lag modelfor theColumbuscrimeresponsevariable.Comparedwith Anselin
(1995a,tables27.2and27.3), the resultsare identicalwith the exceptionof the
standarderrorsof theregressioncoefficients,andconsequentlythesignificanttests
on theβ coefficientestimates.TheLikelihoodRatioteston ρ is correct,asarethe
measuresof fit. Thereasonfor this discrepancy is that therestrictedleastsquares
estimatesignorethe fact that ∂2 2

∂β∂ρ
34 0. In the error case,however, ∂2 2

∂β∂λ
4 0, so

thattheresultsof thespatialerrormodelshown below agreewith Anselin(1995a,
tables29.2and19.3)alsowith regardto thestandarderrorresults:

Ô°Õ%ÖH×1Ø¢ôlù)ù�Ölù­Ú)ÛÆò�Ù�×lù1Ü¿õ�Ölù%Ù)ð#×)í	ï°Ý%ßhà�á)â{ã­à�äHÝHåláHâ°æ¨ç�ålè�é�à�äHê1ëæ ìHílî�í°ï­Õ%Ö)×lð)Ù)ñ)ð#òAë Õ%Ö)×���ë$î��lú�ô)ï���ôlù)ù�Ölù��#ëDÙ�ô%î���Ö%ì)ï���ò�ú�ílù#ò%ô5�lóÔ°ò�ðHÙ)Ù�ílù��1Ü�Õ%Ö)×1Ø¿ôlù)ù�Ölùhó
ÝHÖ)ô%õ)õ�ö)Õ)ö)ô�÷Hî�ò�ø�Ü¿ù�ôHò�î)ù#ö)Õ�î�ô%ì¨×Hô)íHò�îÄò��lð�ílù�ôHò¨ò�î�íl÷�ìHílùHì¨ô%ù)ù�Ölù�ò�óâ�ò�î#ö�Ù�ílî�ôÂélîHì�Øfâ)ù)ù�Ölù�����í)×lð�ô��)ù1Ü�Ô! "�# ¢óÜÅà©÷�î�ôlù�Õ%ôlúHî#ó�ÿ þ Ø ü)þ�� � �Hû ÿ1Ø �Hû)û�ý/
�ýrý)ý Ø ýlû�ý�� Ú���Ø��)ô)Û ý%û�%�%�%à�äHÝ�ålá)â Û���Ø þ�
�ý���ý �$��Ø ��� �Hÿ û)ü Û��1Ø ü�
6�)û ��Ø���� 
�
 �Hÿ û�%�%ç�å�è#é�à�äHê Û���Ø � �����)ÿ��$��Ø�� þ � 
��)û Û � Ø ��
 � � ��Ø������ ü�� ÿ ��%�%�%Û)Û)ÛéHö�
%÷#ö�õ"Ø(Õ)Ö%ìHôHò�ø'�)( %�%�%+* �"Ø���� ý ( %�%+* ��Ø�� ý ( %+* ��Ø��Hÿ)(�Ø * ��Ø ý ( * ý
� í�ÙHñ�ìHí1ø,�"Ø¢ÿ û�ý��Hþ � ß¨î�ô�ò�î���íH×�ð�ô1ø � Ø þ)þ���
 ú�Û���í)×lð�ô1ø,��Ø���� 
Hû)þ�
Hþ
� Ö�
­×Hö/.�ô)×�ö0��Ö)Ö%ì"ø$Û ýlü�� Ø �)ü � 
 õ�ÖlùÆôlùHù�Ölù~Ù�Ö)ìHô)×ß�ôHòHölìlð�í)×1��ílù�ö%í�÷hÕ%ô²Ü�ò)ö�
lÙ�í°ò��%ð�ílù�ô%ì#óAø þ ÿ1Ø¿ÿ ��
ä%ð)ÙHñ�ôlù­ÖlõÆÖ�ñ#ò%ôlù���ílî�ö%Öl÷#ò�ø 
Hþä%ð)ÙHñ�ôlù­Ölõ¨ú�ílù�í�Ù#ôlî�ôlù�ò¨ôHò�î�ö�Ù#ílî�ô%ì�ø 
��à�Ý"ø ��� �1Ø �)û é%Ý�ø ���)ü Ø 
�

Finally, wecheckthetestfor theCommonFactorhypothesisagainstAnselin’s

(1995a,table29.3)LR testresult,finding, ashedoes,that the hypothesiscannot
readily be rejected,andthat thusthe spatialerror specificationcanbe accepted,
eventhoughthevalueof thelog likelihoodfunctionis higherfor themixedmodel;
theinformationcriteriaAIC andSCalsofavour theerrormodelhere.

Ô � ß*Ø¿ò�Ù�×lù�Ü�Õ%Ö)×1Ø�Ù#ö�7Hô%ì1ë Õ%Ö)×1Ø¢ô%ù)ù�Ölù#ó
Ù#ö�7Hô)ì ô%ù)ù�Ölù��� Û ýlü�ý Ø �Hþ�� Û ýlü�� Ø �)ü ���à�Ý ����
 Ø �Hü������ �1Ø �)û�ýé%Ý �)ü)û Ø ý��)ü����Hü Ø 
��)ûéHö�
%Ù�í°ò��lð#ílù�ô%ì þ�ý Ø �Hþ�ý þ ÿ�Ø¢ÿ ��


� ß¨î�ôHò�î���í)×�ð�ô1ø � Ø þ����Hþ ú�Û���íH×�ð�ô1ø,�"Ø ý�����ýHý
As global measuresof spatialassociationhave beensupplementedby local

indicators,Fotheringham,Charlton,and Brunsdon(1996, 1997) and Brunsdon,
Fotheringham,andCharlton(1996)have beendevelopingweightingschemesto
allow possibledifferencesin localparameterestimatesfor regressionmodelsto be
revealed.Moving from theglobal to local settings,onewould perhapsexpectthe
local parameterestimatesto vary, but within the boundsof their global standard
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Fig. 6 Boxplots for geographicallyweightedregressioncoefficient estimates,Columbus
dataset.

error basedconfidenceintervals, that is with divergencesof more than 8 2 less
thanfive timesin a hundred.Theweightingschemeusedsofar is distancebased,
weightingzonei with unity, andwith weightsdecliningwith increasingdistance
from i. Therearesimilaritieswith kernelregressiontechniques,althoughtheseuse
weightingin attributespace,ratherthanacrosstheobservations.Currently, cross-
validationis usedto selectanappropriateglobalbandwidthparameter, which then
determinesthe form of the distancedecayfunction usedto definethe weights
for eachobservation.Thereareclearlysubstantialdifficultiesinvolvedin making
statisticalinferencesfrom resultsof this kind of procedure,althoughit hasproved
veryusefulin showing up missingvariables.

Having accessto theFortransourcecodefor geographicallyweightedregres-
sion8 , it hasbeenpossiblenot only to re-createits functioningin � , but alsoto
checkresultsfrom the samedataset,providing assurancethat the two solutions
areequivalent.Using the � 
����?>A@ and <*� �&
6�f
�� � >A@ functionsmentionedabove,
andthe ���¨�l!�e;
1� >A@ function for fitting weightedleastsquaresmodels,it proved
uncomplicatedto providethebasicframework for geographicallyweightedregres-
sion.It remainedto replicatetheweightingfunction,which in theoriginal codeis
a Gaussiandistancedecaybasedweightingschemee 9 d2

ik : h2
, wheredik is thedis-

tancebetweeni andk, andh is thebandwidth.In � thefunctionwasimplemented
by computingthe squareddistancematrix oncefor all, and steppingacrossits
columnsin successiveweighingpasses.

Evenworkingin interpretedcode,thefactthatthefunctionsusedarecompiled,
andaccessedwithout muchothercomputationmadethe � solutioncomparableto
thecompiledFortranprogramin speed,both for cross-validationandfor estima-
tion, following thecalibrationof thebandwidth.Onereasonfor therelativespeed
of the � versionis that the distancematrix is only computedonce,ratherthan
beingcalculatedelementfor elementat eachpassthroughthe n weightingitera-
tionsduringfitting, andn timesthenumberof optimizationfunctioncallsduring
cross-validation.Using a simple interpretedfunction alsopermitsthe testingof
alternative functionalforms.Furtherprogresswill dependon the introductionof
quadtreeor similar techniquesto hinderthe useof weightssocloseto zeroasto
make little differenceto thefitted parametersfor eachpass.

UsingtheColumbusdataset,cross-validationgivesa bandwidthof 3.217dis-
tanceunits. Figure 6 shows that, while the incomeand housingvariableshave
significantnegative coefficient estimatesin all theglobalmodelsreportedabove,
signchangesdo occurin bothcases,moreparticularlyfor housing.
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6 Concluding remarks

We have demonstratedthat � canbe extendedto caterfor spatialstatisticaldata
analysisthroughthe portingof existing codewritten for ��+*, -*./� and ; . Much of
the codeis alreadyavailableon CRAN, the � archive site,andmorewill follow.
Comparedwith ��+*, -*./� , especiallyits widespreadWindows version,it is very
easyto build your own C or FORTRAN codeand load your functionsinto � .
This is thereasonfor successin portingmany packagesto � . For userswithin the
steadilygrowing Unix/Linux communities,compilingandlinking user-written or
portedC or FORTRAN functionscanbe doneon the fly with simplecommands
like “ �=<?>#@�,BA�-DCFE�<*��d���
�� ”, but recentlyalso straightforward ports with � on
Windows have succeeded.Both usetheGNU C compiler, which is bundledwith
every Linux distribution. The sametaskbecomesmorecomplicatedwhenusing
� +*,�-*./� andWindows,requiringspecificcommercialCandFORTRAN compilers,
and finding the correctsettingsfor integration with ��+*, -*./� hasnot beeneasy.
Finally, free availability, and easeof use,even for developmenttasks,are very
importantadvantagesof � , whichsurelywill show feedbackin thefuturein terms
of new packages,agrowing teamof usersanddevelopersandrapidbugfixes.

We hopethatwe have shown that � providesa viableplatformfor work both
in developingspatialstatistics,andfor theirapplication9 . Since� is alsoavailable
for Windowsplatforms,weareconfidentthatit will bepossibleto increaseaccess
even to relatively freshresearchcontributionswithin an environmentsupporting
statisticalanalysisandgraphicalvisualization.We trust that the examplesgiven
above, althoughnot partof problem-orientedresearch,suggestthat realisticdata
sizesare feasible.Somepartsof the work reportedhereare alreadydistributed
throughthe � archives,andwe hopethat theremainderwill achieve this statusin
duetime,aftermoreadequatetesting.

Notes

1 G It hadbeenour intentionto show how thesepackagescouldusean inter-
facebetween� andGIS software,but becauseof delaysin thereleaseof GRASS
5.0,no specificresultswill bepresented.

2 G Opensourceis a registeredcertificationmark of software in the public
interest;see� �����	��
�
"!�!�!	�H<*� �*' �"<"� d/� � �H<�d i .

3 G � +*, -*.�� is ownedandcopyrightedwith all rights reserved by MathSoft,
Inc.

4 G availableonlinefrom thebook’swebsite
5 G Splancscodeisavailablefrom � �����	��
�
�!�!�!	�©�;�����;�(����� ' ��� �%���(�l� B 
IHAd�<"!/��
 ' i ��


�*�/��� ' ����
 .
6 G � �����	�H
�
��$
 � ��� �H���(��� B 
*��d i �&�*
 � � � ����
��*��
��$
 � ! � �1��
#J���� �g�����"�;� .
7 G Useis madeof the“sparse”softwareavailablefrom Netlib ( � ��������
�
"!�!�!	�'�� ����
��	�H<*d i ), by KundertandSangiovanni-Vincentelli(1988).
8 G � �����	�H
�
"!�!�!�� ' ���?�)��� �l� B 
?H ' i � < i 
#K#L ��
 .
9 G Both of theauthorsuse � for teaching,includingusein a fairly complete

coursebasedon Bailey andGatrell(1995).
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