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CAPITAL RISK, CONSUMPTION and PORTFOLIO CHOICE

This paper is concerned with the interaction of
saving and portfolio decisions of a single consumer.
Its building blocks are the classical theory of optimal
allocation over time, and Arrow's recent formulation of
the theory of portfolio selection. The concept of a
risk aversion function is extended to a two-periocd
context, and the imnplications of declining risk
aversion are explored. Also discussed are the problems
of the effect of changes in the rates of return and in
the degree of risk, as well as the question of taxation

and risk-taking.



1. Introduction

In the classical analysis of saving, derived from
the work of Irving Fisher [5], it is assumed that what-
ever amount the consumer wishes to save out of current
income, is invested at an exogeneously given rate of
interest. This rate of interest is most naturally inter-
preted as a certain rate of return; there is no capital
risk in this model. One might, of course, offer the
interpretation that the analysis may also be applicable
to a world of uncertainty, in which asset yields are not
perfectly known, but this escape is not very satisfactory.
For in the real world of uncertain asset yields the con-
sumer typically has a choice between several assets when
composing a savings portfolio, and casual observation is
sufficient to conclude that the resulting portfolio will
generally be a diversified one. This line of reasoning
suggests that the theory of consumer saving should drop
its one-asset assumption, and take account of the insights
offered by the modern theory of portfolio selection. The
argument works the other way too. Portfolio theory is
concerned with the optimal composition of a portfolio of
given size. It would seem a promising undertaking to try
to work out a theory in which the size and the compo -

sition of the portfolio are simultaneously determined.

Capital risk is, of course, not the onlyAkind of
risk which is relevant to the consumer's saving-con-
sumption decision, although the present paprer concen-
trates on this type. ©No attention is paid here to the

fact that future income may also be imperfectly known,



nor do we take account of lifetime uncertainty, which
has been discussed in a recent paper by Yaari [12].1).
Sections 2 and 3 of this paper summarize briefly
the main characteristics of Fisher's theory of saving,
and Arrow's version of the theory of portfolio selection.
In section 4 an integrated model of saving and portfolio
choice is presented, and necessary and sufficient con-
ditions for a local maximum are derived. The concepts
of risk premium and risk aversion function are de-
veloped in section 5. Section 6 is concerned with the
guestion of whether the risky asset is a normal good.
Section 7 analyzes changes in asset yields, and section
8 is concerned with the effect of a capital gains tax
on saving and risk-taking. The effect of increased
riskiness on present consumption and saving is explored
in section 9. Finally, some concluding remarks are

collected in section 10.

1) There is not much published work in this field.
Phelps [8] has analyzed consumption allocation over
time with capital risk, but there is no portfolio
choice in his model. Hakansson [6] has, however,
extended Phelps' model to include choice among alterna-
tive investment opportunities. Both of these authors
analyze special forms of additive utility functions
with discounting of an instantaneous utility function.
More in the spirit of the present vaper are . unpublished
work by Diamond {3] and by Dréze and Modigliani [4].
These authors formulate a two-period model similar to
the one used here, and they do not assume additivity

of the utility function.



2. Fisher's Theory of Saving

The consumer is assumed to have a preference ordering

over present consumption, C,, and "future" consumption,
C 2)
5 .
by a continuous ordinal utility function

This ordering is such that it can be represented

U = U(Cy5Cy)-

Present and future income (Yl’Yg) are assumed to be
exogeneously given. It is also assumed that the consumer
has access to a perfect capital market, in which he can
borrow and lend at the same rate of interest, r. The

budget constraint is then

C, = (Yl - Cl)(l + 1) + Y,

The necessary condition for a constrained maximum is

(1) , Ul - (1 + I’)U2 =0
or
U
'I-Ji—l=l",
"2

which is Fisher's famous rule for optimization over time;
equality between the marginal rate of time preference and

the rate of interest.

The effect of a change in income (say Yl) on present

consumption can be written as

2) See [11] for some comments on the legitimacy of the
two-period framework.



6C (L + r)U,, - U
1 22 12
(2) Al (1 + ) 5
1
where
2
D = U11 - 2(1 + r)U12 + (1 + 1) U22 < 0

as a second-order maximum condition. From this it is
easy to see that necessary and sufficient conditions for
the marginal propensity to consume to lie between zero
and unity (which is equivalent to the requ%rement that

5

both C, and 02 be superior goods) are

(1 + r)U22 -U., <O,

12

Uy - (1 + 1)U, <o,

The interest rate derivative of present consumption is

=

- C
6C1 Y1 C1 & 1

2
(3) 5r @ 1 + r éYl D

~

with the substitution effect always negative and the income
effect positive for a lender, negative for a borrower

(assuming that C, 1is not inferior).

bR The Theory of Portfolio Selection

’

The theory of portfolio selection has recently re-

ceived a very elegant and general treatment by Arrow [1,2].

%)  These are local conditions, assuming that U,/U. = (l+r).
In general, the condition for absence of inferiority is that
Ul/U2 is decreasing in Cl and increasing in 02. This

implies Ul
- =0 <0 and
2 2

U22 - U12 < 0.

S



The individual agent ("investor") has a utility-of-
wealth function W(Z), where 7 refers to final wealth,
i.e. Qealth at the end of the period for which the in-
vestment decision is binding. Marginal utility is every-

where positive and decreasing. 2 is defined as
Z=a(l +x)+m(l +1r),

where a and m are the amounts invested in the risky
and the secure asset, respectively. r 1s the rate of
return on the secure asset, and x 1s the random rate
of return on the rislky asset with subjective density

function f(x). The budget constraint is
A = a + m,

A Dbeing initial wealth. Final wealth can now be ex-

pressed as

7Z = A(l + r) + a(x - r).
The investor maximizes expected utility
E[w(z)] = [ w(A(1+r) + a(x-r)) f(x)dx

in the von Neumann-Morgenstern sense. The first-order maximum

condition can be written as
(4) ElW'(Z)(x-r)] = 0,

while the satisfaction of the second-order condition is
guaranteed by the assumption of concavity. (4) says, in
effect, that expected marginal utility per dollar invested

should be equal for the two assets.




)

relative risk aversion. These measures are defined as

Arrow has introduced the concepts of absolute and

)

Rp(2) = - g5y s
A

RR(Z) = - 'WT%%%‘:

respectively. Note that both measures are positive
(under risk aversion) and invariant under positive linear

transformations of the utility function.

Arrow advances the hypotheses that RA(Z) is a de-
creasing function of Z and that RR(Z) is an increasing
function of Z. Decreasing RA(Z) implies that "the
willingness to engage in small bets of fixed size in-
creases with wealth, in the sense that the odds demanded
diminish", while increasing RR(Z) may be interpreted
to mean that "if both wealth and the size of the bet are
increased in the same proportion, the willingness to ac-
cept the beg (as measured by the odds demanded) should
t 5

decrease'.

The derivative of risky asset holdings with respect

to initial wealth is

(5) da _ _ EW"(Z)(x-r)]
ha E[W" (2 ) (x-7)°]

LY The exposition in this section leans heavily on that
of Arrow {2, pp. %2-44], The measures of risk aversion
?sed by Arrow were independently developed by J.W.Pratt
10].

5) The quotations are from Arrow [2, pp. 35-36].
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The denominator of this expression is clearly nega-
tive, so that the sign of the derivative 1s the same as
that of the nurerator. It can be shown that decreasing
absolute risk aversion implies E[W"(Z)(x-r)] > 0, so
that the risky asset is a normal good. The proof of
this closely resembles those presented in section 5 of the

present paper, and will not be given here.

The attractiveness of Arrow's approach - deducing
empirically significant conclusions from plausible hypo-
theses on behaviour in simple risk situations - makes it
seem a promising undertaking to reexamine his conclusions
within an integrated model of saving and portfolio choice.

This is a task to which we will turn in the next section.

One further comment: Arrow assumes that there
exists a secure asset, in the sense that its rate of
return is known with certainty. The existence cf such
an asset, either subjectively or in some objective sense,
may be questioned on grounds of realism, although in eco-
nomies characterized by a high degree of price predicta-
bility, government bonds or bank deposits might come close
to this ideal. But the basic defence of the assumption
is an analytical one; we wish to study the choice between
assets which are relatively secure and assets which are
relatively risky, and this is one way to do it. Another
approach is to assume that the probability distribution
of the yields can be completely described by means of
first and second moments, bué that approach is more re-

strictive.



supposed to be a subset of the interval [-1, «).

Combining the last two expressions, we obtain

C, = Y, + (Yl—Cl)(l+r) + a(x—r)(

Substituting this into the utility function, we have that

expected utility is
(7) ©ElUl = U(Cp, Yy (Yl—Cl)(1+r) + a(x-r)) f(x)dx,
where integration is over the range of x.

Maximization of (7) leads to the first-order conditions

(8) E[U1 - (1+7) Ug} = 0,

(9) E[Ug(xur)] = 0.

Eguation (8) is a generalization of Fisher's rule,

as formulated in (1) above.

Equation (9) is the counterpart of the first-order
condition for the pure portfolio model, equation (4), excevt
that the marginal utility of income has been replaced by

the marginai utility of futurs consumption.7)

oy
-

7) This does not mear that "wealth" or "income" in the
pure portf-oli is simply a proxy for future
consumption. Traditional portfolio theory can most
naturally be interrreted as being concerned with
timeless risk prospects, which means that the un-
certainty will be removed before the saving-consumption
decision is made. In this paper we are concerned with
femporal risk prospects. This means that the un-
certainty about the yield of the risky asset is not
going to be removed until the end of the first period.
The distinction between timeless and temporal risks

has been stressed by Dréze and Modigliani [4].
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b, A General Model of Portfolio Choice and
Allocation over Time

We shall study a consumer whose vreferences conform
fo the von Neumann-Morgenstern axioms for rational choice
under uncertainty. His preference ordering on consumption
profiles can be recresented by a continucus cardinal utilit

function

(6) U

U<C1’Cg))

which is assumed to be at least three times continuously
differentiable, and to possess everywhere positive marginal

utilities.

The budget constraint is exrtressed by the eguation

C, +a+m =Y
1 1’
which says that incorme in the first veriod can be used to
buy consumnticn goods (for consumdtion in the same veriod)

or to invest in the risky asset (a) or the secure asset (m
Future consumption is a stochastic variable and is defined

as

where r and X are to be infterpreted as in the previous
section. r 1is talen to be a real number greater than

minus one, and the range of the random varianie X 1is

6) The mwodel nes rne exuvlicit Treatrment of prices, beceus
they are of no particular interest Tor the nroblems
discussed in this paper. But it is clear that all th
variables Cq, Cg, a and m could have peen written
as products of vrice and quantity components. For
general equilibrium analysis this apprcach is , of
course, essential.,
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The second-order conditions for the local maximum

are

2 I N ) 1 )
.1-2(1+r)U12>(1+r) Ugg]n[(x—r)Ulg—(X—r)(l.r)UggJ > 0

(10) H = E[Ul

E[ (x-1)Uy - (x-7) (L+2)U,,) Bl (x-1)7U,,]

<0,

(11) E[Ull-2(1+r)U12 + (1+r)2U22]

(12) E[(x-r)2U22] < 0.

This model can now be subjected to comparative statics
analysis in the Hicks-Samuelson tradition. Without further
assumptions the conclusions that can be drawn are analogous
to those of traditional demand analysis in its most general
form. Thus, no a priori conclusions can be drawn as to
the signs of the income derivatives, except, of course,

8)

effects (compensated changes in yield), direct substitution

that their sum must equal unity. As for substitution
effects are positive, while the signs of the cross substi-
tution effects are indeterminate. An increase in the yield
of the secure asset will raise the demand for that asset,
while the demand for the risky asset will increase with a
shift in the probability distribution of its yield which
increases the mean with no change in dispersion. Nothing

can be said about the effect on consumption of compensated

¥

8) One may feel that it would be legitimate to assume that
present and future consumption are normal goods. One
might then ask whether this has any implications for
the income derivatives of asset holdings. The answer
is no, apart from the obvious fact that their sum must
be positive. It would still be possible for one of the
assets to be inferior. :
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changes in yield, while in the Fisher model this is always
negative. The difference is explained by the fact that
while Fisher's analysis contains two "goods", ours is a
three-good model, where the signs of cross-substitution
effects are indeterminate. It is then perféctly possible
. for yield changes to influence only the composition of

the portfolio while leaving consumption unchanged, even

Q
when attention is restricted to substitution effects.’)

5. The Rislk Aversion Function

Pratt [10, po. 124-125] shows that the function
“W'(Z)/W'(Z) (in the symbols of section 3) may be taken
as a measure of local risk aversion for timeless risks.
For infinitesimal risks he shows that the risk premium,
which is defined as the actuarial value of a gamble
minus its cash eqguivalent, will be proportional to this
function, which Arrow [2] calls absolute risk aversion.
The appealing hypothesis that the risk premium is less,
the greater is the wealth of the investor, is then seen
to imply that absolute risk aversion is a decreasing
function of wealth. We shall now develop the concevts
of risk premium and risk aversion in a temporal context.
Underlying this develovment is the basic viewpoint of
this paper that saving involves giving up the certainty A
of present consurption for the uncertainty of future cdn—

sumption.

9) We shall generally assume that assets are held in non-
zero (although not necessarily non-negative) quantities.
From (9) it is easy to see that the condition for a=0
is Elx] = r, or, if negative holdings of the risky
asset are not allowed, E[x] < r.



Consider a consumer who, for a given level of Cl’
is offered the opportunity of entering into a fair gamble ,
where the outcomes are 02+h and Cg—h with equal proba-
bility. h 1is taken to be a very small number, so that
this gamble is, in Pratt's words, an infinitesimal risk.

The expected utility of this gamble is
%U(Cl,02+h) + %U(Cl,cg—h).

The utility of the expected outcome of the gamble is,
of course,
U<C1302)’

which, under risk aversion (in the sense that U22 < 0),
is greater than the expected utility of the gamble itself.
Let the positive risk premium, p, be defined by the
egquation

U(Cl,C -n) = ;U(cl,c2+h) + %U(Cl,Cg—h).

2

Multiplying by 2 and subtracting 2U(C1,C2) on both

sides, we get

U(Cl,Cg) + U(Cl,Cg—h) - U(cl,cg).k

The e€xpression in braces is approximately equal to
—pUE(Cl,Cg). Dividing throuch by h on both sides, we

have, as an approximation,

. _
-5 pUg(Cl,Cg) = U2(Cl,02) - U2(Cl,C2—h).
Dividing once morée by h, we get, again as an

approximation
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2
. pUL(C1,Cy) = Uys(CqsCy) | /
-and
(lj) -2——- D = - U?.Q(\Jj__’cz)

The right side is then approximately "twice the risk
premium per unit of variance for infinitesimal risks"
(Pratt's formulation) for the type of gamble where present
consumption is given, and the outcomes are given in tefms

of quantities of future consumption.

The important thing to notice about the risk aversion
function (13) is that, in general, it depends on both C,y
and CE' If an additive utilifty function is assumed, the
risk aversion function depends on C2 only. In that
case, as shown in an earlier paper [11], the generalization
of Arrow's results becomes very simple and direct.
However, there does not seem to be any compelling reason
for assuming additivity. Indeed, recent work by Pollak
[9] seems to show that this implies gquite strong re-

strictions on the preference orderingof the consumer.,

We shall assume that the risk premium, and therefore
the risk aversion function, is a decreasing function of
C2. This seems an intuitively reasonable assumption, and
one which suggests itself naturally from consideration of
the additive case. The guestion of how the risk premium
depends on Cl seems far more complicated, and particular
hypotheses do not suggest themselves so easily. However,
we shall assume that the risk premium is increasing in Cl.
This means that the higher is present consumption, the
higher is the consumer's risk premium for gambles on future

consumption. It is tempting to call this risk complementarity,
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and its opposite (risk premium decreasing in Cl)
risk substitutability. But it should be noted that this

involves no assumption on the sign of U12’ which is the

0)

classical measure of complementarity.

We shall now rrove two mathematical lemmas, which

will be of importance for comparative statics analysis.

Lemma 1:
8] U22
{- } < 0 implies E[(x-r)U..]1 > 0
2 2
if a > 0, and
E[(x~r)U22] <0 if a <O,
Proof: From section 4 above we have that
C, = ¥, + (Yl—Cl)(L+r) + a(x-r).
Define
o)
C,” =Y, + (Yl-Cl)(l+r).
. _ o) . .
Since C, = C,  + a(x-r) and —U22/U2 is decreasing
in Cg, we have
-U U,,
(1) 22 ¢ (-=22)° ir x>r and a> o0,

where the right-hand side is the risk aversion function

evaluated at Cgo.

10) Risk complementarity, as defined here, may be seen as
implying, roughly, decreasing risk aversion at the beginning
of the second period. The higher is consumption today,. the
lower are the resources at disposal at time 2, and the higher
is risk aversion.
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Trivially

(15) Uy (x-1) £ 0 if x> 7.

Multiply through in (14) by -Ug(x-r).

The inequality is then reversed.

Uy
(16) U..(x-7) > (,°2)OU (x-7) if x>r and a > 0.
22 = 02 2 = =

Suppose now that x ¢ r. Then inequalities (14) and
(15) are both reversed, and so (16) holds for all X.
Since (Ugg/Ugjjis not a random variable, we can take
expectations on both sides of (16) to get

© E[U,(x-7)] if a > 0.

U
22
E[(x-r)Ugg] > (g—
2
But the right side is zero because of (9). Hence the

lemma is proved for a > 0.

Suppose now that a < 0 (short sales of the risky
asset). This will reverse inequality (14) and therefore
(16) as well. Again taking expectations, we have that
Voo

U

E[(x—r)Ugg]é (
2

)© E[U, (x-7)] if a < o0,

where the right-hand side is zero. This proves the

lemma for a ¢ O.

Lemma 2:

=~} > 0 implies E[(X—P)Ulg] <0

if 230 and El(x-r)u,l20 1if a <oO.
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Proof: Writing out the derivative in full, we obtain

5 Uso UyooUs = UnolUys
S .

5C 2
1 2 U2

But we have also that

5) 2
e {- _1_4 = -
2 2

so that we may as well base our proof on —UlP/Ug
being 1inecreasing in C2.

Adopting the notation of the vrevious proof

- Yo Y1210
17) == 2 (- )
2 2

v

if x i r ard a i 0.

Multiplying through by -ng—r) we have from (15)
and (17) U
12,0
—=)" U,(x-r) if a > 0.
D -
2
This actually holds for all x, since inequalities
(15) and (17) are both reversed if x ¢ r. Taking

expectations, it follows that

El(x-r)U,,] <0 if a

nv
o
>

because E[Ug(x-r)] = 0.

If a £ 0, inequality (17) is reversed. It is then

easy to see that

‘E[(x-r)Ulzl >0 if a < 0.

This completes the proof of the lemma.
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Corollary:

From lemmas 1 og 2 it follows immediately that

if a

1 - - - 1 >

El (x r)U12 (1+r)(x 1)022J <0 > 0
and that

E[(X—T)U12 - (1+r)(x-r)U22] >0 if a < 0.
6. The Non-Inferiority of Risky fssets

Arrow [2] proves that decreasing absolute risk
aversion implies that the risky asset is not an inferior

good. We are now in a position to »nrove a similar theorem.

We shall first make the assumption that both present
consumption and saving are normal goods, 1.e that the
marginal provensity to consume lies between zero and one.

Since we have that

5C
5?% = % {E[(l+r)2U22 - (1+r)U12] E[(x—r)gUgg]
+ E[(x-r)U12 - (1+r)(x-r)U22] E[(1+r)(x—r)U22]}

it is easy to see that a necessary condition for 6C1/6Y1

11)

to be positive is that ~7

1 < o.

(18) E[(1+r)U22 - U,

Moreover, since the marginal propensity to save,

1-601/6Y1, can be written as

11) From lemmas 1 and 2 the last term in braces is negative.
Since E[(x—r)gUggl is negative, (18) follows.



85 % {Elu,,-(1+7)U ] £l (x-r)°U

]
BY, 22

- E[(x-r)U12§(1+r)(x~r)U ] E[(x-r)Ule]}

22

it follows that a necessary condition for 58/6Yl >0

5
is that'?)

(19) E[Ull—(l+r)U12} 7 0.

The income derivative of risky assets is

(20) -(1+r)u. ] El(14r)(x-r)U,.,]

12 ee

U, .1 El (1+r) (x-r)U, . 1}.

12
The sign of this derivative is ambiguous both for
az2o0 and a < O. The reason is that when higher
income increases both present consumption and planned
future consumption (saving), the increase in future
consumption decreases risk aversion while the increase
in present consumption increases risk aversion. The
ambiguity of this result as compared with Arrow's is
not to be deplored. It is true that as a general propo-
sition the hypothesis that the risky asset is a normal
good seems preferable to its opposite. But an inter-
temporal analysis should keep open the possibility that
a consumer experiencing an increase in income should
thereby become less willing to gamble on the level of

future consumption.

12) From the two lemmas the last term in braces is
positive. So (19) is necessary fHr the whole
expression in braces to be positive.



If one makes the strong assumption of additivity,
the expression (20) is very much simplified. With de-
creasing marginal utility of present consumption, de-
creasing absolute aversion is a sufficient condition for

the risky asset to be a normal good.

We shall not go into the question of the effect of
increases in income on relative portfolio shares. This
has been discussed elsewhere [11] for the case of an addi-
tive utility function. In that case Arrow's conclusion
that the income elasticity of the securs asset is at least
one must be wealkened to the effect that the income elastici-
ty of the secure asset is at least as great as that of the
risky asset. This is all on the assumntion of increasing
relative risk aversion, indenendent of vresent consumption.
With the present approach, even this result would be hard

fto uprhold without additional assumptions.

7. Changes in Yield

We first examine the effect of an additive shift in
the distribution of the random variable x. Thus, let
the yield on the risky asset be x+8, where 6 1is the
shift parameter, and differentiate with resvect to 8.
This may be interpreted to mean an increase in the ex-
pected value of the yield with all other moments constant.

The result is (when the derivative is evaluated at ©=0)

a2 fe L gy slu,,-2(1er)0, +(14)%

(21) 50 l+r BY H o 1

22]’
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which is a Slutsky equation. The second term on the right
is the substitution effect, which is positive. Let us | _
assume that aa/aYl >0 for a> 0 and aa/aYl < 0 for
‘a < gé) which might perhaps be taken to be the normal

case Then the income and substitution effects work
in the same direction. If a i 0, an increase in the
expected yield will always increase investrment in the
risky asset. If a < 0, the interpretation is that an
increase in the exvected yield will always reduce the
debt held in units of the risky asset. An example may
perhaps make this clearer: With an uncertain future
price level an increase in the expected rate of price de-
flation will increase. invesiments held in constant nomi-

nal value and decrease debt issued in constant nominal value.
The effect on consumption is

5C, . 8Cy 4 .
(22) T Too 5, + I E[Lgm[(x-r)Ulg-(lw)(x--r)uEgJ.

The income effect is positive for a > 0 and
negative for a < 0. From the corollary in section 5
it follows directly that the substitution effect is nega-
tive for a > 0 and positive for a é 0. It follows
that the sign of the total effect is indeterminate in both

cases.

It may be of interest to ask what would be the effect
of a general rise in yields, i.e. of an increase in the

rate of interest on the secure asset together with an

13) That aa/aYl <0 for a0 means that the con-
sumer will increase the amount of debt held in the

risky asset.
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additive shift in the probability distribution of x.
This can be answered by differentiating with respect to
r and setting 50/fr = 1.

B - 6C
(2%) ¢ Cl\ - Yl Cl
‘I°'59%r=1 l+r 0BY

1 2
4 ] -—
5 E[UEJE[(X r) Uqg].

¢

Here the sign of the income effect is positive or

1

negative, according as Y., - C1 ? 0 and the substitution
effect is negative, independent of the behaviour of the
risk aversion function. It is natural To interpret this
as a direct generalization of the analysis of interest

rate changes under certainty {(compare equation (8) above).

What would be the effect on asset holdings of such
a general rise in yields? There will, of course, be income
effects, but of more interest are the substitution effects.

The effect on risky asset holdings is

E[UEJE[(x—r)Ulg—(1+r)(x-r)U22],

with the substitution effect positive for a > 0, and
negative for a é 0. Thus, with a general rise in yields,
the substitution effect indicates that the risky asset will
generally be substituted for the secure one. In the case
where the consumer takes a short nosition in the risky
asset, the general rise in expected yields will cause him

)

.. . . 1
to decrease his borrowing in that asset .

14) To arrive at the total effect, account must,of course,
be taken of the income effect. To work out all possible
cases would be very tedious and is left to the inter-
ested reader. The most interesting case may be
a>0, ¥,-C, 20, aa/ay1 > 0, in which 8a/oér is
positive.
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8. Capital Gains Taxation and Risk-Taking

A problem which has been studied by several authors
is the following one: Suppose that an individual can in-
vest in two assets, one bearing a secure rate of return of
zero, and one risky asset with random yield x. Suppose
a proportional tax is levied on investment income with
full loss offset provisions. How does this affect the
composition of the portfolio? The most modern and general
treatment of this problem is that of Mossin [7], who shows
that the tax rate derivative of risky asset holdings,
6a/6t, is simply equal to a/(1-t).

A question raised by Mossin's analysis is whether
his conclusion depends in any essential way on the as-
sumption of a fixed portfolio. In other words, one may
ask whether reactions of saving to tax rate changes might
not come to dominate the simple reaction pattern implied

by his model.

We shall try to answer this gquestion in terms of

the analysis of this paper. Future consumption is

5 1+ Y2 - Cl + ax(1-t).
The first-order condition for a maximum of E[U(Cl,Cg)]
are

E[Ul-Ug]

0,

Elu. x]

5 0.

Differentiating with respect to t, we obtain
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da | a
(24) Bt  1-t °’
=
(25) 1 _
5t y

Consumption is unchanged when the tax rate Iincreases,
while the reaction of the demand for the risky asset is
exactly the one predicted by Mossin's model. The rationale
of this result is simply that it implies that expected
utility, E[U(Cl,Yl+Y2~Cl+ax(l-t))] remains constant
when the tax rate is increased. Constancy of expected
utility is clearly the best that the consumer can hope
for. Vhen given the opportunity, he should behave so as

to achieve just that.

The somewhat surprising simplicity of these results
does not carry over to the case where 1r 1s not zero.
However, as long as the tax is levied on the differential
yield (x-r), the results are exactly as before. This
case may not be entirely unrealistic. It could be taken
to represent a tax on "excess profits". Or, if m is
taken to be a debt instrument issued to finance the holding
of the risky asset, it would simply represent deductibl

interest payments on debt.

9. Variations in the Degree of Risk

The "degree of risk" is an elusive concept when not
measured by one statistic as e.g. the variance. Following
a suggestion by Arrow [1], we shall analyze the problem

by means of shift parameters, paying special attention to
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the effect on present consumption and saving.

We note first that the probability distribution

on which expected utility depends, is that of the differ-~

ential yield, X~P15). A pure increase in dispersion can
now be studied by means of (1) - a multiplicative shift
around zero, and (2) - an additive shift tc restore the

mean to its initial value. In combination, this means a
multiplicative shift around the mean. The effect of a
multiplicative shift around zero was examined in section 8
as a change in t, and was shown to have no effect on con-
sumption. The effect of an additive ghift was studied in
section 7 and expressed in equation (22). Two cases need
fo be considered.

(1) a > 0. 1In this case we have Elx-r] > 016), and
fherefore a multiplicative shift arocund zero will
increase the mean. It will, therefore, have to
be followed by an additive shif%f in the negative
direction for the mean to be restored. For lenders,
therefore, an increase in dispersion has the same
effect on consumption as a decrease in fhe expected

yield on the risky asset.

(2) a ¢ 0. Now we know that E[x-r] ¢ 0, and it follows
that 2 multiplicative shift around zero will decrease
the ﬁean. The mean has, therefore, to be restored by
means of an additive shift in the positive direction.

We conclude that for borrowers, an increase in dis-

15) Develéping the expression for expected utility in a_
Taylor series, it is easy to see that it depends on
the successive moments of x-r.

16) Compare footnote 10 above.



persion has the same effect on consumption as an in-
.crease in the expected yield on the risky asset, |

which in this case serves as a debt instrument.

This connection between the effects of changes in
expected yield and in its riskiness ties in nicely with
the more intuitive view that the effect of uncertainty is
to make the "true" interest rates higher than their expected
valuesl7>.

Equation (22) implies that the effect on consumption
of an increase in expected yield con the risky asset is
indeterminate for all a ;3 there are always the con -
flicting tendencies of the substitution and income effects.

A forticri, this will also be the case for increases in

risk.

10. Concluding Remarks

While the model of this paper may be seen as a
generalization and extension of Fisher's theory of saving,
it would be somewhat unfair to its Tounder not to note
that it is very much in the spirit of his analysis. It
was Fisher who firsé stressed the need for simultaneous
analysis of saving and investment decisions, and he was
well aware of the problems raised by uncertainty, although

he did not attempt any formal study of these problems.

17) Dréze and Modigliani [%4] have arrived at the same
result by a different sort of analysis.
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We conclude with a few observations on the generality
of the results. Increased generality can be achieved in
a number of ways, and we shall comment upon two of them
only. The first is an extension to more than twoe periods;
"the second is to allow for an arbitrary number of risky

assets.

N

To pass judgemrent on the restrictiveness of the two-
period model it is necessary to be quite clear about the
kinds of questions one wants to ask. If one's sole inter-

est is in deriving the implications for present decisions

of intertemporal allocation under uncertainty, then the
two-period assumption would seem tc be adequate. On the
other hand, if one is interested in the seguential nature
of decision-making, a multiperiocd avprcocach becomes es-
sential. The concern of the present paper is, of course,

with the former type of problen.

Several of the results of this paper held for the
case of an arbitrary number of risky assets. However,
this does not apply without reservations to the results
based on the particular hypotheses about the risk aversion
function, since these do not seem to carry over to the
case with more than one risky asset, or, equivalently, to
the case where risky assets are not held in constant pro-
portions independent of income. Thus, for instance, with-
out any specific assumptions about the risk aversion |
function it would still be true that the effect of in-
creased uncertzinty is the same as that of av,decrease
in expected yield on the risky asset. But it would no
longer be pcssible to detérmine the signs of the substi-

tution and income effects ‘involved.
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THE EFFECT of UNCERTAINTY on SAVING DECISIONS

Two types of uncertainty concerning the future
are examined in this paper; uncertainty with re-
gard to future income and uncertainty as to the
rate of return on capital investment. Assuming
the existence of risk aversion and decreasing
temporal risk aversion (a concept»which is defined
in the paper) it 1s proved that increased riskiness
of future income will increase saving, while in the
case of capital risk the substitution effect calls
for less saving and the income effect for more.

The analysis is briefly related to empirical studies

of the consumption function.



1. Introduction

How does increased uncertainty about the fubture
affect the consumer's choice between saving and immediate
consumption? This question has received considerable

P

attention in the literature, althourh not often of a
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"The thriftlessness of early times was in great
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Poulding's cagse of incore rigl, the role of accurnulated

savings is that of a buflfer providing a guarantee that
future consumption will not fall bhelow some minimum level.
In other words, accumulated savings is the certain com-

ponent of total resources available for future consumption.
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In the Marshallian case of capital risk, however, the

more one saves, the more one stands to lose. Giving up

a dollar's worth of certain present consumption does not
result in a certain increase in future consumptinn. It

is by no means obvious that these two types of uncertainty
affect saving decisions in the same manner so that it may
atill be »ussible to recencile the statements of Marshall
and Boulding, both of which appear to have considerable

intuitive appeal.

There are not many examples of formal treatments of
saving cecisions under uncertainty. The eporocachh adopted
in the present paver is similsr to that of Dréze ard
Modigliani (4], Diarmond {3] and Leland [10], all of whom
work within a two-veriod framework without assuning addi-
tivity of the utility function. Additive utility functior:
are assured by Phelwns [1%], Hakansson [9] and Mirrlees [12]
wno worlk with n-pericd or infinite-hcrizon models. As long
as one 1s not interested in analyzing sequential decisions,
the two-period model would seem to be adeguate, while it
has also the advantage of not requiring the assumption of

1)

additivitcy 7.

1) The present paper may be seen as a companion piece
to [15], which is chiefly concerned with the inte-
gration of models of saving and of portfelio choice.
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2. The Risk Aversion Function

Important contributions to the theory of choice
under uncertainty have recently been made by Arrow (1]
and Pratt [14], who have introduced the coﬁcept of a
rislkt aversion function. Arrow and Pratt are concerned

L

with prefercnces over probkability distributions of final
wealth only, expressed in terms of a concave utility
function W(Z), where Z is final wealth. If the risk
premium is defined as the actuarial value of an uncertain
vrospect minus ts certainty equivalent, it can be shown
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The consume

»
({

over rvresent and future consurvition (C.,C.) which can be

. 1
represented by a continuous, cardinal utility lunction,

it

(1) U = U(c,,C ), C

2) We shall not here be concerned with the relative risk
aversion function, which is defined as -¥"(2)z/W'(Z).

3) The first part of the following analysis parallels
that of [15].
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which is further assumed to possess continuous derivatives
of first, second and third order with first-order deriva-
s .
tives everywhere positive ).

Suppose now that a consumer is offered a gamble with
vectors of present and future consumption as outcomes.

Let there be two possible outcones, (CT,Cpfh) and (Cl,C +h)

2
occuring with ecual probability) . The expected utility

of the gamble is then

%U(Cl,02+h) + %U(Cl,cg—h),

L

while the utiiity o1 the expected ouktcome is

U(Cl’CE)'

Let the risk% premium, p , be defined by the equation

U(Cc.,C,-0) = %U(Cl,co+h) + %U(Cl,C -h).

2 2

1

Multiplying by 2 and subtracting ZU(Cl,CE) on both

sides of this expression, we obteain

2{U(Cl,C2-p)—U(Cl,Cg)} = U(Cl,02+h) - U(Cl,Cg) + U(Cl,L ~h)

2
- U(Cl,Cg).
Here the expression in braces 1is approximately equal to

-pqgcl,cg). Ve now divide by h on both sides to obtain

as an approximation,

iy Derivatives of U wi%l be denoted by subscripts;
B = \ 5 =
thus 5u/ocl Uy, B U/BClch U,, ete.
5) h 1is taken to be a small number, so that this gamble

conforms to Pratt's definition of an infinitesimal risk.'
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U (C C2) = U2( 1

D‘lr\)

C,) - U,(Cy,Cyhmh).

Ornice more dividing by h, we get, again as an approxi-

mation,

1,

©
'
v

The okl cornlexity ‘rtroduced by the risk aversion
forction (2) as corpered with thet of Arrow and Pratt, is
that 1% is 2 function of two varichles, so thet there is no
obvious cardidats Inr the conecent of decrezsing risk
averzion. Ir [15' it has been succested that the risk

aversison furcticn is decreasing in C,. ard increasinz in
C,5 this hypothesis was shown Ton lead to sSensible results:
iz now observe that this implies knowledge of the behaviour
of the rizk aversion furction for crnosite movements in C.I
crénce to fig. 1 it means that, starfing
from any voint ¢  in the indiflerence ran, the risik av
function cecreases with moverents in the W direction and
%

increases with movements in the E  direction. %We shall

= - 4 A - - - ~ —1 o o oy
refer o thic the nyuwothesis of decreasing
ternoral ris!

It should ne stressed that this hypothesis abouft the
risk aversion function is a restriction on the utility

function and should be interpreted solely in terms of
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Fig. 1
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properties of the preference ordering, independently of
the budget constraint of the particular problem discussed
here. The ihterpretaticn is as follows: Suppose a con-
sumer "owns" a consumption vector ¢ = {Cl,Cg} and is
offered a gamble where the {wo possible outcomes are

-h and h of future consumrtion. He is asked to give
fhe oads on which he will accert the gazmble. Under risk-
aversion we know that the odds will be "better than fair";
thus, if w(h) 1is the probability of a gain of h, we
know that the consumer will demand w(h) > %3 in crder to

.ccent the rarble. It is reasonable to aszume that 71(h)

wr s Ty R T T 2 4a B + S B T L ]
will e lowsr, the hishes i C.; Shis sugrests iosell
o
P S ~ oL P 5 U \ - K -
as a nabtural erternsion o7 the Lrrow-Pratt assumniion,
s .zt - S — G o P - Lo .y 1 ~ (I S 3 oy

Likewise, it ceems attractive o assure that w(h) will

Y - 1 -~ Il 1 " ~ - — 4
be higher, the higher is (C.; a richer lavel of vresent

L s
P - e -~ ~= = ~ = T px - )

conzurntion rales thz corsurer less Inclired tTo garble on

~
=4
ar.d decrease in C,, and thabv 10 will rise vith a simul-
L 7~
. . P e 1 ~ ©
taneous decrease in C, and increase in (..
c BN

6) An alternative intervretatiocn of the hyrothesis, which
will emerge from the discussion below, 15 the following:
Por any consumrtion vector {C7,C2} we rmay compute 1its
ex ected vrezsert value as -

C,+(1+r) "C..

b

If C, is ircreazsed and C, is decrezszed so as to hold
the pPesent value constan “the risk aversion function
will decrease. The Cecressing temporal

risk aversion imrnliecs o 11 e true for all
valuves of 1r. Iollowing i rrretation, the hypothe-
sis might alternative e b denot2d "decreasing

risk aversion along a budget line'".

TLeland's hypothesis [10] is %that the risk aversion
function decreases with movements to the NW along an
indifference curve. In the neighbourhood of the opti-
mum these measures will be approximately the same.
Indeed, Leland relies on a Taylor exXpansion to éstablish:
his result.
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So much for interpretation. The hypothesis of de-

creasing temporal risk aversion can now be written as

U U
22 5 22 6 22
b= 2 - 255 (-d0,) + o -
5 “Cl U2 1 602 U2

} dc, < 0.

Without loss of generality we may write

dc, = (1l+r) dcy,

where (l+4r) is sore nonnegative real number. (3) can

then e writiten as

TSR =" S - N SRR A
a)] ;; A ~ -
i, U, e, T, 5C, ' T,

for all values of (l+r) > O.

We now observe that under our continuity assumption

the following holds as an identity.

The inequality in (4) can now be written as

5 Uyp - (14r) U
{ U
2 2

22

} < 0.

This result will prove helpful in the following discussiocn

of the effects of uncertainty.

It is easy to see that if the utility function is

additive, the risk aversion function will depend on 02
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only, and the assumption that risk aversion is a decreasing
function of 02 is then sufficient to establish the re-
sults derived in the following sections.

R Income Risk

In this section we shall discuss the effects of in-
creased riskiness of future income on present consumnticn.
The first-period budget corstraint facing the consumer is

(6) Yy, = C. +8

where Y is income in the first veriod, assumed to be

1
known with certainty, and S1 is saving. Future con-
sumption is given by
(7) C, = Y, = Sl(1+r),

where r 1is the rate of interest, which is assumed to be
known in this case of pure income risk, and Y2 is future
income, which is not known in veriod 1. The consumer's
beliefs about the value of future inccocme can be summarized
in a subjective probability density function f(Yg) with
mean £ ; on the.baéis of this the consumer maximizes

expected utility in the von Neurann-Morgenstern sense.
Combining (6) and (7) we can write
2

(8) C, = Y, + (Yl-Cl)(l+r).

Expected utility can the be written as
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E{U] = fU(Cl,Y2+(Yl-Cl)(l+r)) f(Y2) Yy,

where integration is over the range of Y2. Maximizing

with respect to C we obtain the first-order condition

l’

(9) Elu; - (2+r) U, = O,

and the second-order condition

D = E[U. 1 < o.

2
i1 - 2(1+r) Uy, + (1+r) U,

2

The effect of an increase in income (Yl) can be

found by implicit differentiation in (2):

E[Ulg—(1+r) U
D

22]

The sign of this derivative cannot be détermined
a priori, but in the following we shall assume that it is
always positive, both under certainty and uncertainty,
which implies that

(10) U, = (1+r) U,, > O, E[U > 0.

1 - (1+r) U,

12 2]
We now wish to examine the effect on present con-

sumption of an increase in the degree of risk concerning
future income. This raises the problem of how to measure
the "degree of risk" without adopting fhe rather restrictive
mean-variance approach. One solution to this problem, used
by Leland [10], is to expand (9) around (Yl,é) ; one then
obtains an expression containing the variance of Y2.

Here we shall take a more direct approach.
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One can examine two kinds of shift in the probability
distribution of Y2. One is an additive shift, which is
equivalent to an increase in the mean with a}l other mpments
constant. The other is a multiplicative shift, by which

7)

the distribution is "stretched" around zero. A pure in-
crease in dispersion can be defined as a stretching of the
distribution around a constant mean. This is equivalent

to a combination of additive and multiplicative parameter

changes.

Let us write future income as
(11) YY, + 8,
the expected value of which is

Elvyy. + 6]l.

2
Here v 1isg the multiplicative\shift parameter, and

© 1s the additive one. Eecause of the nonnegativity of

Y2 a multiplicative shift around zero will increase the

mean. It must, therefore, be counteracted by an additive

shift in the negative direction, so that the expected value

is held cqnstant. Taking the differential, the requirement

is that

dElyY, + 6] = ElY,ay + d6] = 0,

which implies that

7) Since Yo is most naturally interpreted as a non-
negative number, the distribution will really be
stretched only on the right side of zero.
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doe
ay - 2]=—€.

We can now substitute (11) into the first-order
condition (9) and differentiate with respect to .
We then obtain

6C
(12) (5750 = - 5 BL(U - (1m0 ) (%p-5) .

6:Y= -

It can be shown that decreasing temvoral risk
aversion i35 a sufficient condiftion for this derivative

to be negative, so that increased uncertainty about future

income decreases consumption (increases saving).

Prcof: We first define

62 = (Yl—Cl)(l+r) + £,

8) A numerical illustration is perhaps in order at this
voint. Let there be

Y2l Y22 Mean Variance
10 20 15 25
i2 24 18 36
9 21 15 36

two possible values of future income, Y2i and Y22,

occuring with equal probvability. Initially we have
Yp© = 10 and Yo= = 20 with mean and variance as .
given in the first line of the table. Multiplying Yol

by 1.2 increases the variance, but 1t also increases
the mean, as shown in the second line. We can now re-
store the mean to its original value by subtracting >
from each Ygl in the second line. By a combination
of a positive multiplicative shift and a negative
additive shift, we have obtained an increase in. the
variance with the mean constant.
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From (8) we have that

C2 = 02 + Y2 - £.

Because (Ulg-(l+r)U22)/U2 is decreasing in C,, we must

have that
Ulg—(1+r)UCq Um-(1+r)u22
(13) 5 — = } if Y,z 8
2 2 £

The right side of this inequality is evaluated at C. = C,
[ c

and 1is row a rancom variablie.

Obviocusly
(14) U (Y,-5) > 0 ir v, >z
(48 o =

We now rultlriy on poth sides of (13) by U (Y. .-%2).

YWe then obtaln

L & 7 1
(Ulg_(l+f)U22)(Y2_a) - { U ]

Taking expected values on both sides we have that

: Uy o (141)U,
i = - 4 ji Y (Vv _ =& ! ¢ e . r £ ].

We now observe that if Y, . £, inecualities (13)
and (14) will both be reversed, so that (15) holds for

all Y2.
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To prbve that the left side of (15) is negative, %t
9

is sufficient to show that the right side is negative.

From (10) the expression in braces is positive, so that we

have to show that E[Ug(Yg—ﬁ)] ¢ 0. since Uy, < 0, we
must have 4
5 < i ; £
(16) U, £ (Ua)g it v, > 4
Trivially,
17 - & i g
(17) Y, & >0 ‘ ir Y, > &

Muitinlying in (16) by (Y_,-£) we can write

< _& - _’/;

This holds for all Yg, since inegualities (16) and (17)
are both reversed if Y2 ézi. Taking expectations, we
optain

ElU,(Y,-€)] ¢ (Uz)gE[Yg-i] = 0,

which implies

E[(Ulg-(1+r)U22)(Y2-g I ¢ o.

Therefore, since D < 0, it follows that the derivative
(12) is negative. Q.E.D.lo)

o) At this »oint it is clear that the proof is one of
sufficiency, not necessity.

10) It may be of interest to record that in the case of

the qgadratlc utility function k101+k2C2+k120102+

2 . AU
kllcl +k2202 present consumption is independent of

the variance of future income. This function can easi-
ly be shown to display increasing temporal risk aversion.
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.Our analysis thus confirms Boulding's conjecture
that increased uncertainty about future income leads to
more saving. It is tempting at this point to relate the
result to empirical studies of saving behaviour, but this

will be reserved for the final section of the paper.

4, Capital Risk

ey . P —~ Ay~ 2 vy -3 ny ] '.,
Wle now turn to a stylize erzion ol Marchall' s

d
"laborious and self-denyirg neasant". In the first veriod
Y. ) between rresent con-

he can allocate his resources 5
stment (K):

(
sumption (Cl) and capital inve

<
4 = C_ + K.
1 1
In general, capital investment is transformed into
resources available for future consumption by means of a
transformation function F(K,x), where x 1is a stochastic
parameter. We shall assume that the transformation function

is of the following simple form:

C2 = K(1l+x), 1+x

v

0,

‘with x as the random rate of return on capital. X may
conceivably talke on the value -1, 1in which case one may
supposeé that the peasant's wealth is "taken from him by a
stronger hand"; <this represents the lower bound on the

range of X.

Combining these two equations, we have that
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c, = (Yl-Cl)(l+x).

Expected utility is then
ElU] = Ju(c ,(¥;-C,)(1+x))e(x)dx,

where g(x) 1is the subiective density Tunction of x

and integration is over the range of Xx.

Necessary and sufficient conditions for a maximum

of E[Ul are
(18) EiU. -(1-x)U.]l = o0,

(19) H = E[U 1—2(1+X)U12+(1+x)2U ] < o.

1

~
fod

n

To examine the effect of a pure increase in rislk,
we proceed exactly as in the preceding section. Writing
the yield on capital as vyx+6, we find that for a multi-
plicative shift arourd zero to keep the mean constant, we

must have

dE[yx+é] = 0,
i.e.

de

a; R
where p ‘= E[x]

Differentiating (18) with resvect to v and
evaluating the derivative at (y =1, 6 = 0) we obtain
6Cl 1 1 |
(67—)29_ = -5 KE[ (Ulg—(l+X)U22)(X—u)]+ EL[UE(X—H)].
5y

(20)
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Here the first term is the income effect and the
second term is the substitution effect, i.e. the second

term is the value of the derivative with E[U] constant.

It can be shown that the existence of risk aversion

is a necessary and sufficient condition for the substi-

tution =2ffect to e nositive., The acdditional assumdtion

of decreasing tempvoral risk aversion is sufficient for the

income effect to be negative.ll) The total effect cannot be

determined without additional assumptions.

Pronsf: The »rcofs of these asserticrz are very
similar to the proof that the derivative (12) is regative,

e
as presented in section 3. Cons

equently, we shall only
slketch the proofs, the details of which will be evident
from the previous one.
Define
o]

C,™ = K(1+u)

so that
o] .
C, = C,° + K{x-u).

0.

_This is done by writing down inequalities similar to (16)

It is now straighiforward to prove that E[Ug(x-u)]

[[EaN

and (17) and taking into account that U,, < 0. The substi-
tution effect is, therefore, positive. Under decreasing

temporal risk aversion we must have that

11) It is also assumed, for the latter result, that
present consumption is a normal good.
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Ul2-(l+x)U22 Ulg-(l+x)U22}
U2 U2 V)

if x > M.

Multiplying by Ug(x-u) on both sides, and taking expec-

tations, it is easy to see that, for all x,

U, -(1+x)0,
(LU, ) (x-p)] ¢ =5)

E[(U12 i "

E[Ug(x—u)].

The factor in braces is a ccnstant, because it 1is evalu-
ated at u, and it is positive because of the non-
inferiority of present consumption. But E[Ug(x—u)] has

been shown to be negative. Hence
and the income effect is accordingly nositive.

The intuitive interpretation of the result is fairiy
simple. An increase in the degree of risk makes the con-
sumer less inclined to expose his resources to the possi-
bility of loss; hence the positive substitution effect
on consumption. On the other hand, higher riskiness makes
it necessary to save more in order to protect oneself
against very low levels of future consumption. This ex-

plains the negative income effect on consumption.

- How does all this tie in with Marshall's hypothesis?
Presumably we should judge him to be correct on his own
terms. His statement that increased capital risk will in-
crease present consumption may be seen as amounting to

neglect of the income effect, which is what Marshall gener-
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ally practiced in his analysis of demand. (See e.g.
Friedman's interpretation in [7].) However, a more
'cOmplete analysis must take account of the income effect,
so that it is no longer possible to arrive at any clear

conclusion in the general case.

Some readers may feel that the voint of Marshall's
simple story has been pressed too far. The analysis of
the present section is a study of technological uncertainty,
in which the rate of return on capital is a continuocusly
distributed random variavle. 1In contrast, Marshall may be
coneerned with the cnse vnere the rave o7 retura on canital
is either some vositive nurber X with trobability » and

-1 with probability 1-p. In that case our interpretation

of the income eifect mey rot rake ruch sense.  Whatever the
correct interpretation - and this vaper is not chiefly con-
cerned with what Marshall really meant - there is sufficient

similarity between his case and ours to consider his comments

as being concerried with the effect of capital risk in general.

In analyzing the effect of cavnital risk it is sometimes
desirable to allow for asset choice, so that the consumer
may react to change in riskiness by a reallocation among
assets. A model along these lines has been studied in [15].
However, the present analysis is not necessarily a step
backward. The one-asset model may be of considerable rele-
vance for many real-world problems, since many types of
increases in riskiness will arply to the yield on a2l1ll assets,
so that the vossibility of hedging ageinst risk by port-
folio rearrangements are limited. Moreover, for society
as a whole, real capital constitutes the only form that
saving can take (at least in a closed economy); the present
model may, therefore, be seen as a simplified analysis of

optimal growth under uncertainty.
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5. Empirical Aspects of the Analysis

In this section we shall comment dn some broader
implicatiornis of the theory presented above. In recent
years there has been a great deal of work done on recon-
ciling observed saving behaviour with theories based on
utility maximization over time. Heowever, most of the

12)

account of the uncertainty of future income and/or the

theoretical work has been incomplete in taking no

rate of return cn savings.

- £ o ey L3 ~ s gy 1 Ly 4 I e )
An insceresting comsenent of Friedman's perranent

[01

income hypothesis (o] is his distinction between nermanent

and transitory income changes and his hypothesis that the
propensity to consume is lower for tTransitory than for
permanent changes in income. This hypothesis can in fact

13)

be derived from utility analysis. ‘Assuming that the

consumer maximizes U(Cl,Cg) subject to C, = Y2+(Y1—C1)-
(1+r), and provided that there is no uncertainty, the

consumption demand function can be written as

C £ (v,r), 0<f <1,

1 v

where

12) Leland [10] has an interesting discussion of the
empirical implications of his analysis.

13) The interpretation of this hypothesis has been the
subject of some disagreement in the literature.
Rather than follow the "extreme" view of Friedman,
I chose to adopt the position of Eisner [5].



- 52 -

V 1s the lifetime income of the consumer. The main point
of Friedman's argument is that changes in current income
influence consumption only through their effect on life-

time income.

The response of consumption to a permanent change in

income is
= ] — AV
(dcl)p fv(le+ T d¢2),
and to a transitory change it is

(aC. = f 4v..
‘dci)t - 'YL

Hence the marginal provensities to consurme are, resvectively,

ac. . av,

(&), = £, 75 )
1 1

ac,

[4 - —

(), =t

aLl T v

and it is obvious that (&C,/dy.)_> (4ac,/dv.),.
1”7 "17p 17771 7¢

If we assume dYg/dY1 = 1, the former propensity would

Al
be approximately ftwice the latter for small r ; for a
three-period model, which Friedman considers to be reason-

14)

If now data from time series show the marginal propensity

able, it would be apvroximately three times as large.

to ccnsume to be of the order of 0.9, 1t seems natural
to see this as an estimate of (dCW/le)O, and to adopt
L f .
the theoretical zrediction of (dC,/le)+
. [

S
when ©r 1s small and the horizon is not tco long.

14) See Eisner's paper ([5], p. 974n.) for an elaboration
of this interpretation.
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What is left out here is..of course, that while a
change in present income is a hard fact to the individual
consumer, the associated change in future consumption is
only a belief not held with certainty. If higher present
income is associated not only with an increase in expected
future income but also in its riskiness, this will tend
to bring (dCl/le)n and (acC, /dfl)t

other than predicted by the certainty model, because iri-

closer to each

creased riskiness in itself will tend to decrease con-

sumption. While it may be hard to say, in general, whether

high incomes are more or less risky than low cones, this
consicderation should be tzlren into account when tftesting
1 : 15)

If one does accept the hypothesis that riskiness of
income is greatest for high incomes, and if "high" refers
to a comparison “‘tﬁ the average level of income in any
time period, then we have an alternative exvlanation of
the discrevancy between time series and cross-section

6)

1 . .
consumption furctions. As all incomes increase over

15) There is, however, some evidence for the hypothesis
that riskiness of income increases with income in a
cross-section material. Eisner ([5],n. 976) reports
that the variance of income for "salaried professionals,
officials etc." was about twice that of "clerical ard
sales workers" and 4 to 5 times that of "wage earners"
in American cross-section data for 1950. The evidence
is not conclusive, since variability of cross-section
incomes does not ver se imply uncertain income ex-
pectations for the individual consumer. However, one
might conjecture that individual beliefs about future
income are to some extent conditioned by cross-section
income patterns.

16) This has also been pointed out by Leland [10].
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time, with relative income positions approximately constant,
any given level of income will fall relatively to the aver-
age level of income and will, therefore, presumably become
less risky. Because of this we would expect more con-
sumption with a given absolute income the higher is the

general income level.

It has often been observed that there is a significant
difference in saving behaviour between wage and salary
earners on the one hand. and self-employed persons on the

17)

- - ~ ey P £* - - 5 [ 1 v 1., — 2 A ]
latter group, farrers and busincessmen, nave more variable

other. Moreover, it is generally accerted that the
incomes than the former. On the reasonable assumption
that ex nost variabililty goes together with ex ante
uncertainty, theoretical considerations should lead us to
expect Cne selfl-erployed group to save more, and this con-

clusion appears in fact to be supportsd by empirical research.

However, c-me ca

"3

2 should be taken in identifying empiri-

Y

cal and theoretical results at this voint. As far as
reactions to income uncertainty is concerned, comparison
should be restricted to consumers with incomes that are
exogeneous, i.e. independent of their own saving behaviour.
As regards self-emrloyed persons, however, their future
income may depend in an essential way on how much they
save in the present, so that a comparison between these

two groups would rather constitute a test of the effect of
capital uncerftainty. But as regards that efféect, theory

does not offer any clearcut hypothesis. This is no less

17) For a survey and references see Farrell [6].
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true if the effect of capital risk is studied in a

two-asset model. In that case it has been shown [15]
that the effect of an increase in risk is the same as
that of a fa%% in the expected rate of return on the

. lc . . s .
risky asset , the sign of which cannot in general be

determined.

18) This conclusion can easily be extended to the
case of an arbitrary number of risky assets.
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EOQUILIBRIUM and EFFICIENCY
in LOAN MARKETS

This paper e¢xplores the connection between

-

~
i a

competitive eguilivrium and Fareto cptimality

-~
et
™~
(]
i

two-period consurntion-loans medel. It is shown the

]

an ordinary loan market achieves cnly a con
Pareto ontirum, and the nature of the constraint i
identified. An unconstrained Pareto covtimum is

tained in a regime of state contingent claims. A

third alternative regime ¢of state contingent rates
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1. Introduction

One of the main results of the modern theory of
general equilibrium and welfare economics is that a com-
petitive equilibrium results in a Pareto optimal allocation
-of resources. In a pure exchange system this means that
it is not possible to effect a redistriktution of commodi-
ties, which is such that every individual in the economy

prefers the new allocation to the initial competitive one.

The purpvose of this vaper is to examine the con-

>

rection vetween morke

C

=

n a twe-veriod consurption lcans model, where the future
incomes of consumers

shown that an ordinary loan market is zene
in the sense that the competitive ecuilibrium is a

constrained Pareto optimum. £ full Pareto optimum can

be realized by a system of state contingent claims,

v Arrow [1). It is further

ey

similer to that discussed

shown that an alternative system of state contingent

rates of refturn lacks a urniouz eguilibrium; thus, it may

but need not realize the full conditions for a Pareto

optimumn.

The conclusion that state-contingent claims or
commodities are required to reach an.unconstrained Pareto
ovtimurm under uncertainty is implicit in the work of Arrow
[1] and Debreu [3], and it has since been developed in
different contexts by Borch [2, Chap. VIII] and Diamond [4].
In the ©present paper an atterpt is made to show explicitly
why it is that a regime which is known to lead to a Pareto
optimum under certeinty, fails to do so when uncertainty

is introduced. It also seems to be an advantage to frame
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)

the discussion in an intertemporal contextl .

In section 2-5 the main results of the paper will
te presented in the form of an example. Generalizations
are provided in section 6, while the final section con-

- tains some more general remarks suggested by the analysis.

no

. The Trnefficiency of Loan Markets

Yle concider an ecornony with two persons. Zach of
them owns an income profile (yj,yg), and acts soc as fto
.

L

maximize a cardinal utility function with consumption in

each of the two veriods (c,,c,) as its arguments.
Their income nrospects are as follows:
Person 1 has an incowme ¢f 2 in period 1 and is

asgsured of receiving the same arount in period 2.

Person 2 will receive an income of 1 in period 1,
while his income in period 2 will be either 1 or 4,

each with probability 2.

We ray think of each value of person 2's future
income as being derived from a certain "state of the

world"; thus, he will get 1 if state © ocecurs, and

1
4L ir 6, occurs. Ve may summarize this in the following
(8

table:

1) The basic model bears some resemblance to Samuelson's
[5],.but it ignores the intergeneration aspects which
are central in his analysis.
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Person yl o y2 o
1 2

2 2 2

2 ]

Economic theory tells us that by borrowing and lending,
our two persons would become able to realize more preferred
consumption vatterns, and it also tells us that it would be

wise tTo institutionalize this in the form of a loan market

2 . e £ . [ R 3 B
with a rate of return r, which is cormpetitively es-
2)
tabhlisghed Let = dernte the zxount lent by rerssn ]
-~ Y g e PR . ~ T I . + ~ ey A [N
(ard zorroved by rersorn £). The consusption rattern as-
tablished in the marizet vwill then te
.
Person c. Ch
) = "
= =
L [l
- - V L]
1 2-% 24+rx 241X
2 1+x 1-rx boyx

Note that 1r 1is internreted as the gross rate of

return, i.e. as ore plus the interest rate on loans.

.

Ve assume now that voth persons have the same cardi-

U

nal utility function over consumption profiles:

by

2) The two-person assumption is not To be taken literally;
' we may conveniently think of them as groups of identi-
cal persons.
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For each given 1r, person 1 will prefer the value

of x = xl, which maximizes his expected utility Ul :

U, = u(2-x, 2+rx) = 72 - (4+x)2 - (&-rx)g.

His supply of funds is determined by the condition

hat rerson 1 will be a lender or

W

Ferson 2 wi’l vrefer the value of x = x , which

maximizes

U, = su(l+x, 1-rx) + du(l=x, L-rx)

[ Y
4

= 72 - (5-x)% - 3(54rx)° - Y(2srx)°.

We must then have

— = 2(5-x) - (5+rx)r - (2+rx)r = 0,

which yields the solution

2 10 - 7r
X = e

2(147%)

Whether x2 will be positive or negative depends on

whether r § l%. '



- 62 -

In equilibrium, supply and demand must be equal,
il.e. xl = x2 = X ;3 this condition determines r.

We find easily that the equilibrium rate of return is

which corresrords o an interest rate cf 20 ver cent on
o

loars. The corresp

b
|
N
'._I

which reans that in eguilibriur rerson 1 lends an amount
a0
) o e b K . i - - ~ Iz s 2 m mn -
o ZT units of ipcone toe persor 2. The resulting uti
levels will te
T - e
U, o= Lo, 24,
TT — EO A
|9 Py
/;) -
If there had bean ro borrowing and lending
1 o)
b et
- ~ 41 - EE ST . 3
(x = x~ = 0), ¢the correspording utility levels would

&
ps (3]

Are these gains really as large as they could be ?

a
This arocunts to asiring whether the achieved solution is

e
] Ea P - P : ~7 e ey g s E
reaily a Tareis ovrtimum; and we shall show that this is

not the case. To see this we have to determin

.

e
mal transfers of income between persons 1 and 2 :




We are interested in determining the set of allo-
cations which is such that, given any persons's utility
level, the other rerson's utility is maximized. We can
deternirne this setl by maxinmizing the expression

(2) V=1U, + kU k > 0.

2’

By letting k vary, we obtain all Parefto optimal
allocations, conversely, to any Pareto optimal allocation

there corresponds a value cf k.

Exnecsted ubill

_ 1. P " T - Y
U, = u(2-a, Q.bl) + tu{2-a, 2+02)
o] )
= 72 - (Bsa)? - 3(2-p )7 - 3(4op,)5,
Uy = tu(1+a, l—bl) + fu(l+a, b-bg)
- 2 - 2 ~ 2
= 72 - (5_8“) - ,]3("4'01) - %(C-*'bg)
We wish to find the maximum of
V(a,bl,bg) = Ul(a,bl,bg) + kUg(a,bl,bg).

This is obtained by solving

&V
ba

il

-2(4+a2) + 2x(5-a) = 0,

BV
6D,
5V

6b2

= 4-b, - k(5+b;) = 0,

= 4-b2 - k(2+b2) =0 .



The solution is the following:

- )y
_ bk -
a N kK + 1 °
4 - Bk
(3) <§ bl 5k + 1
; b - o
- S PR

Expected utilities can now be expressed in terms of

k as follows:

S Lz <
U, = 72 - 139.5 (75 )%,
1 2
. _ L \&
U, = 72 - 139.5 (-757 ) -
[t J Nt
Eliminating Lk, we cibtaln an exonression Ior the

efficiercv frontier, which can be written as

e
1
(
)
\71
[@s)
—~~
i)
t
(e}
S~
+
[
!
'»_J
Ol
O
\

-

(%) .

This equation gives the maximum vossible utility for
person 2 for any given utility of person 1. We now substi-
tute the value for U1 obtained urnder the loan market so-

lution, viz. Ul - 40.285. This gives U, = 23.84 as
contrasted with 32.76 under the loan market arrangement;
therefore, the market allocation has been shown tO'be sub-
optimal. The utility enjoyed by person 2 under the loan
market mechanism is not the maximum possible utility, given

the utility of person 1.
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3. The Loan Market Allocation as a Constrained
Pareto Optimum

The set of Pareto optimal allocations was derived
above as an unconstrained maximum of the function V in
(1) for any value of k. Or, more precisely, the only
congtraint used in deriving the efficient sef of allo-
cations, was that the sum of the two persons' Qonsumption
must equal total resources in every period and every state
of the world. 1In deriving the efficiency locus, a set of

transier neyrents is also defermined. For any value of k,

'3 - n A

vie czn deteprmineg the values of the wnayments (2, h., ©

which are necessary o zchiove the optirum.

1 - . N - - -y N K ~
Wo can now show that the market allocation is a
solution o the constrained “arefo ontipun defined as

follows:

(5) Max f(a,bl,bg)
a,bl,b2

subject to the condition
(6) b. = Db

Denoting the common value of bl and b2 by b,

we can write our maximum concditions as

.
-g—gjj = -2(%+2) + 2%(5-a) = 0,
S_X = 2(4-Db) (5+b) - k(2+b) = O.

This gives the solution
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5k - 4
&= T ¥k

8 - 7k
b 2(1+k) °

2

U, = 69.75 - 137.25 (353)° -

l¢k

By eliminating Wk we can again derive the efficiency
frentlier as
1
(7) Ty = Y/ 389(72-U) + UL - 130.5.
Setting U. = 40.26, which was nerson 1's utility
Z s A b
under the loan nariet regime, we obtain U? = 32,75, which

Visuslizing the efficiency frontier as a curve, the
efficiency frontier (7) lies below that defined by (%) for

unconstrained Pareto optima. This can be secen directly as
follows. Let Ul Ul’
value of U, obtained under unconstrained maximization

a constant. Let us denote the

w . . .
as U2 and the corresponding utility 1le Vel under constrained
C . . .
maximization as Uj . From (4) and (7) we easily obtain
vt - ot =0 /”6
- =0.1¢ 707,
2 2 SVoreTEy

But because U, < 72, this expression is necessariiy

positive.

Geometrically, the result may be illustrated as in

Fig. 2, where the initial utility level has been chosen
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Constrained Pareto
efficiency frontier

Unconscraired Pareto

efficiency frontier
State contingent claims
solution

(40.77, 33.27)

Loan market
solution

(40.26, 32.76)

40.0

<Y

Fig. 2



as the origin. The loan market regime results in an allo-
cation on the constrained efficiency frontier, which is
ciearly better than the initial allocation. However,
within the constraints set by the income profiles there
is a set of allocations which is preferred by both con-
sumers, and which fthe loan rarket mechanism is unable to

achieve.,

The fundamental reason why the market fails, is that
it is only able %£o shift rescurces between time veriods

but not between states of the world within periods. In

our exampple rersorn 1 bears no rish irnitially, nor dees
the markket transfeor to him sore of the risk born by person

But the Pareto ontimal solution shows tThat it will be to
both versons' advantage to effect such a transfer of risk.

Person 2 will be willing to forego some of his total ex-

]

0
pected income in order To recuce the variability in his
riné consumntiorn i he is

ated in the form of higher expected income. RBEuft these

risk vreferences cannot be accommodated urder the loan

=
n
¢t
o)
ct
0]
Q
@)
3
<t
I,_J
3
3
]
3
purs
Q

Since the loan rarket wechenism 1s unable To cene
up with a Pareto ontimal allocation, it is natural to look
for other forms of mariret organization and evaluate their
performance. One such alternative organization consists

in establishing markets for state contingent claims ;

certificates paying one unit of income if and only if a

specific state of the world occurs. We shall show that

iciently well compen-
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such a regime is indeed able to achieve an allocation of

consumption which is an unconstrained Pareto optimum.

Let z, be the number of @ _-certificates (s=1,2)
bought by person 1 and sold by perscon 2, and let Dy be
their resvective vrices. The consumption patterns will

then loolk as folliows:

Person c c
1 5 2 5
1 2
7 . T we o Ca RN,
! emPyEyebotis  TEEs D
- lan. 7 n_7 - i
4 LT 1/1“* 2/72 4 A 4 52
Person 1's exrected utility becomes
- 1 - e B 1l _w s L - ]
Uy = 2(8-py2y-Dp2p, 242y) + 5(2-Dy2-0p2,, 242,)
2 2 2
= - It lrd FeTRA - 4]:_( - S 1 It
72 (& pl“1+*2u2) S04 zl) (4 22) .

Person 1's demand for the two types of certificates

is determined by the conditions

l — - ! > - —
621 = —¢p1(4+plzlvp2d2) + (4 z4 0,
5Ul

— - i g +0 7 )_: — .

57, 2p2(,+plz1 ygzg) + (4 z2) 0

For person 2 expected utility is

= 1 - 1 4_
U, = 3u(l+p;2,+P,2,, 1 zl) + 2u(1+plzl+ DyZgs z2,)

n-

' 2 : N2 2
72 - (5—plzl_p222) - %(5+Zl) = %(2+22) ’
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and the first-order conditions for a maximum are

5U2
— ¥ — - (24 - = o
621 - 2?](5 plzl pg’—'g) (.)+Zl) OJ
5U2 .
= 2o - - - =
52, = CFE(B Py %1 =P,Z, (2+zg) 0.

The two set of first-order conditions gives our two persons'

demand for certificates as functions of their prices.

Setting demand equal to supply for each certificate, we

obtain the equilibrium nrices as

— 1 — 1 /=
p, = 1/2, n, = 1/3,

2

and the eguilibrium exchange of certificates as

4 = =5/31, Z, = 36/31.
The final allocation then becomes

Person e}

1 2 '

%) 5

1 54/31 54/31 a8/7%1
2 39/31 30/31 88/31

The resultirg utility levels are

40.77,

[ow
il

=
i

5 33.27.



This allocation is indeed a solution to the equation (4)
of the unconstrained Pareto efficiency frontier. With
markets for state contingent claims the eccnemy is able
to achieve a full Pareto optimum.  Not only is there now
a transfer of resources between periods; there is also
a transfer of risk, Whereby person 1 takes over some of

the varisbility of rerzon 2's income prcfile.

As the loan market regime results in a constrained
Pareto optimum, it may be useful to consider it as a marlet

o] - - PO S, . oS g1 L vy o~ IR N ey 3w e
for stete corntingent claims with the trensachtions ennstrain

-1 = Cayaee YA ey i . - oy T e PSP S . e e -
Clicio CePT L. lCatls Ccon Clliy <0 DCUWEAt Ln pasyo. L rriee
A -1 -1
. PR ey Lo e PRI 2w i iR ! - - - e
of a nair of certificates 1o =3 . This gives =z
" -~

&
income cof 1 in the second period with comp
Thus, the imrlied riskless rate of return is < , preéise—
ly as in the lozn rariret. Zstablishing real m;rkebs for
state contingent ciaims o)
transactions constraint, so that each person can get that
particular coverage that suits his initial income distri-

bution pest.

5. State Contingent Raftes of Return

Markets for state contingent claims do not exist in
the real world. The analysis above:indicates that such a
regime would have desirable properties, but an obkjection
to it is that it seems fairly complicated,because, in
general, it would require very many markets. Could not
the same result be achieved by a smdller number of markets?

One possible way out might be a regime of state contingent

rates of return, in which there is only one claim boﬁght
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and sold and therefore only one market, but where the rate
of return is contingent upon which state of the world
occurs. A contract will then specify that the rate of
return will be rl if 91 occurs, and r2 if 92
occurs. Let x as before be the amount lent by person 1
and borrowed by person 2. The market allocation will then

look as follows:

1 2
e e
1 2
1 - oL o4
D= 2 le 2 rgx
2 1+% L-r X bop x

Substituting into the utility functions it is easy
to see that the first-order conditicns for raximum utility

imply the following demand/supply functicns:

X1 _ 12
- £ 2 ’
2¢rl s
5 10-5r1-2r2
X = 5% .
2+r1+r2
A, 1 2 .
In ecuilibrium we must have X = X . This means
that we must have '
4(r1+r2) -8 = 10-%r. -2r.,
i.e.
- 2
(8) r, = ) 5 Tqy-



One characteristic of the contingent rate of return
model is clearly that it is unable to determine a unique
équilibrium of rates of return. This is hardly surprisings;
we have only one market and as many rates of return as
there are states of the world. The market is only able
to determine the lecvel of rates of return in the form of
& line in the 'L. ) nlanz; no unigue point on the

line can be determlned.

For the moment, let us sidestep this problem. One

o
interesting quastion is: Does There exist arnyv eguilibrium

L P S . al L Ae — roo- [ v L ) . - I -~
configuraticn ol rates of vonurn cuch that the markeuv leads
P TN A - S [N " s Y - T3 1 P -

Lo a Pareto opitimel allocation? e shall show thzt the

answer ©o this question iz in the affirmative.

To show this, we vprocezd as follows: From (%) it
follows that a Pareto ontirur reculres a = }7 so that

the nayrent made by rnerson 10 ia the first period should

equal his paymen: in the secornd veriod if 91 OCCurs.
We have then that, Tfor persor 1 :

With state contingent rates of return this implies that

2 -x = 2 + rlx

It then follows from (8) that

r, = 9/2,
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)

and ‘the amount lent by person 1 in the first period is
x = 8/31.

The final allocation is then easily computed as

9]

Person e

1 2
91 92
1 54/21 54/31 98/31
2 59/31 20/31 83/21

wnich 1s exactly the same as the equilibrinm solution

o}
under the regime of state contingent claims. This we

+

know represents a Pareto optimum,

<

However, this is clearly a special case. Another
ecuilibrium solution satisfyving (&) is ry =T, = 6/5.
This is the equilibrium reate of return under the loan
market regime, and we know that the resuliting allocation

is not Pareto optimal.

Since the contingent rate of return regime will
always lead to some shifting of risk, it might be reason-
able to guess that it will always perform better than the
ordinary loan market, except for the case referred to above.
But this conjecture is false. One equilibrium solution is

r, = 2,r2 = 0. However, this implies x = 0, .which is

1

3) r1 = -1 means a rate of interest of minus 200 per cent.
Under certainty, such a rate would be meaningless, but
not under uncertainty. The contract would read: "I pay
you 100 this year. If you don't find oil I pay you an-
other 100 next year; if you do, you pay me F450."
There is nothing inherently implausible about this; indeed,
it is the case of the sleeping partner.



the autarlky solution, and which is clearly inferior to

the leocan market allccation.

Geometrically (Fig.l) each equilibrium solution de-

termines a noint in the U.,U plane, increasing nonotoni-

5
cally from the point (40.0, 32.5) to (40.77, 33.27). As
we have shown, the point (40.26, 32.76) is on this line.
The important point is that we cannot know whether the
contingent rate of return regime will lead teo a Pareto
optiral allocaticn: ror do we krnow that it will teprlfors
better than the ordinsry loan market. However, 1if the
government or scme such external authority were to fix

r, = -1, then the market could be left to determine

1
r., = 9/2 , and sc achieve an unconstrained Paretoc optimum.

o ;
But in general the number of states of the world would bhe
Véry large, say S, and in that case the government would
have to ceterrine (35-1) rates of return in order Lo be
sure that the marizet would realize a Pareto ontimal allo-
cation. This anpears to reduce the attractiveness of this
regime as an alternative to a system of state contingent

%)

claims.

4) An alternative way of showing that this regime has one
equilibrium which is Pareto optimal is the following:
We know that the state contingent claim regime results
in a Pareto ontimum. Now in that case total saving of
person 1 is in equilibrium v
p'z +PAZA = - 2 + 12 _ s
171 %272 31 31 31 °

If state of the world 65 occurs, he will make a pay-

menc of 27 = 8/31, i.e. the rate of return is minus one.

If ©, occurs, he will receive 36/31, 1in which case
the rate of return is 9/2. Thus, any market solution
under the state contingent claims regime imply a set of
‘state contingent rates of return. If these rates of
return could be established directly by the market, the
result would obviously be equivalent.
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6. Generalization

All the essential points of this paper have been
made in the preceding sections. It is obvious, however,
that the framework of the discussion has been very svecial.
We have assumed that there are.only two consumers and two
possible states of the world in the second period. We have
further assumed that the consumers have identical utility
functions. And finally, we have assumed that this common
utility function is c¢f a special form. All these as-
sumptions will now be relaxed.

Let there ne n consurers and 3 states of the world.
Each conzurer's preferences over two-nericd consurpbion
orofiles can be summarized by a cardinal, concave utility
function

u, = u.,le;.sCA. i=1 ceey I
l 1( 113 2l)3 2 3 3

with first-order derivatives everywhere positive. Following
Arrow [1], we zlso assume that all consumers are character-
ized by risk aversion. In this context, where uncertainty
is connected with events in the second period only, this
means that Ggui/ﬁcgi < 0.

Fach consumer talles as given an income vector

. = . 3 . o;o . i = 1 T e e @
yl { y].l’ngl, 3 yng }’ Ed » ’ n,
where 711 is i's ircome in the first period, which is
known with certainty, and where ¥, (s =1, «c. , 8S)
is i's income in period 2 if state of the world s occurs.

We also define

i
™~ 3

Yos Ioig? S

i=1
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as the economy's total second-period income if state of
the world s occurs. Let LI be consumer i's sub-
jective probability that state of the world s occurs.

The consumer's expected utility is then

S

(9) U1 = Tis ul(cli’ Cle)’ T=ls eees Do
5=

Under autarky we must have cy; < yl and Coig = y21s

for all i and s.

We shall agein define a Paveto onbimum hy weans of

the transfer rcoyrments required. Let aﬂj be the fransfer
paid to 1 from J in period l,and b,. the corre-

r
ijs
sponding fransfer payment in npericd 2 and state of the

world 5. Ve then have that

T
(lO) C . = Y-|_, + E a.., i = l’ * o ¢ 3 n;
1i 1i 3=1 1J
and
n
(11) Cohig = Voig +j§1 bijs’ i=1, ..., n;

Summing over 1, we see that we must have

n n

(12) ,Z b,- 45 = OJ S = 1, o e ey S,
i=1l j=1 ¢
n n

(13) = I a,; = 0.

i=1 j=1

We now define a Pareto optimum as the maximum of

the function



- 77 -

n
(14) Vv = I k.U,

where the ki's are arbitrary positive constants.
Substituting in (9) from (10) and (11) we can write

n

(15) U ).

1l
1
3
c
P
=]

+
s
o)

-
ed
b)

ijs

Our problem is now to find the maximum of (14) subject

to (12) and (13). The first-order conditions are:

S Bu,
(15) k. T o« L. A = 0 i=1 n
- -3 - ‘45 Be ’ - H] * s
T os=1 13
5u
A — s — -
(17) k]vis °Cq4s - KS = 0, i=121, ., N3
&l

Here A and Al (s =1, ..., S) are Lagrangian

multipliers.

Combining (16) and (17) we can write

S £u, S Suﬁ
Z Z m . ——lee
S_lvlS 6cli g=1 I8 5cljf :
(18) : = = 5 : for all i, J, s.
5 .
Tis Be Tys o
2is JS PCosg
In words: 1In a Pareto optirmum the ratio of the expected

margiral utility of vresent consumrtion to the expected
marginal utility of future consumption in state of the
world s should be equal for all consumers and all states
of the world.

NORGES HANDELSHQYSKROLE
BIBLIOTEKET
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We now proceed to show that a regime of state con-
tingent claims results in a Pareto optimum. Let there be

S types of claims, arnd let Z o be the amount bought by i

of claims of tyove s, i.e. claims promising a payment of
dollar in period 2, if and only if state of the world s

occurs. Let be the market price of this claim. The

s
. ! ! . . .
i th consumer s bhudget constraint is then
S
C,. = .~ L D_Z.,_.
1i yll s 1s
s=1
Sacend-period consumation in state of the worid s is
C = V. z .
21is 2is is
2y substitution we cbtain
S
19 c = ¥ - =0 (c. - Vas)e
(19) 1i 11 S;j‘s( 2is y21s)
- J

Each corsumer now maximizes (9) subject to (19). This

yields
S ﬁui
SEIWiS Be. . o= 0,
Bu,
T RC;iS - up_ = 0, s =1, ..., S.

where L 1s a Lagrangian multiplier. This implies

S Bu,
- Tis Rcl
s=1 "1 1 ,
(20) == = = 5 i{i=1, ..., n,
3 S s =1 S
1S 60 - i ) LI ) .
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But since all consumers take prices as given, we must

have that, in equilibrium

S Bu, S Su,
Lo, L % .
g=1 1S fcqy o= Jjs 501.
(21) . = - 3 for all 1i,j,s,
U Bu,
Tis ®o Tis 3¢
* 2is v 2is

which are identical to conditions (1%9) for Pareto ontimum.

Under the ordinzry loan market regime the hudget

constraint of the 1i'th consuner is simply

S S"U.i S U,
> Tis o £ Tis Bo
SYRR- Mo RN = Sl .
S ﬁui - S R/]:L.? L l’.‘] - ’ e sy n.
Yo, = P o S
s=1 1S CE:LS s=1 Js (jcg‘js

These conditions do not imply a Pareto optimum. Their
interpretation would be as follows: Under the loan

market regime the ratio of the expected marginal utility
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of present consumption to the expected marginal utility

of future consumption will be equal for all consumers.

It is immediately clear that this is much more restrictive
than the corresvonding conditions for the state contingent
claim regime. Indeed, summing over s in conditions (21)

“gives (24%), while (24) does not imply (21).

As in the example discussed above, we may also see
the loan market allocation as a constrained Pareto optimum.
An unconstrained Pareto optimum is found as the solution

of the frollowing problen:

i N I n
Max Vo= 5o Yo, vl (- LT < S o)
Al W e [ - < Yoy B S
: \ Is i i 13’7 2is , 3 5>
a. .0, =1 S=1 =1 J=1
137 1])8 ‘ -
suniect to
n r
) b I = (),
i=1 j=1 7
n n a
- SR = 0, s =1, ..., S.
R iis
i=1l =1 J

This is fourd by raximizing the lagranglian expression

n n S n n
L = V-% 3 Ta.- IA I ZIh,.
i=1 5=1 19 g=1 S i=1 j=1 1J

A constrained Pareto optimun defined if we introduce

fut
0

the additional S8 constraints

b, . = Db, . for all s.



o
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The Lagrangian then becomes

n n n n
L* = V¥ - A L La,, - AN I X Db, .,
1=1 -~ 1J . . 13

e
i
—
e
Hl
[}
<
i
=

and the first-order maximum conditions are

S bu
ki Z T:s Bo - A = 0, i=1, ..., n,
s=1 1i
S ‘Eu7
e, X .  — - A¥ = 0, 1 =1, oo, 0.
i iz fc.
s=1 2is

4

It is now easy to see that, in equilibrium, these
conditions imply (24), 5o that the loan market does indeed

result in a constrained Pareto optimum.

We shall nof elaborate further on the contingent
rate of return regime. From the foregoing discussion it
should be fairly ovbvicus how the analysis of section 5 can
be generalized. The essential point remains true that of
the set of poscible equilibria there will in general be one
which corresponds to a Pareto oprtimum, but the economy will

achieve this only by a stroke of luck.

7. Concluding Remarks

We have shown that, in general, ordinary loan markets
will not achieve a Pareto optimal allocation of resources.

We have also shown that such a regime will achieve a con-
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strained Pareto optimum, in the sense that second-period
interpersonal transfers are restricted to be independent

of which state df the world occurs.

Will this constraint always be effective? In other
words, can it ever happen that the ordinary loan market
achicves a full Fareto optimum? The only cass I have Tound
appears to be the exception that proves the rule., If all
consumers have identical preferences, identical probability-
beiiefs and essentially identical income veotors5), then

the ordirery loan maerket zllocaticn 1s a Pareto ootimum.

trade, and the Fareto optimun is siwrnly the autark

o
<l
w
Q
1

system ol state contingent c¢laims seems

ed, and if the only vractical implication
of this pauver viere that such a system should bte established
with 211 vossible speed, it could hardly be taken very
seriously. #Buft the moral of the story has a wider appli-
cability. Suppose consumer goods could only be bought in
identical bundles. This would clearly be suboptimal as
compared with a system where consumers themselves determine
freely the composition of their consumption. MNevertheless,
if consumers were given the choice between two or three

different bundles, that would clearly be:an improvement,

5) The word"essentially" is explained as follows. In our
exemple where both versons consider the states 67 and
©» to be equally likely, the following income profiles
will be essentially identical because the probabi llty
distributions of future income are identical.

¥y v,(6,) ¥5(65)
2 > 3
2 3 2
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although the system would still be far from the optimum.
This is no less true of asset markets. In an ordinary

loan market, there is only one bundle of state contingent
claims. Introducing more types of assets means increasing
the number of different bundles of state contingent claims.
This will be a step in the right direction because it makes
consumers better able to accomodate their time and risk
nreferences. In other words, the full optimum is avrproached

by increasing each consumer's opportunities for risk cover-

age according to his personal preferences, probability beliei's

and income profile.

fas

We have assurmed throughout that the utility function

itself is indenendent of the state of the worid. More
formally, we may state this as follows: For all consurers,
given ¢,, = C.., wWe have that c. = ¢,., implies

7 11 1i 2is 2it :

u, (¢ = 1 c C . The nlkcin T 3

0. (e s 0218) li(Cli, Eit) The ranking of consumption
nrofiles is thus assumed to be Inderendent of the state of

the world. This seems reasonable enough for many apnpli-
cations, but not for all. For instance, if a person's
future income depends on whether he becomes 111 or not,

the assumption is unwarranted. What this means, is that in
such a case consumption profiles alone are insufficient as
specifications of events. The utility function of the
consumey would then have to be written as, e.g.,

ui(c a) with a =1 if illness does not occur,

.s Cn.
1i’ 721i°
and a =0 1if it does. Such a formulation would be
relevant in a discussion of loan markets from the viewpoint

of health insurance.
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