
Pruh lv Ohvv=

Wkh Wd{ H�hfwv ri Ljqrulqj Iorz H{whuqdolwlhv

Ohli N1 Vdqgdo�/ Vwhlq L1 Vwhlqvkdpq
|
/ U1 Txhqwlq Judiwrq

}

Qryhpehu 5333

Devwudfw

Xvlqj d prgho ri qrqolqhdu ghfd| ri wkh vwrfn srooxwdqw/ dqg vwduwlqj iurp

wkh vdph lqlwldo frqglwlrqv/ wkh sdshu vkrzv wkdw d wd{ wkdw rqo| fruuhfwv iru

vwrfn h{whuqdolwlhv fdq/ dw wkh vwhdg| vwdwh/ eh kljkhu wkdq d wd{ wkdw fruuhfwv

iru erwk vwrfn dqg  rz h{whuqdolwlhv1 Wkh uhvxowv lqglfdwh wkdw wkh srvvlelolw|

h{lvwv wkdw wkh rswlpdo fruuhfwlyh wd{ +fruuhfwlqj iru erwk h{whuqdolwlhv, pd|

uhvxow lq d vwhdg| vwdwh zlwk ihzhu hplvvlrqv dqg orzhu wd{ sd|phqwv wkdq d

wd{ wkdw rqo| fruuhfwv iru wkh vwrfn h{whuqdolw|1 Wkxv/ d idloxuh wr frqvlghu  rz

h{whuqdolwlhv pd| kdyh lpsruwdqw lpsolfdwlrqv iru wkh wlph sdwk dqg vwhdg|

vwdwhv ri surgxfwlrq/ hplvvlrqv dqg wd{hv/ dqg qrw mxvw lq whupv ri wudqvlwru|

frqvxpswlrq1

MHO Fodvvl�fdwlrq= K54/ T58

Nh| Zrugv= fruuhfwlyh wd{hv/ vwrfn dqg  rz h{whuqdolwlhv/ qrqolqhdu ghfd|

�Qruzhjldq Vfkrro ri Hfrqrplfv dqg Exvlqhvv Dgplqlvwudwlrq1 Fruuhvsrqglqj dxwkru1
|Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv dqg Exvlqhvv Dgplqlvwudwlrq
}Xqlyhuvlw| ri Rwwdzd

4



LQWURGXFWLRQ

Sljrxyldq wd{hv duh zlgho| xvhg wr plwljdwh wkh h{whuqdolwlhv zklfk h{lvw lq surgxf0

wlrq1 Vxfk wd{hv duh idyruhg zkhq wkhuh h{lvw pdq| srooxwhuv dqg kdyh ehhq zlgho|

dssolhg lq Hxursh wr dgguhvv d odujh qxpehu ri hqylurqphqwdo h{whuqdolwlhv +Dqghuvhq

4<<7> RHFG 4<<5,1 Zruogzlgh/ fruuhfwlyh wd{hv jhqhudwh eloolrqv ri grooduv dqqxdoo|

iru jryhuqphqwv1 Lq wkhru|/ fruuhfwlyh fkdujhv vkrxog htxdo wkh frvwv lpsrvhg rq

vrflhw| ri d gh�qhg ohyho ri srooxwlrq1 Lq sudfwlfh/ fkdujhv duh riwhq edvhg rq wkh

qrwlrq wkdw wkh fxuuhqw ohyho ru  rz ri srooxwlrq +vxfk dv wkh dprxqw ri skrvskrurxv

glvfkdujhg lqwr d ulyhu, uhsuhvhqwv wkh h{whuqdolw| lpsrvhg rq vrflhw|1 Krzhyhu/ pdq|

srooxwdqwv lpsrvh erwk vwrfn dqg  rz h{whuqdolwlhv vxfk wkdw fxuuhqw dqg fxpxod0

wlyh glvfkdujhv d�hfw wkh qrq0prqhwdu| yduldeohv ri xwlolw| ru surgxfwlrq ixqfwlrqv

+Edxpro dqg Rdwhv 4<;;,1

Pxfk ri wkh olwhudwxuh rq Sljrxyldq wd{hv irfxvhv hlwkhu rq  rz h{whuqdolwlhv ru

vwrfn h{whuqdolwlhv +Vlqfodlu 4<<5> Xosk dqg Xosk 4<<7> Idu}lq dqg Wdkyrqhq 4<<9>

Krho dqg Nyhuqgrnn 4<<9> Zluo dqg Grfnqhu 4<<9,1 Pruhryhu/ pdq| g|qdplf prghov

gr qrw vshfli| wkh xqghuo|lqj ghpdqg sdudphwhuv dqg sulydwh dqg vrfldo frvwv ri

surgxfwlrq dqg/ lqvwhdg/ rswlpl}h xvlqj dq djjuhjdwh xwlolw| ixqfwlrq1 Dv d uhvxow/

pdq| g|qdplf prghov idlo wr frqvlghu  rz h{whuqdolwlhv dqg vhw wkh fruuhfwlyh wd{

htxdo wr wkh ydoxh ri wkh fr0vwdwh yduldeoh/ frpprqo| gh�qhg dv wkh vkdgrz sulfh ru

vkdgrz frvw ri srooxwlrq1

Zkhuh erwk vwrfn dqg  rz h{whuqdolwlhv h{lvw dqg duh h{solflwo| frqvlghuhg +Vdqgdo

dqg Vwhlqvkdpq/ 4<<;,/ wkh rswlpdo fruuhfwlyh wd{ zloo h{fhhg wkh vkdgrz frvw ri

srooxwlrq/ iru d jlyhq ohyho ri srooxwlrq +Zluo/ 4<<7> Idu}lq 4<<9,1 Wkxv/ zh zrxog

h{shfw wkdw d fruuhfwlyh wd{ zklfk ljqruhv  rz h{whuqdolwlhv/ zkhq wkh| duh suhvhqw/

wr uhvxow lq pruh srooxwlrq dqg d orzhu wd{ sd|phqw1 E| frqwudvw/ rxu sdshu vkrzv

wkdw gl�huhqw wd{hv uhvxow lq gl�huhqw wlph sdwkv dqg wkdw wkh vshfl�fdwlrq ri wkh
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ghfd| ixqfwlrq ri wkh vwrfn ri srooxwlrq kdv dq lpsruwdqw d�hfw rq wudqvlwru| dqg

vwhdg|0vwdwh surgxfwlrq/ wd{hv dqg hplvvlrqv1 Khqfh/ wkh srvvlelolw| h{lvwv wkdw wkh

fruuhfwlyh wd{ wkdw fruuhfwv iru erwk  rz dqg vwrfn h{whuqdolwlhv/ pd| uhvxow lq d

vwhdg| vwdwh zlwk kljkhu hplvvlrqv exw orzhu dffxpxodwhg srooxwlrq dqg orzhu wd{

sd|phqwv wkdq d wd{ wkdw rqo| fruuhfwv iru wkh vwrfn h{whuqdolw|/ ru d fdvh ri pruh lv

ohvv$

PRGHO RI RSWLPDO SURGXFWLRQ ZLWK VWRFN DQG IORZ

H[WHUQDOLWLHV

D vlpsoh g|qdplf prgho fdq eh xvhg wr lqfrusrudwh erwk vwrfn dqg  rz h{whu0

qdolwlhv lq surgxfwlrq1 Wkh prgho dvvxphv wkdw wkh remhfwlyh lv wr pd{lpl}h zhoiduh

+` ,/ gh�qhg dv wkh glvfrxqwhg suhvhqw ydoxh ri vrfldo xwlolw|/ zklfk lv d ixqfwlrq ri

wkh vwrfn ri srooxwlrq +@, dqg wkh surgxfwlrq ri d jrrg +%,1 Xwlolw| lv gh�qhg dv wkh

vxp ri frqvxphu dqg surgxfhu vxusoxv/ dgmxvwhg iru  rz h{whuqdolwlhv/ ohvv wkh h�hfw

ri wkh vwrfn h{whuqdolw|/ gh�qhg e| (E@� zkhuh ( lv lqfuhdvlqj lq @/ l1h1/

L E@c %� '

]
%

f

d� E5�� �
rE5�o _5 �(E@� � �E%��(E@�

zkhuh % lv txdqwlw| surgxfhg/ � lv wkh lqyhuvh ghpdqg/ dqg �
r
lv wkh vrfldo pdujlqdo

frvw ri surgxfwlrq1
4

D g|qdplf frqvwudlqw jryhuqv wkh fkdqjh lq wkh vwrfn ri srooxwlrq/
�

@/ dqg lv gh0

whuplqhg e| wkh lqvwdqwdqhrxv lqfuhdvh lq srooxwlrq �%/ zklfk lv sursruwlrqdo wr

surgxfwlrq % e| d idfwru �/ dqg wkh ghfd| ri wkh vwrfn ri srooxwlrq/ _E@�/ zklfk pljkw

eh lqfuhdvlqj ru ghfuhdvlqj lq @/ ghshqglqj xsrq wkh ohyho ri @1
5 Wkh  rz h{whuqdolw|/

� s c lv wkh lqvwdqwdqhrxv h{whuqdolw| zklfk dulvhv dw wkh wlph wkh srooxwlrq lv hplwwhg1

E| gh�qlwlrq/ wkh pdujlqdo frvw dvvrfldwhg zlwk wkh  rz h{whuqdolw| soxv wkh sulydwh

pdujlqdo frvw ri surgxfwlrq/ �RE%�/ htxdov wkh vrfldo pdujlqdo frvw ri surgxfwlrq

�
rE%�/ wkxv �s � �r

� �R
1
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Rxu dqdo|vlv h{dplqhv wkh fdvh zlwkrxw glvfrxqwlqj ehfdxvh/ li wkh frxqwhulqwxlwlyh

�pruh lv ohvv� rffxuv dw d }hur glvfrxqw udwh/ lw zloo dovr krog wuxh zlwk d srvlwlyh

glvfrxqw udwh1 Wkh g|qdplf sureohp lv wr pd{lpl}h zhoiduh gh�qhg dv=

` '

]
A

f

LE�E|��_|c �E|� � E@E|�c %E|�� 5 -�f

zkhuh f ' dfc �o lv d jlyhq erxqghg lqwhuydo/ dqg ` lv pd{lpl}hg vxemhfw wr wkh

iroorzlqj g|qdplf frqvwudlqw dqg lqlwldo frqglwlrq=

�@E|� ' %E|�� _E@E|��c @Ef� ' @fc +4,

zkhuh @f lv wkh lqlwldo ohyho ri wkh vwrfn srooxwdqw1

Zh dvvxph wkdw d orqj0whup vwhdg| vwdwh lv ghvludeoh dqg wkxv vroyh iru surfhvvhv

� 5 Tc zkhuh

T ' T d-�fo c *�4
|<"

@E|� ' @
W

� +5,

Khuh T uhsuhvhqwv wkh vhw ri E@E|�c %E|�� vxfk wkdw @ lv frqwlqxrxvo| gl�huhqwldeoh/ dqg

% lv frqwlqxrxv dqg slhfhzlvh gl�huhqwldeoh1 Wr ghyhors wkh prgho ixuwkhu/ zh gh�qh

wkh iroorzlqj vhw ri dgplvvleoh surfhvvhv1

Gh�qlwlrq 4 Wkh vhw ri dgplvvleoh surfhvvhv/ �/ lv gh�qhg dv doo surfhvvhv wkdw vdw0

lvi| +4, dqg +5,1

Lw lv ixuwkhu dvvxphg/ xqohvv rwkhuzlvh h{solflwo| vwdwhg/ wkdw=

41 �c ( dqg _ duh �2
0ixqfwlrqv lq wkhlu dujxphqwv zkhqhyhu wkh dujxphqwv duh

srvlwlyh1

51 ( G - $ -n lv vwulfwo| lqfuhdvlqj dqg frqyh{ iru srvlwlyh dujxphqwv/ dqg

lghqwlfdoo| htxdo wr }hur iru qrq0srvlwlyh dujxphqwv1 Wkh vwdwh @ ' f lv/ e| gh�qlwlrq/

d vwhdg| vwdwh zlwkrxw hplvvlrqv dqg fdq eh lqwhusuhwhg dv wkh suhlqgxvwuldo ohyho/

wkdw lv _Ef� ' f dqg (Ef� ' f� Qr gdpdjh lv dvvrfldwhg zlwk wkh suhlqgxvwuldo ohyho1
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61 � G f $ -n lv vwulfwo| lqfuhdvlqj dqg vwulfwo| frqfdyh1

71 _ G -$ -n lv vwulfwo| lqfuhdvlqj iru f 	 @ 	 e@ dqg vwulfwo| ghfuhdvlqj iru @ : e@1

Ixuwkhu

*�4
@<fn

d��E_E@�� � _�E@��(
�E@�o : f�

Xqghu wkhvh gh�qlwlrqv/ wkh rswlpdo frqwuro sureohp lv wr ghwhuplqh wkh ihhgedfn

uxoh %E@� wkdw fdq eh zulwwhq 4@ 
�M�

`�
6

Rxu prgho uhsuhvhqwv hlwkhu d vlqjoh �up lq d frpshwlwlyh zruog/ ru dq hqwluh

frpshwlwlyh lqgxvwu|1 Lq wkh devhqfh ri lqwhuyhqwlrq/ pdunhw htxloleulxp uhtxluhv wkdw

� ' �
R
/ zkhuh sulydwh pdujlqdo frvw lv vwulfwo| lqfuhdvlqj lq %/ dqg dq htxloleulxp

sulfh dqg txdqwlw| ri % fdq eh gh�qhg iru dq| ohyho @1 Li @ lv d frqvwdqw/ wkh vroxwlrq

froodsvhv wr wkh vwdqgdug uhvxow ri vwdwlf prghov zlwk  rz h{whuqdolwlhv/ qdpho| wkdw

zhoiduh lv pd{lpl}hg zkhq � ' �r1

Wr ghprqvwudwh wkh uhvxow ri �pruh lv ohvv� zh vshfli| nh| yduldeohv wkurxjk wkh

iroorzlqj gh�qlwlrqv1

Gh�qlwlrq 5 +l, Vxvwdlqdeoh xwlolw|/ 7/ lv gh�qhg dv wkh xwlolw| rewdlqhg zkhq @ lv

�{hg dw fhuwdlq ohyho=

7E@� ' �EsE@���(E@��

Gh�qlwlrq 6 +ll,Wrwdo xwlolw|/ g/ lv htxdo wr wkh Kdplowrqldq lq ydoxh/ exw lw lv d

ixqfwlrq ri @ dqg % rqo|=

gE@c %� ' �E%� �(E@� n ��E%� d%� sE@�o

Xvlqj Gh�qlwlrqv 406/ lw fdq eh vkrzq wkdw7=

Wkhruhp 4 Wkh RW0rswlpdo surgxfwlrq iru wkh sureohp 4@ 

�M�

` zkhuh
Y
2

Y@2
gE@c %� 	

f rq -�f/ lv jlyhq e|

%E@� ' 4@ Efc 5E@�� zkhuh gE@c 5E@�� ' 4@ 7E@� ' 7E@W��
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Wkh orqj0whup vwhdg|0vwdwh E@Wc %W ' sE@
W

�� lv d vdggoh srlqw iru gE@c %� dqg ghwhu0

plqhg e| 7 �E@W� ' f1

Pruhryhu/ wkh rswlpdo surgxfwlrq sdwk lv fkdudfwhul}hg e| Sursrvlwlrq 418

Sursrvlwlrq 4 Wkh rswlpdo vwhdg| vwdwh lv wr wkh ohiw ri 4@ _E@�1 Wkh vhsdudwul{

sduw ri wkh ihhgedfn vroxwlrq lv vwulfwo| ghfuhdvlqj wr wkh uljkw ri 4@ _E@�1 Wkh vwhdg|

vwdwh lv wkh rqo| fulwlfdo srlqw1 Li gE@c %� lv txdvlfrqfdyh rq

u ' iE@c %� G @ : @
W

cf 	 % 	 %
W

c % 	 s E@�j c

wkhq wkh vhsdudwul{ sduw ri wkh ihhgedfn vroxwlrq lv frqfdyh ehorz s 1

Xvlqj wkhvh uhvxowv/ zh fdq h{dplqh krz wklv surgxfwlrq ohyho fdq eh dfklhyhg

wkurxjk d v|vwhp ri fruuhfwlyh wd{hv1

DQ RSWLPDO FRUUHFWLYH WD[

Wkh uhvxow ri Zluo +4<<7, dqg Idu}lq +4<<9, wkdw wkh rswlpdo fruuhfwlyh wd{ h{fhhgv/

lq wkh suhvhqfh ri vwrfn dqg  rz h{whuqdolwlhv/ wkh vkdgrz sulfh ru frvw ri srooxwlrq

fdq eh ghulyhg e| gh�qlqj wkh fxuuhqw ydoxh Kdplowrqldq +M,=

ME@c %c6� ' L E@c %� n6d%� _E@�o +6,

zkhuh 6 lv gh�qhg dv wkh fxuuhqw ydoxh fr0vwdwh yduldeoh iru wkh vwrfn ri srooxwlrq/ @1

Xvlqj Wkhruhp 4/ dqg Gh�qlwlrq 6/ |lhogv

�6 ' L
�
E%��

Wkh fruuhfwlyh wd{/ ljqrulqj wkh  rz h{whuqdolw|/ lv wkxv

jE%� ' �6 ' �
�
E%�
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rq wkh rswlpdo sdwk %E@�1 Dowhuqdwlyho|/ zh fdq uhzulwh wkh j wd{ dv

j ' � � �
v
' � � �

s
� E�

v
� �

s
� ' � � � i �

E| frqwudvw/ wkh wd{ zklfk fruuhfwv iru erwk  rz0 dqg vwrfn0h{whuqdolwlhv/ gh�qhg

dv � / lv wkh gl�huhqfh ehwzhhq wkh frqvxphu sulfh dqg surgxfhu sulfh/ � E%� ' � E%��

�RE%�/ dqg fdq eh fdofxodwhg dw erwk wkh �up dqg lqgxvwu| ohyho1 Dv d uhvxow/

� E%� ' jE%� n � s E%�c +7,

zkhuh +7, krogv wuxh dw erwk wkh rswlpdo vwhdg| vwdwh dqg rq wkh sdwk wr wkh vwhdg|

vwdwh1
9
Jlyhq wkhvh uhvxowv/ zh fdq frpsduh j dqg � fruuhfwlyh wd{hv dqg wkhlu h�hfwv

rq surgxfwlrq/ hplvvlrqv dqg srooxwlrq1

FRPSDULVRQ RI � DQG j WD[HV

Dw dq| jlyhq srooxwlrq ohyho/ j pxvw eh orzhu wkdq � ehfdxvh j ljqruhv wkh  rz

h{whuqdolw|1 Dv d uhvxow/ zh zrxog h{shfw wkdw d j0wd{ zrxog eh dvvrfldwhg zlwk pruh

srooxwlrq/ pruh surgxfwlrq dqg d orzhu wd{ sd|phqw dw doo wlphv1 Lq idfw/ ehfdxvh

hplvvlrqv duh gl�huhqw zlwk wkh � dqg j wd{hv/ wkh wlph sdwk ri srooxwlrq zloo eh

gl�huhqw dqg/ wkxv/ wkh srvvlelolw| h{lvwv wkdw j pd| ohdg wr d vwhdg| vwdwh zlwk pruh

djjuhjdwh srooxwlrq exw/ vxusulvlqjo|/ ohvv surgxfwlrq dqg d kljkhu wd{0ohyho1

Lq rughu wr �qg wkh ghyhorsphqw ri @ zlwk wkh j0wd{ zh pxvw �uvw �qg wkh ihhgedfn

uxoh iru surgxfwlrq wkdw fruuhvsrqgv wr j1 E| ljqrulqj wkh  rz0h{whuqdolw| dqg rqo|

xvlqj wkh vwrfn0h{whuqdolw| sduw ri wkh rswlpdo wd{/ zklfk lv jE%E@�� iru dq| jlyhq

@0ohyho/ zh fdq rewdlq d qhz pdunhw htxloleulxp fkdudfwhul}hg e|

� E+� ' jE%E@��� +8,

Wklv uhodwlrqvkls lv looxvwudwhg lq Iljxuh 41 Dv +8, lv dq h{suhvvlrq lq + dqg @ rqo|/

lw fdq eh xvhg wr vroyh iru + dv d ixqfwlrq ri @1 Khqfh/ zh rewdlq qhz ihhgedfn uxoh/

:



+E@� : %E@�/ dqg wkh ghyhorsphqw lq @ lv jlyhq e|

�@ ' +E@�� _E@��

Wklv uhvxow fdq eh vwdwhg lq Sursrvlwlrq 5=

Sursrvlwlrq 5 Wkh j0wd{ |lhogv d surgxfwlrq wkdw lv dozd|v kljkhu wkdq wkh rswlpdo

iru d jlyhq ohyho ri @1

Wkh ihhgedfn uxoh edvhg rq j ohdgv wr d gl�huhqw vwhdg| vwdwh zlwk d kljkhu @1 Wklv

vwhdg| vwdwh/ @rc fdq eh irxqg e| vxevwlwxwlqj + ' _E@� lqwr +8,=

� E_E@�� ' jE%E@��

zklfk hyhqwxdoo| |lhogv @
r : @W1 Dw wkh vwhdg| vwdwh/ +r ' _E@

r
�/ zklfk fdq eh

frpsduhg zlwk %
W

' _E@
W

�1 Wr ghyhors wkh uhvxow ixuwkhu/ zh gh�qh wkh iroorzlqj

fdvh1

Gh�qlwlrq 7 Wkh frxqwhulqwxlwlyh fdvh= Wkh fdvh zkhuh j ohdgv wr d vwhdg| vwdwh

zkhuh %E@W� : +E@r�c dqg khqfh j : � / wkdw lv orzhu surgxfwlrq dqg kljkhu wd{/ lv

fdoohg wkh frxqwhulqwxlwlyh +�pruh lv ohvv�, fdvh1

Wkh frxqwhulqwxlwlyh fdvh/ krzhyhu/ fdq rqo| rffxu li _E@� lv qrq0olqhdu dqg qrq0

prqrwrqh/ dv vwdwhg Sursrvlwlrq 61

Sursrvlwlrq 6 Li wkh ghfd|0ixqfwlrq/ _E@�/ lv prqrwrqlfdoo| lqfuhdvlqj/ j zloo dozd|v

ohdg wr d vwhdg| vwdwh zlwk kljkhu surgxfwlrq dqg orzhu wd{ wkdq � grhv1

Sursrvlwlrq 6 surylghv dq h{sodqdwlrq zk| wkh frxqwhulqwxlwlyh fdvh lv kdug wr �qg

lq wkh olwhudwxuh dv prvw ri wkh olwhudwxuh xvhv prqrwrqh/ dqg yhu| riwhq olqhdu/ ghfd|

ixqfwlrqv1

;



Ohw wkh vwhdg| vwdwh fruuhvsrqglqj wr � eh E@Wc %W� dqg ohw @

WW

eh d vroxwlrq ri

%

W ' _E@� iru @ : @

W

li lw h{lvwv/ dqg lq�qlw| rwkhuzlvh1 Zh duh wkhq deoh wr surylgh

qhfhvvdu| dqg vx!flhqw frqglwlrqv iru wkh frxqwhulqwxlwlyh fdvh/ dv shu Sursrvlwlrq

+7,=

Sursrvlwlrq 7 Li _E@� lv txdvlfrqfdyh/ E@Wc %W� lv wkh vwhdg| vwdwh fruuhvsrqglqj wr �

dqg E@rc +r� lv wkh vwhdg| vwdwh fruuhvsrqglqj wr j/ wkhq jE+r� : � E%W� l� @
r
: @

WW

1

Lq Iljxuh 5/ lw fdq eh vhhq wkdw glvfrxqwlqj rqo| vkliwv wkh %0 dqg +0fxuyhv wr wkh

uljkw dqg/ wkxv/ li wkh �pruh lv ohvv� uhvxow krogv wuxh dw d }hur glvfrxqw udwh/ lw zloo

dovr krog wuxh dw d srvlwlyh udwh ri glvfrxqw1 Wr ehwwhu dsso| wkh uhvxow/ zh fdq ghulyh

vx!flhqw frqglwlrqv iru wkh frxqwhulqwxlwlyh fdvh wr rffxu1 Iluvw/ zh qrwh wkdw wkh

ydoxhv @W dqg @
WW fdq eh irxqg zlwkrxw vroylqj wkh frpsohwh sureohp/ ru vroylqj dq|

gl�huhqwldo htxdwlrqv1 Wkxv/ zh fdq dvvxph wkh iroorzlqj txdqwlwlhv duh nqrzq=

K ' 4@ _E@�c a ' dfc Ko � fc {7W

' 7E@W�� 7E@WW�

&8 ' 4@ 
fMa

d� sE%� � %o c � '4�?
fMa

d����E%�o c +9,

� '4@ 
fMa

d����E%�o

Xqghu wkh deryh dvvxpswlrqv/ vx!flhqw frqglwlrqv iru wkh �pruh lv ohvv� uhvxow duh

surylghg e| Sursrvlwlrqv 8 dqg 91

Sursrvlwlrq 8 {7W � &8 lv d vx!flhqw frqglwlrq iru wkh frxqwhulqwxlwlyh fdvh qrw

wr rffxu iru fdvhv fryhuhg e| Wkhruhp 41

Sursrvlwlrq 9 Li wkhuh h{lvwv d 5 vxfk wkdw f 	 5 	 %
W

dqg li �8 '4�?
%M�

d� s E%�o zkhuh

� ' d5c %Wo � a � fc wkhq 2�
2

{7W 	 �� 2s lv vx!flhqw iru wkh frxqwhulqwxlwlyh fdvh

wr rffxu iru fdvhv fryhuhg e| Wkhruhp 41

Dq looxvwudwlrq ri wkh frxqwhulqwxlwlyh uhvxow/ dqg krz wkh rswlpdo fruuhfwlyh wd{hv

pd| eh ghulyhg/ lv surylghg lq wkh iroorzlqj vhfwlrq1
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PRUH LV OHVV= DQ H[DPSOH

Wkh srvvlelolw| wkdw ljqrulqj wkh  rz h{whuqdolw| pd| hyhqwxdoo| uhgxfh surgxfwlrq

dqg lqfuhdvh wd{ sd|phqwv fdq eh looxvwudwhg xvlqj d qxphulfdo vlpxodwlrq iurp wkh

folpdwh fkdqjh olwhudwxuh1 Wklv vkrzv wkdw lw lv qrw rqo| d wkhruhwlf srvvlelolw| exw

lw pd| rffxu lq sudfwlfh dv zhoo1 Zh dvvxph olqhdu ghpdqg dqg olqhdu pdujlqdo frvw

ixqfwlrqv dqg d txdgudwlf gdpdjh ixqfwlrq1

Wkh sdudphwhuv xvhg lq wkh prgho/ gh�qhg ehorz/ duh vw|ol}hg dqg surylghg wr

looxvwudwh wkh wkhruhwlfdo uhvxowv1 Qhyhuwkhohvv/ wkh| duh ghulyhg iurp wkh olwhudwxuh

rq folpdwh fkdqjh1 Iru lqvwdqfh/ fxuuhqw hplvvlrqv ri FR2 duh hvwlpdwhg dw vrph 55

jljd wrqqhv +Jw0FR2,/ zklfk lv wkh sulydwh pdunhw htxloleulxp lq rxu prgho zkhq

pdujlqdo frvwv duh qrupdol}hg wr rqh/ dqg surgxfwlrq lv phdvxuhg dv hplvvlrqv1 Wkh

fxpxodwlyh dqwkursrjhqlf hplvvlrqv ri FR2/ ohvv ghfd|/ duh hvwlpdwhg wr eh vrph 958

Jw0FR2 deryh wkh suh0lqgxvwuldo ohyho1

� E%� ' �D� f�Se � %c

�
sE%� ' � n f�fD � %c

�
vE%� ' � n f��2 � %c

�% ' %c (E@� ' f�fffffD � @
5
c

_E@� ' 4@ Efc 2� � i T
�
�E@� Sff�5 � f�D�2� �f

�8
�
� ���2�

Wkh sdudphwhuv deryh lpso| �E%� ' �e �%�f��H �%2c dqg/ khqfh/ wkh fruuhfwlyh wd{hv

duh
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Xqghu wklv qxphulfdo vshfl�fdwlrq/ zh rewdlq wkh iroorzlqj txdqwlwlhv=
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Wkh frxqwhulqwxlwlyh uhvxow fruuhvsrqgv zlwk wkh vx!flhqf| fulwhulrq jlyhq lq Sursr0

vlwlrq 91 Wkh fulwhulrq 2�
2

{7W 	 �� 2s lv ixo�oohg lq wkh uhjlrq ���b. 	 % 	 %

W1 Lq

rwkhu zrugv/ vwduwlqj dw wkh vdph lqlwldo frqglwlrq/ d fduerq wd{ wkdw ljqruhv  rz

h{whuqdolwlhv zloo lqlwldoo| eh orzhu wkdq d wd{ wkdw dffrxqwv iru erwk wkh vwrfn dqg

 rz h{whuqdolwlhv1 Krzhyhu/ dw wkh vwhdg| vwdwh/ wkh rswlpdo fduerq wd{ udwh zloo eh

orzhu/ wkh rxwsxw zloo eh kljkhu dqg wkh fxpxodwlyh fduerq hplvvlrqv zloo eh orzhu

wkdq zlwk wkh wd{ wkdw ljqruhv wkh  rz h{whuqdolwlhv1

Rxu prgho gl�huv iurp wkh dssurdfkhv ri Vlqfodlu +4<<5> 4<<7,/ Zluo +4<<7,/ Xosk

dqg Xosk +4<<7,/ Idu}lq +4<<9, dqg Idu}lq dqg Wdkyrqhq +4<<9, zkr kdyh doo h{dp0

lqhg wkh rswlpdo sdwkv ri fruuhfwlyh wd{hv iru JKJ hplvvlrqv1 Zlwk wkh h{fhswlrq ri

Zluo +4<<7, dqg Idu}lq +4<<9,/ h{lvwlqj prghov gr qrw h{solflw| frqvlghu  rz h{whu0

qdolwlhv dv d ixqfwlrq ri wkh fxuuhqw ohyho ri hplvvlrqv/ dqg rqo| Idu}lq dqg Wdkqryhq

+4<<9, h{dplqh wkh h�hfw ri gl�huhqw udwhv ri xswdnh ri fduerq lq wkh dwprvskhuh

rq wkh wlph sdwkv ri fruuhfwlyh wd{hv1 Ghvslwh wkh idfw wkdw Idu}lq dqg Wdkqryhq

+4<<9, ljqruh wkh  rz h{whuqdolwlhv dvvrfldwhg zlwk JKJ hplvvlrqv/ wkhlu dssurdfk lv

wkh prvw vlplodu wr rxu rzq ehfdxvh wkh| h{solflwo| frqvlghu wkh d�hfw ri wkh ghfd|

ixqfwlrq rq wkhlu uhvxowv1 Dvvxplqj pxowlsoh fduerq vwrfnv/ hdfk zlwk gl�huhqw exw

frqvwdqw udwhv ri ghfd|/ wkh| �qg wkdw iru fduerq ohyhov lq h{fhvv ri suh0lqgxvwuldo ohy0

hov/ wkh fruuhfwlyh wd{ pd| eh ghfuhdvlqj ru X0vkdshg ryhu wlph1 Wkh| frqfoxgh wkdw
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wkh rswlpdo fduerq wd{ lv �� � � vhqvlwlyh wr wkh vxeprgho ghvfulelqj wkh dffxpxodwlrq

ri dwprvskhulf FR21� +Idu}lq dqg Wdkyrqhq 4<<9/ s1 866,1

E| lqfrusrudwlqj qrqolqhdu ghfd| lq wkh srooxwlrq vwrfn lq d prgho ri JKJ hplv0

vlrqv/ zklfk ehwwhu uhsuhvhqwv wkh dfwxdo sk|vlfdo surfhvvhv/ zh vkrz wkh lpsruwdqfh

ri dffrxqwlqj iru erwk vwrfn dqg  rz h{whuqdolwlhv1 Pruhryhu/ lq frqwudvw wr wkh df0

fhswhg ylhz wkdw  rz h{whuqdolwlhv d�hfw rqo| wudqvlhqw frqvxpswlrq +Zluo 4<<7,/ zh

�qg wkdw d idloxuh wr frqvlghu  rz h{whuqdolwlhv lq d prgho ri JKJ hplvvlrqv pd|

d�hfw erwk wkh wlph sdwkv dqg vwhdg| vwdwhv ri surgxfwlrq/ hplvvlrqv/ dqg wd{hv1 Wklv

kdv lpsruwdqw lpsolfdwlrqv zkhq h{dplqlqj wkh �qr uhjuhwv� srolflhv dvvrfldwhg zlwk

folpdwh fkdqjh dqg srooxwlrq srolflhv1

FRQFOXGLQJ UHPDUNV

Xvlqj d g|qdplf prgho zlwk erwk  rz dqg vwrfn h{whuqdolwlhv/ wkh sdshu vkrzv

wkdw wkh srvvlelolw| h{lvwv iru dq rswlpdo fruuhfwlyh wd{ wr uhvxow lq ohvv wrwdo hplvvlrqv

exw orzhu wd{ sd|phqwv wkdq d fruuhfwlyh wd{ zklfk ljqruhv  rz h{whuqdolwlhv1 Wklv

frxqwhulqwxlwlyh uhvxow/ zklfk pd| dulvh li wkh ghfd| ri wkh vwrfn srooxwdqw lv qrqolqhdu/

kdv lpsruwdqw lpsolfdwlrqv iru fruuhfwlyh wd{ srolflhv zkhuh wkhuh h{lvw erwk vwrfn dqg

 rz h{whuqdolwlhv1

Wkh uhvxowv hpskdvl}h wkdw d idloxuh wr dffrxqw iru  rz h{whuqdolwlhv/ zkhuh wkhuh

h{lvw vwrfn dqg  rz h�hfwv/ zloo d�hfw erwk wudqvlwru| dqg vwhdg|0vwdwh surgxfwlrq/

fruuhfwlyh wd{hv dqg hplvvlrqv1 Pruhryhu/ d idloxuh wr dghtxdwho| prgho wkh udwh ri

ghfd| ri d vwrfn srooxwdqw lq prghov ri vwrfn dqg  rz h{whuqdolwlhv/ fdq uhvxow lq

kljkhu vwhdg|0vwdwh ohyhov ri erwk wkh srooxwlrq dqg wkh fruuhfwlyh wd{1
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Surri ri Wkhruhp 4

D ihhgedfn frqwuro pxvw vdwlvi| gE@c %� ' gf/ wkdw lv/ wkh Kdplowrqldq lv frqvwdqw

iru lqwhulru vroxwlrqv ri dxwrqrprxv sureohpv1 Wkh frvwdwh yduldeoh lv 6 ' �L
�E%� 	

fc dqg wkhuhiruh ME�� ' gE@c %� ' gf1 Wkdw zh duh khdglqj iru d vwhdg| vwdwh lpsolhv

gf ' gE@c _E@�� ' 7E@�� Li wkh Kdplowrqldq lv pd{lpl}hg/ @W ' @h}4@ 7E@�� Rxu

dvvxpswlrqv lpso| 7 �Efn� : f dqg 7
�E@� 	 f wr wkh uljkw ri 4@ _E@�1 Wkxv/ wkhuh

h{lvwv d srlqw zkhuh 7 �
' f dqg wklv lv wkh joredo pd{lpxp ri 71

Wkh rswlpdo vwhdg| vwdwh lv 7 �E@W� ' fc dqg wkh ihhgedfn vroxwlrq/ gh�qhg dv

gE@c%� ' 7E@W�c uhsuhvhqwv vhsdudwul{ vroxwlrqv ri Kdplowrq*v fdqrqlfdo htxdwlrqv1

Qrwh wkdw Yg

Y%
' �

��E%� � E_ � %� 9' f h{fhsw dw vwhdg| vwdwh1 Wkh �Lpsolflw ixqfwlrq

wkhruhp� jxdudqwhhv wkdw gE@c %� ' 7W gh�qhv d xqltxh/ frqwlqxrxvo| gl�huhqwldeoh

ihhgedfn/ %E@�c rxwvlgh wr wkh vwhdg| vwdwh1 Wkh rswlpdo ihhgedfn frqvlvwv ri wkh

vhsdudwulfhv wkdw ohdgv wr vwhdg| vwdwh dqg duh srvlwlyh lq dgglwlrq wr sduwv zkhuh

% ' f� Vxevwlwxwlrq lqwr wkh Khvvldq pdwul{ ri g vkrzv wkdw wkh vwhdg| vwdwh lv d

vdggoh srlqw1

Wkh ryhu wdnlqj RW0fulwhulrq ri Vhlhuvwdg dqg V|gvéwhu +4<;:, uhsodfhv wkh frqgl0

wlrq *�4
|<"

6E|� d+E|�� %E|�o � f iru rwkhu dgplvvleoh ixqfwlrqv +E|�1 Wkh RW0fulwhulrq

lv ixo�oohg li < |f vxfk wkdw \E|� � f ;| � |f zkhuh

\E|� �

]
|

f

d�E%��(E@�o _r�
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d�E+��(E��o _r�

Lq wklv fdvh/ E@c %� uhsuhvhqwv wkh vhsdudwul{ vroxwlrq dqg E�c +� uhsuhvhqwv rwkhu

dgplvvleoh vroxwlrqv1 Wkhvh pxvw vdwlvi| gE�c +� 	 gf � 7W lq rughu wr |lhog d

vwhdg| vwdwh1 Iurp Gh�qlwlrq 5=
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f
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Lqvhuwhg/ wklv |lhogv
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��
�Khqfh wkh RW0fulwhulrq lv ixo�oohg iru doo rwkhu dgplvvleoh vroxwlrqv/

dqg |f lv rewdlqhg iurp vhwwlqj wkh odvw h{suhvvlrq htxdo wr }hur1 Wkxv/ zh ghulyh

d xqltxh RW0rswlpdo vroxwlrq dv (

��
� _

��
�

�
: f jxdudqwhhv wkdw wkh Kdplowrqldq

lv vwulfwo| frqfdyh lq E@c %�1 Wklv vroxwlrq lv wkh vhsdudwul{ vroxwlrq zkhuhyhu lw lv

srvlwlyh1�

Surri ri Sursrvlwlrq 4

Wkh vwhdg| vwdwh lv d vdggoh srlqw lv vkrzq lq wkh surri wr Wkhruhp 41 Zh revhuyh

wkdw Yg

Y@
'

Yg

Y%
' f rffxuv rqo| dw vwhdg| vwdwh ehfdxvh � lv vwulfwo| frqfdyh1 Wkhruhp

4 lpsolhv 7 �E@W� ' ��E_E@W��_�E@W� � (�E@W� ' f/ zklfk lpsolhv wkdw _
�E@W� : f�

Wkhuhiruh wkh ihhgedfn lqwhuvhfwv zlwk _ wr wkh ohiw ri lwv pd{lpxp1 Gl�huhqwldwlqj

gE@c%� ' 7W lpsolflwo| |lhogv ����

� E_� %�%� ' (
�
���

_
�
: f wr wkh uljkw ri 4@ _

zkhuh _� % : f dqg _�
	 f� Prqrwrqlflw| iroorzv iurp wkh dvvxpswlrqv derxw �1

Frqfdylw| ri wkh vhsdudwul{ vroxwlrq fdq eh vkrzq e| gl�huhqwldwlqj gE@c %� ' 7W

lpsolflwo| wzlfh1 Wklv |lhogv
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Yg
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Y2g

Y@2
n 2%
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Y@Y%
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Txdvlfrqfdylw| lpsolhv wkdw wkh uljkw0kdqg vlgh lv qrq0qhjdwlyh dqg Yg

Y%
	 f rq u��

Surri ri Sursrvlwlrq 5

Dv � E+� ' jE+� n � sE+� ' jE%� : jE+�/ dqg dv j ' L% lv vwulfwo| ghfuhdvlqj/ wkh

sursrvlwlrq lv ixo�oohg iru doo ohyhov ri @ dvvrfldwhg zlwk qrq0qhjdwlyh surgxfwlrq1�
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Surri ri Sursrvlwlrq 6

Vwhdg| vwdwhv duh/ e| gh�qlwlrq/ lqwhuvhfwlrqv ehwzhhq wkh _0fxuyh dqg wkh surgxf0

wlrq ihhgedfn0sdwkv %E@� dqg +E@�1 Vlqfh +/ dv d ihhgedfn/ dozd|v lv kljkhu wkdq %/ wkh

lqwhuvhfwlrq ehwzhhq + dqg dq lqfuhdvlqj _0fxuyh zloo dozd|v lpso| wkdw + lv kljkhu

wkdq % lq vwhdg| vwdwh1�

Surri ri Sursrvlwlrq 7

Wkh surri ri wklv sursrvlwlrq fdq eh ghulyhg e| orrnlqj dw Iljxuh 51 Wklv fdvh rffxuv

li dqg rqo| li %E@� lqwhuvhfwv zlwk _ dw d kljkhu ydoxh wkdq +E@�1 Txdvlfrqfdylw| ri _

lpsolhv wkdw wklv rffxuv li dqg rqo| li @r : @
WW

1�

Surri ri Sursrvlwlrq 8

Wkh vwhdg| vwdwh uhvxowlqj iurp d j0wd{ lv ghqrwhg E@rc +r�1 Dv 7 lv frqfdyh/

7E@WW� � 7E@r� lv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh frxqwhulqwxlwlyh fdvh wr

rffxu +vhh Sursrvlwlrq 7,1 Lw lv hdvlo| yhul�hg wkdw gE@c %� ' 7W lv htxlydohqw wr
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lv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh frxqwhulqwxlwlyh fdvh qrw wr rffxu1 Wkh

orzhu olplw ri lqwhjudwlrq lv ohvv wkdq wkh xsshu olplw dffruglqj wr Sursrvlwlrq 6/ dqg
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lv vx!flhqw iru wkh frxqwhulqwxlwlyh fdvh qrw wr rffxu1 Wklv uhvxow lv uhlqirufhg zkhq

{7W � �s E+r� � +
r
/ dqg zklfk lv jxdudqwhhg zkhqhyhu {7W � &8 � �s E+r� � +
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Surri ri Sursrvlwlrq 9

Ohw B ghqrwh wkh ohiw0kdqg vlgh ri htxdwlrq +:,1 Lw zloo eh vkrzq wkdw wklv sursrvlwlrq

lpsolhv B : f1 Uhfdoolqj jE%� ' ��E%� htxdwlrqv +7, dqg +:, lpso|
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Li {7W lv vpdoohu wkdq wkh uljkw0kdqg vlgh/ wkhq wklv lv vx!flhqw iru B : f dqg khqfh

iru wkh frxqwhulqwxlwlyh fdvh wr rffxu1 Wkh uljkw0kdqg vlgh uhtxluhv wkdw E@rc +r� kdv

ehhq vroyhg dqg fdq eh hqvxuhg e| vhfxulqj wkdw {7

W lv ohvv wkdq wkh vpdoohvw ydoxh

wkdw wkh uljkw0kdqg vlgh pd| wdnh lq wkh lqwhuydo ri lqwhuhvw1�
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UHIHUHQFHV

Dqghuvhq/ P1V1 +4<<7, Jryhuqdqfh e| Juhhq Wd{hv/ Pdnlqj Srooxwlrq Suhyhqwlrq

Sd|1 Pdqfkhvwhu= Pdqfkhvwhu Xqlyhuvlw| Suhvv1

Edxpro/ Z1M1 dqg Z1H1 Rdwhv +4<;;, Wkh Wkhru| ri Hqylurqphqwdo Txdolw|1 Qhz

\run= Fdpeulgjh Xqlyhuvlw| Suhvv1

Idu}lq/ \1K1 +4<<9, Rswlpdo sulflqj ri hqylurqphqwdo dqg qdwxudo uhvrxufh xvh

zlwk vwrfn h{whuqdolwlhv1 Mrxuqdo ri Sxeolf Hfrqrplfv 95/ 6408:1

Idu}lq/ \1K1/ dqg R1 Wdkyrqhq +4<<9, Joredo fduerq f|foh dqg wkh rswlpdo wlph

sdwk ri d fduerq wd{1 R{irug Hfrqrplf Sdshuv 7;/ 84808691

Judiwrq/ U1T1/ O1N1 Vdqgdo/ dqg V1L1 Vwhlqvkdpq +5333, Krz wr lpsuryh wkh pdq0

djhphqw ri uhqhzdeoh uhvrxufhv= Wkh fdvh ri Fdqdgd*v qruwkhuq frg �vkhu|1

Dphulfdq Mrxuqdo ri Djulfxowxudo Hfrqrplfv ;5/ 8:308;31

Krho/ P1 dqg V1 Nyhuqgrnn +4<<9, Ghsohwlrq ri irvvlo ixhov dqg wkh lpsdfwv ri

joredo zduplqj1 Uhvrxufh dqg Hqhuj| Hfrqrplfv 4;/ 44804691

Mrrv/ I1/ P1 Euxqr/ U1 Ilqn/ X1 Vlhjhqwkdohu/ W1I1 Vwrfnhu/ F1 Oh Txhuh/ dqg M1O1

Vduplhqwr +4<<9, Dq h!flhqw dqg dffxudwh uhsuhvhqwdwlrq ri frpsoh{ rfhdqlf

dqg elrvskhulf prghov ri dqwkursrjhqlf fduerq xswdnh1 Whooxv 7;E/ 6<:074:1

Rujdqlvdwlrq iru Hfrqrplf Fr0rshudwlrq dqg Ghyhorsphqw +4<<5, Hfrqrplf Lq0

vwuxphqwv iru Hqylurqphqwdo Pdqdjhphqw lq Ghyhorslqj Frxqwulhv1 Sdulv=

RHFG1

Vdqgdo/ N1 dqg V1L1 Vwhlqvkdpq +4<<;, G|qdplf fruuhfwlyh wd{hv zlwk  rz dqg

vwrfn h{whuqdolwlhv= D ihhgedfn dssurdfk1 Qdwxudo Uhvrxufh Prgholqj 44/ 54:0

56<1

Vhlhuvwdg/ D1 dqg N1 V|gvéwhu +4<;:, Rswlpdo Frqwuro Wkhru| zlwk Hfrqrplf

4:



Dssolfdwlrqv1 Dpvwhugdp= Qruwk0Kroodqg1

Vlqfodlu/ S1 M1 Q1 +4<<5, Kljk grhv qrwklqj dqg ulvlqj lv zruvh= fduerq wd{hv vkrxog

nhhs ghfolqlqj wr fxw kdupixo hplvvlrqv1 Pdqfkhvwhu Vfkrro 93/ 740851

Vlqfodlu/ S1 M1 Q1 +4<<7, Rq wkh rswlpxp wuhqg ri irvvlo ixho wd{dwlrq1 R{irug

Hfrqrplf Sdshuv 79/ ;9<0;::1

Xosk/ D1 dqg Xosk/ G1 +4<<7, Wkh rswlpdo wlph sdwk ri d fduerq wd{1 R{irug

Hfrqrplf Sdshuv 79/ ;8:0;9;1

Zluo/ I1 +4<<7, Sljrxyldq wd{dwlrq ri hqhuj| iru  rz dqg vwrfn h{whuqdolwlhv

dqg vwudwhjlf/ qrqfrpshwlwlyh hqhuj| sulflqj1 Mrxuqdo ri Hqylurqphqwdo Hfr0

qrplfv dqg Pdqdjhphqw 59/ 404;1

Zluo/ I1 dqg H1 Grfnqhu +4<<8, Ohyldwkdq jryhuqphqwv dqg fduerq wd{hv= Frvwv

dqg srwhqwldo ehqh�wv1 Hxurshdq Hfrqrplf Uhylhz 6</ 4548045691

4;



Hqgqrwhv=

41 Iru frqflvhqhvv/ ixqfwlrqdo ghshqghqfh ri wkh yduldeohv lv vxssuhvvhg lq wkh wh{w1

51 Zh gh�qh � � � zklfk lv htxlydohqw wr phdvxulqj @ dqg % lq wkh vdph xqlwv1

61 Wkh surri lq wkh Dsshqgl{ kdv d xqltxh vroxwlrq lq wkh vhqvh ri �Ryhu Wdnlqj�

+RW, Rswlpdo +Vhlhuvwdg dqg V|gvéwkhu 4<;:/ s1 567,1

71 Wkh surri ri Wkhruhp 4 dqg doo sursrvlwlrqv duh jlyhq lq wkh Dsshqgl{1

81 Dq htxlydohqw h{suhvvlrq iru wkh ihhgedfn vroxwlrq kdv ehhq dssolhg e| Judiwrq/

Vdqgdo dqg Vwhlqvkdpq +5333,1

91 Wklv h{suhvvlrq iru wkh rswlpdo wd{ dv d ihhgedfn frqwuro odz fdq dovr eh irxqg

lq Vdqgdo dqg Vwhlqvkdpq +4<<;,1

4<
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Figure 1. The tax yielding the market equilibrium y is equal to σ(x), the stock part of the tax
yielding market equilibrium x.
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Figure 2. Quasiconcave decay function and correct steady state  and the flow ne-

glected steady state  for a case of  “more is less” ( ) and a case excluding 

the counterintuitive result due to . 
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