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Devwudfw

Wkh rswlpdo h{wudfwlrq sdwk ri irvvloh ixhov dqg wkh fruuhvsrqglqj fruuhfwlyh

wd{ rq h{wudfwlrq duh ghulyhg zkhq wzr w|shv ri h{whuqdolwlhv dvvrfldwhg zlwk

hplvvlrq ri fduerqglr{lgh +FR2, duh wdnhq lqwr dffrxqw1 Wkh rswlpdo sdwk

lv ghulyhg dv d ihhgedfn frqwuro/ wkdw lv/ dv d ixqfwlrq ri wlph dqg srooxwlrq1

Wkh wd{0sdwk lv wkhuhe| dgdswlyh wr wkh djjuhjdwhg ohyho ri fduerqglr{lgh1 Wkh

wzr w|shv ri h{whuqdolwlhv duh  rz h{whuqdolwlhv dvvrfldwhg zlwk wkh h{wudfwlrq/

gh�qhg dv wkh gl�huhqfh ehwzhhq sulydwh dqg vrfldo pdujlqdo frvwv/ dqg vwrfn

h{whuqdolwlhv dvvrfldwhg zlwk wkh djjuhjdwhg ohyho ri FR21

Wkh wrwdo wlph krul}rq lv glylghg lqwr wzr shulrgv= dq lqlwldo skdvh zlwk

h{wudfwlrq dqg d whuplqdo skdvh zlwkrxw h{wudfwlrq1 Wkh ohqjwkv ri wkhvh sh0

ulrgv duh hqgrjhqhrxvo| ghwhuplqhg/ dv lv wkh vfduflw| uhqw ri irvvloh ixhov dqg

wkh vkdgrz frvw ri FR21 Wkh pdwkhpdwlfdo prgho lv frpsohwho| jhqhudo lq wkh

vwdwh yduldeoh/ FR2/ wkh ghfd| ixqfwlrq lqfoxghg1 Ixuwkhupruh/ wkhuh duh qr

dvvxpswlrqv derxw vhsdudelolw| lq wkh remhfwlyh ixqfwlrq/ zklfk lv wr pd{lpl}h

vrfldo ehqh�w1
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LQWURGXFWLRQ

Wkh olwhudwxuh rq  rz dqg vwrfn h{whuqdolwlhv lv txlwh h{whqvlyh1 Wklv olwhudwxuh

lv glylghg lq wzr sduwv1 Rq wkh rqh kdqg/ wkhuh duh vwdwlf prghov frqfhqwudwlqj

xsrq  rz h{whuqdolwlhv +vhh iru h{dpsoh Edxpro dqg Rdwhv 4<;;/ Eryhqehuj dqg ydq

ghu Sorhj 4<<7,1 Wkhvh duh wkh h{whuqdolwlhv dvvrfldwhg zlwk h{wudfwlrq lwvhoi/ iru

h{dpsoh/ wkh  rz ri srooxwlrq frqqhfwhg zlwk surgxfwlrq ru frqvxpswlrq1 Rq wkh

rwkhu kdqg/ wkhuh duh g|qdplf prghov frqfhqwudwlqj xsrq vwrfn h{whuqdolwlhv +Sorxugh

4<:5/ Nhhohu hw do1 4<:5/ g*Dujh dqg Nrjlnx 4<:6/ Eulwr dqg Lqwuloljdwru 4<;:/ Nr

hw do1 4<<5/ Xosk dqg Xosk 4<<7/ wr phqwlrq d ihz,1 Wkhvh duh wkh h{whuqdolwlhv

dvvrfldwhg zlwk wkh djjuhjdwh ohyho ri srooxwlrq1 Yhu| ihz dwwhpswv vr idu kdyh ehhq

pdgh wr lqfoxgh  rz h{whuqdolwlhv lq g|qdplf prghov1 Wkhuhiruh dxwkruv uljkwo|

frqfoxgh wkdw wkh rswlpdo fruuhfwlyh wd{ vkrxog htxdo wkh vkdgrz frvw ri wkh srooxwdqw

zlwk wkh vkdgrz frvw gh�qhg dv wkh frvwdwh yduldeoh lq wkh g|qdplf rswlpl}dwlrq

sureohp1 Khuh lw lv vkrzq wkdw vxfk d wd{ fruuhfwv iru wkh vwrfn h{whuqdolw| exw qrw

iru wkh  rz h{whuqdolwlhv/ li dq|1 Zluo +4<<7d, lv rqh ri wkh ihz zkr dwwhpsw wr wdnh

erwk  rz dqg vwrfn h{whuqdolwlhv lqwr dffrxqw vlpxowdqhrxvo|/ exw kh xvhv d qxpehu ri

vshfldo dvvxpswlrqv vxfk dv }hur sulydwh pdujlqdo frvw/ olqhdu0txdgudwlf irupxodwlrq

ri wkh prgho dqg qr ghfd| ri srooxwlrq1

Lq frqqhfwlrq zlwk vwrfn h{whuqdolwlhv d zkroh olwhudwxuh kdv hphujhg rq joredo

zduplqj +Qrugkdxv 4<;5/ 4<<4d/ 4<<4e/ Shfn dqg Whlvehuj 4<<5/ Vlqfodlu 4<<5/ 4<<7/

Zluo 4<<7d/ 4<<7e,1 D vljql�fdqw frqwulexwlrq wr wklv olwhudwxuh kdv ehhq pdgh e|

Vlqfodlu +4<<5, dqg Xosk dqg Xosk +4<<7, e| frpelqlqj wkh wlph sdwk ri fduerq wd{hv

zlwk wkh h{wudfwlrq ri qrquhqhzdeoh uhvrxufhv +irvvloh ixhov,1 Wkh| gr qrw/ krzhyhu/

wdnh wkh  rz h{whuqdolwlhv lqwr dffrxqw1 Lw lv lpsrvvleoh wr wdnh  rz h{whuqdolwlhv lqwr

dffrxqw zlwkrxw pdnlqj wkh gdpdjh ixqfwlrq d ixqfwlrq ri surgxfwlrq +h{wudfwlrq,

ri irvvloh ixhov ru ri wkh wlph ghulydwlyh + rz, ri wkh srooxwdqw1
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Lq wkh olwhudwxuh rq wkh hfrqrplfv ri joredo zduplqj wkh txhvwlrq ri zkhwkhu d

fduerq wd{ vkrxog lqfuhdvh ru ghfuhdvh ryhu wlph kdv uhfhlyhg frqvlghudeoh dwwhqwlrq

+Vlqfodlu 4<<5/ Xosk dqg Xosk 4<<7,1 Lq prvw ri wkh olwhudwxuh rq vwrfn h{whuqdolwlhv/

krzhyhu/ txlwh d ihz vshfldo dvvxpswlrqv duh pdgh1 Rqh vxfk dvvxpswlrq/ dv phq0

wlrqhg deryh/ lv wkdw wkh rswlpdo wd{ rq srooxwlrq vkrxog dozd|v htxdo wkh vkdgrz

frvw ri wkh srooxwdqw1 Rwkhu frpprq dvvxpswlrqv duh wkdw wkh ghfd| ri srooxwlrq

lv olqhdu dqg wkdw vrfldo zhoiduh lv vhsdudeoh lq frqvxpswlrq dqg wkh srooxwdqw vwrfn

+Sorxugh/ 4<:5/ Nhhohu hw do1/ 4<:5/ Xosk dqg Xosk/ 4<<7/ wr phqwlrq d ihz,1 Lq wkh

fdvh ri fduerq hplvvlrqv/ wklv dvvxpswlrq lv dw ehvw wuxh lq wkh vkruw uxq1 Rq d orqjhu

wlph vfdoh wkh dvvlplodwlrq ri fduerq lq wkh rfhdq zloo judgxdoo| eh uhgxfhg gxh wr

vdwxudwlrq1 Khqfh/ ghfd| dv d ixqfwlrq ri wkh djjuhjdwh ohyho ri FR2 zloo eh ghfuhdv0

lqj vrrqhu ru odwhu1 Lq d wlph krul}rq ri pruh wkdq whq |hduv wkh ghfd| ixqfwlrq zloo

fhuwdlqo| eh d qrq0olqhdu ixqfwlrq +vhh Mrrv hw do1 4<<9,1 Lq dgglwlrq pdq| sdshuv

frqfhqwudwh rq dqdo|vlv ri vwhdg| vwdwhv +Iruvwhu/ 4<:8/ Eulwr dqg Lqwuloljdwru/ 4<;:/

Nr hw do1/ 4<<5,1

Wkh dlp ri wkh suhvhqw sdshu lv wr ghulyh dq rswlpdo fruuhfwlyh wd{ iru d g|qdplf

sureohp zlwk erwk  rz dqg vwrfn h{whuqdolwlhv/ dqg wr lqyhvwljdwh dqdo|wlfdoo| wkh

wlph sdwk ri wkh wd{1 Wkh uhdvrq dqdo|wlfdo uhvxowv duh hpskdvl}hg/ lv wkdw vxfk uhvxowv

gr qrw ghshqg xsrq sduwlfxodu qxphulfdo vshfl�fdwlrqv ru dvvxpswlrqv1 Lw pdnhv lw

srvvleoh wr shuirup jhqhudo sdudphwhu dqdo|vlv1 Lq rughu wr dffrxqw iru qxphulfdo

frqvlghudwlrqv/ wkh ihhgedfn frqwuro odz ghulyhg iru wkh fruuhfwlyh wd{ lv h{dpsol�hg1

D ihhgedfn frqwuro pdnhv lw srvvleoh wr ghwhuplqh wkh rswlpdo fruuhfwlyh wd{ dw dq|

srlqw lq wlph dv dq h{solflw ixqfwlrq ri wkh vwrfn srooxwdqw1

Wklv dssurdfk uhsuhvhqwv d jhqxlqh h{dpsoh ri dgdswlyh uhjxodwlrq dv wkh rswlpdo

fduerq wd{hv fkdqjh hdfk wlph qhz lqirupdwlrq derxw wkh djjuhjdwh ohyho ri FR2

lv dydlodeoh1 Lq wklv sdshu FR2 uhsuhvhqwv doo ri wkh vr0fdoohg juhhqkrxvh jdvhv1 D

vlplodu dssurdfk wr dgdswlyh fruuhfwlyh wd{hv/ exw zlwkrxw wkh qrquhqhzdeoh uhvrxufh
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dvshfw/ fdq eh irxqg lq Vdqgdo dqg Vwhlqvkdpq +4<<;,1

WKH PRGHO

Wkh prgho dssolhg khuh lv d jhqhudolvdwlrq ri wkh prgho dssolhg e| Xosk dqg Xosk

+4<<7,1 Wkh remhfwlyh lv

4@ 

%

` E%c @� '

]
"

f

e3o| d�E%c@�� kE@�o _| +4,

zkhuh � lv wkh vrfldo ehqh�w ghulyhg iurp surgxfwlrq dqg frqvxpswlrq ri wkh jrrg/

%/ dqg k lv wkh gdpdjh ru glvxwlolw| iurp wkh djjuhjdwh ohyho ri srooxwlrq +FR2,/ @/

zklfk uhsuhvhqwv wkh vwrfn h{whuqdolw|1 Wkh surgxfw/ %/ fdq eh wkrxjkw ri dv wkh  rz

udwh ri irvvloh ixhov rq wkh pdunhw1 Wkh ixqfwlrqv � dqg k duh frpsohwho| jhqhudo lq @1

Wkh rqo| uhvwulfwlrq lv wkdw wkh ehqh�w ixqfwlrq lv txdgudwlf lq %1 Wklv lv/ iru h{dpsoh/

wkh fdvh zkhq � lv wkrxjkw ri dv wkh vxp ri frqvxphuv* dqg surgxfhuv* vxusoxv xqghu

olqhdu vxsso| dqg ghpdqg fxuyhv/ dgmxvwhg iru h{whuqdolwlhv1 Wkh lqfoxvlrq ri @ lq

� wkhq ghvfulehv krz wkh ohyho ri FR2 d�hfwv wkh ghpdqg dqg frvw vwuxfwxuh1 Wkh

lq�qlwh wlph krul}rq lv glylghg lq wzr shulrgv/ dq lqlwldo skdvh xs wr A zlwk srvlwlyh

h{wudfwlrq dqg d whuplqdo skdvh zlwk }hur h{wudfwlrq iurp A wr lq�qlw|1

Ghqrwlqj wkh uhpdlqlqj vwrfn ri irvvloh ixhov rc htxdwlrq +4, kdv wr eh pd{lpl}hg

vxemhfw wr wkh g|qdplf frqvwudlqwv4

�r ' �%c +5,

dqg

�@ ' B d%� sE@�o � +6,

Wkh sdudphwhu B lv wkh hplvvlrq ri FR2 shu xqlw ri irvvloh ixho frqvxphg zkhuhdv s

lv wkh ghfd| ixqfwlrq zklfk lv d frpsohwho| jhqhudo ixqfwlrq1 Wkh ghfd| phdvxuhg

lq FR2 xqlwv lv Bs zkhuhdv s uhsuhvhqwv wkh ghfd| phdvxuhg lq irvvloh ixho xqlwv1 D

4
Grwv ghqrwh wlph ghulydwlyhv1
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jhqhuhdo ghfd| ixqfwlrq lv xvhixo dv wkh ghfd| ri FR2 wkurxjk skrwrv|qwkhvlv pd|

eh d yhu| frpsoh{ surfhvv1 Joredo zduplqj pd| d�hfw wkh jurzwk ri iruhvwv dqg

sk|wrsodqnwrq zklfk djdlq d�hfw wkh FR2 ohyho1 Lq dgglwlrq wr wklv/

rEf� ' rf : fc r 5 Efc rf� c rf � r ' {r '

] A

f

% _|c

% � fc @ � fc *�4
|<"

@ ' f�

Wkh lqlwldo vwrfn ri irvvloh ixho/ rf/ lv jlyhq1 Wkh vwrfn ohyho r lv dovr h{rjhqhrxvo|

jlyhq dqg lv wkh vwrfn ohyho ehorz zklfk wkh frvwv ri h{wudfwlqj lqfuhdvh wr lq�qlw|1

Wkh ohyho @ ' f lv gh�qhg dv wkh qdwxudo/ suh0lqgxvwuldo ohyho ri FR2 zklfk lv d qdwxudo

vwhdg| vwdwh dqg grhv qrw kdup wkh joredo folpdwh1 Wkdw lv s Ef� ' f dqg kEf� ' f1

Wkh ehqh�w ixqfwlrq uhsuhvhqwv wkh vxp ri surgxfhuv dqg frqvxphuv vxusoxv dg0

mxvwhg iru dq|  rz h{whuqdolwlhv1 Wkdw lv

�E%c @� '

] %

f

d(E+c @�� �rE+c @�o _+

zkhuh ( lv wkh lqyhuvh ghpdqg ixqfwlrq dqg �r lv wkh vrfldo pdujlqdo frvw ri h{wudf0

wlrq1 Wklv phdqv wkdw e| pd{lpl}lqj � wkh  rz h{whuqdolwlhv duh lqwhuqdol}hg1 Wkh

ixqfwlrqv ( dqg �r duh dvvxphg wr eh olqhdu/

(E%c @� ' RfE@�� R�E@�%c

�rE%c @� ' SfrE@� n S�rE@�%c

dqg � fdq wkhq eh zulwwhq dv d txdgudwlf ixqfwlrq lq %/

�E%c @� ' qE@�%� �E@�%2 +7,

zkhuh

qE@� ' RfE@�� SfrE@�c

�E@� '
�

2
ER�E@� n S�rE@�� �
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Dw dq| srlqw lq wlph pdunhw fohdulqj lv dvvxphg/ lpso|lqj wkdw wkh htxloleulxp ohyho

ri % lv jlyhq e| ( ' �R zlwkrxw dq| srolf| phdvxuhv1 Wkh ixqfwlrq �R lv wkh vxsso|

ixqfwlrq fruuhvsrqglqj wr wkh sulydwh pdujlqdo frvw ri surgxfwlrq/

�RE%c @� ' SfRE@� n S�RE@�%�

Lq rwkhu zrugv/ �R lv wkh pdunhw vxsso| ri % lq d frpshwlwlyh hfrqrp|1 Wkh  rz

h{whuqdolw| lv gh�qhg dv wkh gl�huhqfh �R��r zklfk lv d ixqfwlrq ri % iru dq| jlyhq

ohyho ri @1 Wkh rswlpdo wd{ dovr pxvw lqfoxgh wkh vfduflw| uhqw ri wkh uhvrxufh1 Lq

Xosk dqg Xosk +4<<7, wkh vfduflw| uhqw lv lqvwhdg lqfoxghg lq wkh surgxfhu sulfh> lq

rwkhu zrugv wkh| dvvxph d prqrsrolvw zkr frqwurov wkh uhvrxufh1

Deryh zh kdyh dq dujxphqw iru fkrrvlqj dq remhfwlyh ixqfwlrq wkdw lv txdgudwlf

lq h{wudfwlrq/ %1 Rq wkh rwkhu kdqg/ wkhuh duh qr dujxphqwv iru fkrrvlqj vshfldo

ixqfwlrqdo irupv zlwk uhvshfw wr wkh srooxwdqw/ @1 Lw lv txlwh frpprq lq wkh olwhudwxuh

wr fkrrvh remhfwlyh ixqfwlrqv wkdw duh txdgudwlf erwk lq wkh frqwuro yduldeoh dqg

wkh vwdwh yduldeoh dqg frqvwudlqwv wkdw duh olqhdu lq erwk +vr0fdoohg olqhdu0txdgudwlf

prghov, zlwk wkh rqo| mxvwl�fdwlrq ehlqj pdwkhpdwlfdo frqyhqlhqfh1 Lq wkh suhvhqw

prgho erwk wkh remhfwlyh ixqfwlrq dqg wkh frqvwudlqwv duh jhqhudo lq wkh vwdwh yduldeoh/

@1 Lq rwkhu zrugv/ lw lv dvvxphg wkdw ghpdqg/ dv zhoo dv vrfldo dqg sulydwh pdujlqdo

frvwv fdq eh d�hfwhg duelwudulo| e| wkh ohyho ri FR2/ gxh wr fkdqjhv lq hqylurqphqwdo

frqfhuq dprqj frqvxphuv ru fkdqjlqj surgxfwlrq frvwv1

Dv phqwlrqhg/ wkhuh duh wzr w|shv ri h{whuqdolwlhv lq wklv sdshu1 Wkh vwrfn h{whu0

qdolw| dvvrfldwhg zlwk wkh djjuhjdwh ohyho ri FR2/ lv uhsuhvhqwhg e| wkh gdpdjh whup

k1 Wkh  rz h{whuqdolw| dvvrfldwhg zlwk wkh surgxfwlrq ri % lv uhsuhvhqwhg e| wkh

gl�huhqfh ehwzhhq vrfldo dqg sulydwh pdujlqdo frvwv iru dq| jlyhq ohyho ri @1 Wklv lv

gh�qhg dv d  rz h{whuqdolw| ehfdxvh surgxfwlrq lv gluhfwo| dvvrfldwhg zlwk wkh  rz

ri srooxwlrq/ wkh wlph ghulydwlyh �@/ wkurxjk Ht1 +6,1 D sxuh  rz h{whuqdolw| lv wkh

uhgxfwlrq lq zhoiduh dvvrfldwhg zlwk B% lq Ht1+6,1 Wkh frpprq wklqj wr gr lq wkh olw0
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hudwxuh lv wr irfxv vroho| xsrq  rz h{whuqdolwlhv lq vwdwlf prghov dqg vroho| xsrq vwrfn

h{whuqdolwlhv lq g|qdplf prghov1 Khuh erwk h{whuqdolwlhv duh lqfoxghg vlpxowdqhrxvo|

lq d g|qdplf prgho1

Wkh h{whuqdolwlhv uhihuuhg wr deryh lqglfdwh wkdw wkhuh lv qhhg iru vrph srolf|

lqvwuxphqwv lq wkh irup ri txrwdv ru fruuhfwlyh wd{hv/ dqg lq wklv sdshu zh zloo

frqfhqwudwh rq wzr srvvlelolwlhv/ qdpho| d wd{ shu xqlw ri irvvloh ixho h{wudfwhg/ � / ru

dq dg ydoruhp wd{/ w1 Lw lv lpsruwdqw wr nhhs lq plqg wkdw wkhvh lqvwuxphqwv duh lq

h�hfw rqo| gxulqj wkh lqlwldo skdvh zlwk h{wudfwlrq1 Dv d frqvhtxhqfh ri wkh pdunhw

fohdulqj frqglwlrq/ wkhuh zloo eh d rqh0wr0rqh fruuhvsrqgdqfh ehwzhhq wkh xqlw wd{/

� E%c@� ' (E%c @���RE%c @� +8,

dqg wkh ohyho ri h{wudfwlrq/ %/ iru d jlyhq ydoxh ri @1 Khuh �R lv wkh surgxfhu sulfh dqg

( ' �R n � lv wkh frqvxphu sulfh1 Qrwh wkdw pd{lpl}lqj wkh vxp ri wkh frqvxphuv*

vxusoxv dv d ixqfwlrq ri wkh frqvxphu sulfh/ wkh surgxfhuv* vxusoxv dv d ixqfwlrq ri wkh

surgxfhu sulfh/ dqg wkh jryhuqphqw*v vxusoxv zklfk lv wkh wd{ uhyhqxh/ lv htxlydohqw

wr pd{lpl}lqj � � k1

Jlyhq wkh dvvxpswlrqv deryh/ % fdq eh zulwwhq dv d olqhdu ixqfwlrq ri � /

% ' ff �f�� +9,

zkhuh

ff '
Rf � SfR

R� n S�R
c

f� '
�

R� n S�R
�

Wkh lqwhusuhwdwlrq ri ff lv wkh pdunhw htxloleulxp zlwkrxw dq| srolf| phdvxuhv1

Vlploduo|/ wkhuh zloo eh d rqh0wr0rqh fruuhvsrqgdqfh ehwzhhq wkh dg ydoruhp wd{

wE%c @� '
(E%c @�� �RE%c @�

�RE%c @�
+:,
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dqg %1

D fruuhfwlyh wd{ edvhg rq wkh vkdgrz frvw ri srooxwlrq gh�qhg dv wkh frvwdwh ydul0

deoh/ zklfk lv txlwh frpprq lq wkh olwhudwxuh/ fruuhfwv rqo| iru wkh vwrfn h{whuqdolw|/

zkhuhdv d fruuhfwlyh wd{ � ' �r � �R fruuhfwv rqo| iru wkh  rz h{whuqdolw| +wklv lv

wkh frpprq uhvxow iurp vwdwlf prghov/ vhh iru h{dpsoh Edxpro dqg Rdwhv/ 4<;;,1

Dv wkhuh lv d rqh0wr0rqh fruuhvsrqgdqfh ehwzhhq wkh lqvwuxphqwv/ � ru wc dqg

surgxfwlrq/ %/ lw grhv qrw pdwwhu zkhwkhu zh fkrrvh � c w ru % dv wkh frqwuro yduldeoh

lq wkh pdwkhpdwlfdo prgho1 Wkh dssurdfk wdnhq khuh lv wkdw zh �uvw �qg wkh rswlpdo

h{wudfwlrq ohyho/ %/ dqg wkhq vxevwlwxwh wklv lqwr +8, ru +:, wr �qg wkh xqlw wd{ ru wkh

dg ydoruhp wd{ uhvshfwlyho|1

Wkh lq�qlwh wlph krul}rq lv glylghg lq wzr shulrgv= rqh zlwk h{wudfwlrq/ % : fc

xs wr A / dqg rqh zlwk }hur h{wudfwlrq/ % ' fc iurp A wr lq�qlw|1 Dw zkdw wlph lw lv

rswlpdo wr vwrs h{wudfwlrq lv ghwhuplqhg e| wkh dowhuqdwlyhv zh kdyh1 Lw lv dvvxphg

wkdw wkhuh h{lvwv d vxevwlwxwh wr irvvloh ixhov zklfk grhv qrw hplw FR2 dqg zklfk |lhogv

d frqvwdqw vrfldo ehqh�w f�1 Ghshqglqj xsrq wkh pdjqlwxgh rif�/ wkh vzlwfklqj wlph/
Ac pd| ydu| iurp }hur wr lq�qlw|1 Dv wkh fruuhfwlyh wd{ lv rq h{wudfwlrq/ %/ lw lv qrw

srvvleoh wr ohy| dq| wd{ zkhq | : A hyhq wkrxjk wkh kdupixo h�hfwv/ kE@�/ frqwlqxh

wr h{lvw lq wklv shulrg1 Dq rswlpdo wd{ lq wkh lqlwldo skdvh/ wkhuhiruh/ dovr kdv wr wdnh

lqwr dffrxqw wkh vwrfn h{whuqdolw| lq wkh whuplqdo skdvh1

Ohw K ghqrwh wkh Kdplowrqldq dqg ohw 6 dqg ? ghqrwh wkh frvwdwh yduldeohv dvvr0

fldwhg zlwk @ dqg r uhvshfwlyho|1 Wkh rswlpl}dwlrq sureohp dqg lwv vroxwlrq lv wkhq

rxwolqhg lq Wdeoh 4 ehorz1

<



Wdeoh 4

Ghvfulswlrq Lqlwldo skdvh Whuplqdo skdvh

Wlph f � | � A A 	 | �4

Surgxfwlrq % : fc %EA � ' %A % ' f

Vrfldo xwlolw| �E@c %�� kE@� e� � kE@�

Kdplowrqldq K ' �E%c @�� kE@�n K ' e� � kE@�� B6sE@�

B6 d%� sE@�o� ?%

G|qdplf frqvwudlqw �@ ' B d%� s E@�o �@ ' �BsE@�

Lqwhulru vroxwlrq B6� ? ' ��%

Frvwdwh htxdwlrq �? ' o?�Kr ' o?

E, ?E|� ' ?fe
o|�

Frvwdwh htxdwlrq �6 ' Eo n Bs ��6n k� ��@ �6 ' Eo n Bs ��6n k�

Wkh lqwhusuhwdwlrq ri wkh frvwdwh yduldeohv lv wkdw 6 lv wkh vkdgrz frvw ri sroox0

wlrq +FR2, zkhudv ? lv wkh vfduflw| uhqw ri wkh uhvrxufh dqg ?f lv d frqvwdqw wr eh

ghwhuplqhg1 Doo yduldeohv duh lq fxuuhqw ydoxhv1

Lq dgglwlrq wr wklv zh kdyh lq jhqhudo wkdw

_K

_|
' oE6 �@� %?� +;,

dqg zh kdyh wkh uhtxluhphqw wkdw wkh Kdplowrqldq dqg wkh frvwdwh yduldeohv duh

frqwlqxrxv dw wlph A 1 Wkh vwdwh yduldeohv lq wklv pd{lpl}dwlrq sureohp duh @ dqg r1

Dv wkh vwrfn ri irvvloh ixho/ rf/ lv olplwhg/ wkh v|vwhp zloo qrw vhwwoh rq d vwhdg| vwdwh

zlwk uhvshfw wr r exw wkh wulyldo rqh/ r ' r1

E| gh�qlqj }hur dv wkh suh0lqgxvwuldo ohyho ri FR2 zklfk lv wkh qdwxudo vwhdg| vwdwh/
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zh kdyh sEf� ' f1 Ixuwkhu/ e| vroylqj �@ ' �B sE@�/ zh fdq gh�qh

�E|� A � ' �E@� �
�

B

] @

@A

_@

s E@�
iru | : A�

Zlwk wklv gh�qlwlrq zh jhw

B6seo� ' �

] @

f

k�E@�eo�E@�_@ +<,

e| vroylqj wkh htxdwlrq iru �6 lq Wdeoh 4 iru | : A 1 Qrwlfh wkdw eo� $ f zkhq |$41

Dv @" ' f/ zh kdyh 6seo� $ f zkhq |$41 Iurp +<, lw lv vhhq wkdw 6 	 f zkhq

| : A 1

Lw lv hdvlo| vhhq wkdw KEo : f� 	 KEo ' f�c wkdw KEo : f� lv lqfuhdvlqj lq wlph/

dqg wkdw KEo : f� ' KEo ' f� ' e� zkhq |$41

Lw lv qrz srvvleoh wr ghwhuplqh lq zklfk fdvhv wkh rswlpdo fruuhfwlyh wd{ vkrxog

fruuhvsrqg wr wkh vkdgrz sulfh ri srooxwlrq/ gh�qhg dv wkh frvwdwh yduldeoh/ 6/ jlyhq

wkh dvvxpswlrqv lq wklv prgho1 Ohw j ghqrwh d fruuhfwlyh wd{ edvhg rq wkh vkdgrz

sulfh1 Dv wkh vkdgrz sulfh lv shu xqlw srooxwlrq dqg wkh wd{ lv vxssrvhg wr eh shu

xqlw surgxfwlrq/ wklv wd{ pxvw eh jlyhq e|

j ' �B6� +43,

Iurp Wdeoh 4 lw lv vhhq wkdw lq wkh lqlwldo skdvh/

j ' �% � ? ' q � 2�%� ? +44,

' q � ? � 2�ff n 2�f���

Lq rwkhu zrugv/ wkh rqo| fdvh lq zklfk j ' � lv zkhq 5�f� ' � dqg q � 2�ff ' f1

+Uhphpehu wkdw ? dgmxvwv iru wkh vfduflw| ri wkh uhvrxufh lq d frpshwlwlyh hfrqrp|

dqg lv wkhuhiruh qhjohfwhg lq wklv frqwh{w,1 Iurp wkh gh�qlwlrqv ri q dqg � lq +7, lw

lv vhhq wkdw wklv zloo eh wkh fdvh li dqg rqo| li wkhuh lv qr gl�huhqfh ehwzhhq vrfldo

dqg sulydwh pdujlqdo frvwv lq wkh prgho/ exw wkdw lv h{dfwo| wkh fdvh zkhq wkhuh lv

qr  rz h{whuqdolw| dqg wkh rqo| h{whuqdolw| lv wkh vwrfn h{whuqdolw| uhsuhvhqwhg e| k1
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Lq wkh jhqhudo fdvh lw lv hdvlo| vhhq wkdw � : jn? dv jn? ' �% ' (E%c @���rE%c @�

zkhuhdv/ e| gh�qlwlrq/ � ' (E%c @� � �RE%c @� dqg �rE%c @� : �RE%c @� iru doo ydoxhv

ri %1 Dq dowhuqdwlyh zd| ri vwdwlqj wklv lv wr zulwh wkh rswlpdo fruuhfwlyh wd{ dv

� ' j n ? n E�r � �R� zkhuh j dffrxqwv iru wkh vwrfn h{whuqdolw|/ ? dffrxqwv iru

wkh vfduflw| uhqw dqg E�r � �R� dffrxqwv iru wkh  rz h{whuqdolw|1 Uhphpehu wkdw d

fruuhfwlyh wd{ lpsohphqwhg dv d xqlw wd{ ru dq dgydoruhp wd{ fdq rqo| eh froohfwhg

lq wkh lqlwldo skdvh zlwk srvlwlyh surgxfwlrq1

]hur glvfrxqwlqj

Lq rughu wr vwxg| wkh rswlpdo sdwkv ri wkh frqwuro yduldeoh % dqg wkh fruuhvsrqglqj

shu xqlw wd{ dqg dg ydoruhp wd{/ lw lv xvhixo wr ghulyh wkh rswlpdo frqwuro dv dq

h{solflw ixqfwlrq ri wkh vwdwh yduldeoh+v,> wkdw lv/ dv d ihhgedfn frqwuro odz1 D ihhgedfn

frqwuro odz uhsuhvhqwv wuxh dgdswlyh uhjxodwlrq dv wkh rswlpdo wd{ lv gluhfwo| d�hfwhg

e| fkdqjhv lq wkh hqylurqphqw1

Zh vwduw zlwk wkh fdvh ri d }hur glvfrxqw udwh1 Wkh uhvxowv lq wklv vhfwlrq duh

ohvv frpsolfdwhg dqg duh ri jhqhudo lqwhuhvw dv lqwurgxfwlrq ri d qrq0}hur glvfrxqw

udwh rqo| lpsolhv vpdoo shuwxuedwlrqv ri wkh txdolwdwlyh +dqg txdqwlwdwlyh uhvxowv,1

Wklv lv lq dffrugdqfh zlwk Qrugkdxv* +4<<4d, fodlp wkdw glvfrxqwlqj lv ri vhfrqg0

rughu lpsruwdqfh dqg fdq eh ljqruhg1 Wr gr d frpsohwh g|qdplf dqdo|vlv/ krzhyhu/

glvfrxqwlqj lv lqfoxghg lq wkh qh{w vhfwlrq1 Zkhq lw frphv wr qxphulfdo lpsohphq0

wdwlrqv ri wkh prgho lw lv pruh zruwkzloh wu|lqj wr hvwlpdwh wkh fruuhfw qrq0olqhdulw|

frh!flhqw/ �c wkdq �qglqj wkh �fruuhfw� vrfldo glvfrxqw udwh1

Lq wkh fdvh ri }hur glvfrxqwlqj/ wkh rswlpdo ihhgedfn uxoh iru wkh frqwuro yduldeoh/

%/ lv uhdglo| ghulyhg +vhh Dsshqgl{ iru ghwdlov,1 Ohw

7E@� � � Es E@�c @�� kE@� ' qE@�sE@�� �E@�sE@�2 � kE@�

eh gh�qhg dv wkh ohyho ri vrfldo zhoiduh rewdlqhg e| �{lqj wkh ohyho ri FR2> wkdw lv/
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nhhs surgxfwlrq dw wkh ohyho % ' s vxfk wkdw �@ ' f1 Ohw � eh gh�qhg e|

�E@� '
e� n ?fsE@� � 7E@�

�E@�
� +45,

Dvvxplqj dq lqwhulru vroxwlrq/ wkdw lv� qrq0qhjdwlyh/ wkh iroorzlqj wkhruhp fdq eh

vwdwhg=

Wkhruhp 4 Wkh ihhgedfn frqwuro odz iru wkh rswlpdo h{wudfwlrq sdwk lq wkh fdvh ri

}hur glvfrxqwlqj lv jlyhq e|

%E@� ' s E@�	
s
�E@�� +46,

Wkh fruuhvsrqglqj rswlpdo xqlw wd{ dqg dg ydoruhp wd{ fdq eh irxqg e| vxevwlwxwxlqj

wklv lqwr +8, dqg +:, uhvshfwlyho|1

Surri= Xvlqj B6� ? ' ��% iurp Wdeoh 4 wkh rswlpdo Kdplowrqldq fdq eh zulwwhq

K ' 7 � ?fs n �E%� s�21 Frpelqlqj K ' e� iru | : A iurp +;, zlwk wkh gh�qlwlrq

ri � wkhq jlyhv +46,�

Ht1 +46, uhsuhvhqw dq h{solflw vroxwlrq wr d odujh fodvv ri g|qdplf rswlplvdwlrq

sureohpv1 Soxv lv fkrvhq li @f 	 @A dqg plqxv lv fkrvhq li @f : @A / zkhuh @f lv wkh

h{rjhqrxvo|0jlyhq ohyho ri FR2 dw | ' f dqg @A lv wkh hqgrjhqrxvo| ghwhuplqhg ohyho

dw A 1 Wkh wlph ghulydwlyh/ �@ ' 

s
� / zloo qrw fkdqjh vljq dorqj dq rswlpdo sdwk

iru | 	 A 1

Rqh txhvwlrq uhpdlqv/ dqg wkdw lv krz @A c %A c ?fc 6A dqg A duh ghwhuplqhg1 Wkh

uhtxluhphqw wkdw K dqg 6 duh frqwlqxrxv dw A / |lhogv

�E@A c %A �� %A�%E@A c %A � ' �E@A �%
2

A
' e�

zklfk jlyhv xv %A dv d ixqfwlrq ri @A =

%A E@A � '

# e�
�E@A �

$ �

2

� f�
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Wkh vwdwh htxdwlrq �@ ' BE%� sE@�� |lhogv

A E@fc @A � '
�

B

����] @A

@f

_@

%E@�� sE@�

���� c
dqg wkh vkdgrz ydoxh lv jlyhq dv d ixqfwlrq/ 6A E@A �/ e|

B6A s E@A � ' �
]

@A

f

k�E+�_+ ' �kE@A �

iurp +<,1 Wklv ydoxh lqvhuwhg lq

B6A � ?A ' ��%E@A c %A � ' �qE@A � n 2�E@A �%A c

iurp Wdeoh 4/ |lhogv

?A E@A � ' qE@A ��
kE@A �

s E@A �
� 2�E@A �%A ' ?f�

Qrz zh kdyh irxqg Ac %A c 6A dqg ?f dv ixqfwlrqv ri @A 1 Wkh rqo| wklqj wkdw uhpdlqv

wr ghwhuplqh lv @A lwvhoi/ dqg wklv lv jlyhq e| wkh uhvrxufh frqvwudlqw

rf � r � {r '

]
A

f

% _| '

]
@A

@f

%E@�

B d%E@�� s E@�o
_@

zkhq rf dqg r duh nqrzq1 Pruh vshfl�fdoo| zh kdyh

B{r ' @f � @A n vjqE@A � @f�

] @A

@f

sE@�s
�E@�

_@�

Iurp wklv zh vhh wkdw Ac %A c 6A dqg ?f duh ghwhuplqhg hqgrjhqhrxvo| e| wkh

rswlplvdwlrq1 Lq sduwlfxodu wkh uhvrxufh uhqw/ ?f/ lv ghwhuplqhg hqgrjhqhrxvo| dqg

lv qrw jlyhq h{rjhqhrxvo| dv lv riwhq dvvxphg lq wkh olwhudwxuh1 Wkh uhdvrq wklv fdq

eh grqh khuh lv wkdw wkh  rz h{whuqdolw| +wkh gl�huhqfh ehwzhhq vrfldo dqg sulydwh

frvwv, kdv ehhq vshfl�hg iurp wkh ehjlqqlqj dqg kdv qrw ehhq glvjxlvhg lq wkh vrfldo

ehqh�w ixqfwlrq/ �1 Qh{w zh �qg dq h{solflw ihhgedfn frqwuro odz iru wkh fdvh zlwk

srvlwlyh glvfrqwlqj1
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Glvfrxqwlqj

Dovr lq wkh fdvh ri d srvlwlyh glvfrxqw udwh lw lv srvvleoh wr ghulyh h{solflwo| dqdo|wlfdo

dv|pswrwlf h{suhvvlrqv iru wkh rswlpdo surgxfwlrq ohyho dv d ihhgedfn frqwuro odz1 Dv

glvfrxqwlqj lv ri vhfrqg0rughu lpsruwdqfh wklv lv rqo| grqh wr hvwdeolvk d frpsohwh

g|qdplf dqdo|vlv1 Lq rughu wr gr vr/ zh kdyh wr uhvruw wr shuwxuedwlrq phwkrgv/ dqg

wkh dqdo|vlv ehfrphv voljkwo| pruh frpsolfdwhg1 Wkh whfkqlfdo ghwdlov fdq eh irxqg

lq wkh Dsshqgl{1 Lw lv ri frxuvh dozd|v srvvleoh wr ghulyh wkh rswlpdo surgxfwlrq

dv d ihhgedfn uxoh qxphulfdoo| erwk iru wkh fdvh ri }hur dqg srvlwlyh glvfrxqwlqj1

Qxphulfdo dqdo|vlv fdqqrw/ krzhyhu/ |lhog jhqhudo frqfoxvlrqv derxw wkh rswlpdo wlph

sdwkv ri wkh fruuhfwlyh wd{hv/ vr hpskdvlv ehvw sodfhg rq dqdo|wlfdo h{suhvvlrqv1

E| gh�qlqj h7 � 7 n o

] @

@f

>E5�_5c

zkhuh > � Y�
Y%

��
%'s

' q � 2�s / dq h{solflw h{suhvvlrq iru wkh rswlpdo surgxfwlrq ohyho

lv jlyhq lq wkh iroorzlqj wkhruhp=

Wkhruhp 5 Wkh ihhgedfn frqwuro odz iru wkh rswlpdo h{wudfwlrq sdwk lq wkh fdvh ri

srvlwlyh glvfrxqwlqj lv jlyhq wr wkh orzhvw rughu e|

%E@c oc |� ' sE@�	

v e�e2oB| n ?feoB|sE@�� h7
�E@�

� +47,

Wkh fruuhvsrqglqj rswlpdo xqlw wd{ dqg dg ydoruhp wd{ fdq eh irxqg e| vxevwlwxwxlqj

wklv lqwr +8, dqg +:, uhvshfwlyho|1

Wkh surri iru dqg ghulydwlrq ri +47, lv lq wkh Dsshqgl{1 Qrwh wkdw wkh gl�huhqfh

ehwzhhq h7 dqg 7 kdv dq lqwhuhvwlqj lqwhusuhwdwlrq1 Dv > lv wkh pdujlqdo fkdqjh lq

ehqh�w zkhq wkh djjuhjdwh ohyho ri FR2 lv �{hg/ wkdw lv zkhq % ' sE@�/ wkh lqwhjudoU
> _@ fdq eh lqwhusuhwhg dv wkh ehqh�w ri wkh fkdqjh lq @ zkhq lw fkdqjhv dw wkh udwh

�@ ' sE@�/ exw wkdw lv zkhq wkhuh lv qr h{wudfwlrq1 Khqfh wkh �qlwh lqwhjudo
U @

@f
> _5
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uhsuhvhqwv wkh ehqh�w ri d fkdqjh lq @ iurp @f wr @ zlwk }hur h{wudfwlrq/ ru/ lq rwkhu

zrugv/ dq lqyhvwphqw lq wkh hqylurqphqw e| vwrsslqj h{wudfwlrq1 Wkh whup o
U @

@f
> _5

lv vlpso| wkh dowhuqdwlyh udwh ri uhwxuq rq wklv lqyhvwphqw1 Wkh ixqfwlrq h7 fdq qrz

eh lqwhusuhwhg dv wkh gl�huhqfh ehwzhhq wkh ehqh�w dffuxlqj iurp �{lqj wkh ohyho

ri FR2/ 7/ dqg wkh dowhuqdwlyh udwh ri uhwxuq rq dq lqyhvwphqw lq wkh hqylurqphqw

dffuxlqj iurp vwrsslqj doo h{wudfwlrq lpphgldwho|1

D QXPHULFDO H[DPSOH1

Wkh ihhgedfn uxoh ghulyhg lq wkh suhylrxv vhfwlrqv fdq eh xvhg wr ghwhuplqh wkh

rswlpdo h{wudfwlrq sdwk erwk dv d ixqfwlrq ri wkh djjuhjdwh ohyho ri FR2 dqg dv d

sxuh ixqfwlrq ri wlph1 Wkh iruphu vhhpv/ krzhyhu/ wr eh pruh lqwhuhvwlqj iurp d

uhjxodwruv srlqw ri ylhz1

Lq wklv vhfwlrq wkh prgho lv looxvwudwhg e| d qxphulfdo h{dpsoh xvlqj txdvl0uhdolvwlf

gdwd1 Lq wklv h{dpsoh d }hur glvfrxqw udwh lv dvvxphg dv uhdvrqdeo| vpdoo glvfrxqw

udwhv rqo| lpso| vpdoo shuwxuedwlrqv wr wkh uhvxowv1 Ixuwkhu/ olqhdu ghfd| dqg d

txdgudwlf gdpdjh ixqfwlrq +vwrfn h{whuqdolw|, duh dvvxphg1 Wkh olqhdu ghfd| ixqfwlrq

pd| eh ri pruh jhqhudo lqwhuhvw/ dv rqh zd| ri dssurdfklqj qrqolqhdu ghfd| ixqfwlrqv

lv wr xvh slhfh0zlvh olqhdu ixqfwlrqv1

D vshfldo fodvv ri prghov

Ehiruh zh jr rq wr wkh qxphulfdo vshfl�fdwlrqv ri wkh prgho/ vrph jhqhudo frp0

phqwv fdq eh pdgh rq wkh iroorzlqj vshfldo fodvv ri prghov1 Dvvxplqj olqhdu ghfd|/

sE@� ' �@c dqg txdgudwlf gdpdjh/ kE@� ' kf@
2/ lw lv uhodwlyho| hdv| wr vkrz wkdw�

_@

_�

�
2

' E@� 1�2 n l
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zkhuh

1 '
�Eq � ?�

2Ekf n ��2�
c

l '
e�

kf n ��2
� 12

dqg � ' B
s
kf n ��2 �| lv wkh qhz wlph0vfdoh1 Wklv lv wkh vwdqgdug uhsuhvhqwdwlrq ri d

k|shuerod1 Lq rwkhu zrugv/ zlwk wkhvh dvvxpswlrqv wkh skdvh0sodqh iru @ zloo dozd|v

frqvlvw ri k|shuerodh1 Wkh rswlpdo sdwk lv jlyhq e| rqh ru pxowlsoh k|shuerodh iru

olqhdu dqg slhfh0zlvh olqhdu ghfd| ixqfwlrqv uhvshfwlyho|1 Wklv dovr pdnhv lw srvvleoh

wr ghulyh wkh rswlpdo ghyhorsphqw lq @E|� dv dq h{solflw ixqfwlrq=

@E|� '

;AAA?
AAA=

1 	 mlm�*2 t�?� d� � � Wo c l : fc

1 	 mlm�*2 ULt� d� � �Wo c l 	 fc

1 n i T d	 E� � � W�o c l ' fc

zkhuh � W lv d uhihuhqfh wlph +frqvwdqw ri lqwhjudwlrq,1 Wkh vdggoh0srlqw lv fkdudfwhu0

l}hg e| @ ' 1 dqg �@ ' f1 Wklv dovr h{sodlqv zk| wkh rswlpdo wd{ lv ghfuhdvlqj ru

lqfuhdvlqj ryhu wlph ghshqglqj xsrq zkhwkhu zh vwduw ehorz ru deryh @A / vhh Vlq0

fodlu +4<<5, dqg Xosk dqg Xosk +4<<7,1 Qrz wkh rswlpdo h{wudfwlrq sdwk/ dqg wkh

fruuhvsrqglqj wd{/ fdq eh irxqg dv h{solflw ixqfwlrqv ri wlph e| vxevwlwxwlqj lqwr

%E|� '
�

B
�@n sE@��

Qxphulfdo uhvxowv

Qh{w zh orrn dw wkh qxphulfdo vshfl�fdwlrqv ri wkh prgho1 Wkh djjuhjdwh ohyho dv

zhoo dv hplvvlrqv ri FR2 duh phdvxuhg lq jljd wrqqhv FR2 +Jw0FR2,1 Rqh Jw0FR2

fruuhvsrqgv wr :1;4 sduwv shu ploolrq +s1s1p1, zklfk lv dqrwkhu frpprq phdvxuh ri

fduerq1 Wkh |hdu 4<<: lv xvhg dv wkh edvh |hdu/ | ' f/ dqg wkh phwhrurorjlfdo gdwd

duh jlyhq lq Wdeoh 51 Wkh ydoxh @ lv wkh suh0lqgxvwuldo ohyho zklfk lv d qdwxudo vwhdg|

4:



vwdwh zlwkrxw h{wudfwlrq1 Wklv ohyho lv hvwlpdwhg wr 54;: dqg wkh fxuuhqw ohyho/ @f/

lv 5;451 Wkh sdudphwhu � kdv ehhq fdofxodwhg dffruglqj wr �@f ' B d%f � sE@�o zkhuh

sE@� ' �E@� @�1

Wdeoh 51 Phwhrurorjlfdo gdwd

Sdudphwhu Ydoxh Sdudphwhu Ydoxh

@ 54;: @f 5;45

%f 541< �@f 441:

B 4 e� :8

� 31349 {r 6333

r 3

Wkh gdwd lq Wdeoh 5 kdv ehhq surylghg e| wkh Qdqvhq Hqylurqphqwdo dqg Uhprwh

Vhqvlqj Fhqwuh lq Ehujhq/ Qruzd|/ h{fhsw e�/ zklfk lv d jxhvvwlpdwh1 Wkh sdudphwhu

B kdv ehhq vhw wr rqh vxfk wkdw @ dqg % duh phdvxuhg lq wkh vdph xqlwv1 Dovr wkh

vwrfn ri irvvloh ixhov/ r/ duh phdvxuhg lq wkh vdph xqlwv1 Wkh hfrqrplf gdwd jlyhq lq

Wdeoh 6 duh jxhvvwlpdwhv1

Wdeoh 61 Hfrqrplf gdwd

Sdudphwhu Ydoxh Sdudphwhu Ydoxh

Rf 441<8 R� 318

SfR 4 S�R 3

Sfr 4 S�r 3138

kE@� 418�433D � @2

Lw lv vhhq iurp Wdeoh 6 wkdw wkh fxuuhqw sulydwh pdujlqdo frvw ri h{wudfwlrq lv dv0

vxphg wr eh frqvwdqw dqg kdv ehhq qrupdol}hg wr rqh1 Ixuwkhu/ d sulfh dssur{lpdwho|

wzhoyh wlphv kljkhu wkdq wkh fxuuhqw sulydwh pdujlqdo frvw lv dvvxphg wr fkrnh doo

4;



ghpdqg1 Wkh pdunhw htxloleulxp ohyho zlwk wkhvh sdudphwhu ydoxhv lv htxdo wr fxu0

uhqw hplvvlrqv/ dqg wkh vrfldo pdujlqdo frvw dw wklv ohyho lv derxw wzlfh wkh sulydwh

pdujlqdo frvw1 Wkh vwrfn h{whuqdolw| lv dvvxphg wr eh txdgudwlf lq @1 Gxh wr wkh qru0

pdolvdwlrq dqg wkh frqvwdqw sulydwh pdujlqdo frvw/ wkhuh zloo eh qr gl�huhqfh ehwzhhq

wkh xqlw wd{ dqg wkh dg ydoruhp wd{ lq wklv h{dpsoh1

Vrph nh| uhvxowv frqglwlrqdo rq wkhvh dvvxpswlrqv duh= A ' �b� dqg @EA � � ��DH1

Wkh rswlpdo h{wudfwlrq sdwk dv d ixqfwlrq ri @ iurp @f wr @A lv looxvwudwhg lq Iljxuh

41 Wklv vkrzv wkdw rswlpdo h{wudfwlrq vkrxog lqlwldoo| gurs iurp wkh fxuuhqw ohyho

+541<, wr 4818 dqg wkhq iroorz wkh fxuyh edvhg rq frqwlqxrxv phdvxuhphqwv ri FR21

Iljxuh 5 looxvwudwhv wkh fruuhvsrqglqj wlph sdwk ri wkh fruuhfwlyh dg ydoruhp wd{ lq

d ghwhuplqlvwlf zruog1 Rswlpdolw| uhtxluhv dq dg ydoruhp wd{ wkdw lv lqlwldoo| 54; shu

fhqw dqg �uvw lqfuhdvhv dqg wkhq ghfuhdvhv ryhu wkh shulrg wr 49< shu fhqw1 Iljxuh

6 looxvwudwhv wkh ghyhorsphqw lq @ ryhu wlph zlwk dqg zlwkrxw rswlpdo uhjxodwlrq1 Lw

lv vhhq wkdw zlwk uhjxodwlrq @ lqfuhdvhv xqwlo A dqg wkhq ghfuhdvhv wrzdugv wkh suh0

lqgxvwuldo vwhdg| vwdwh ohyho1 Zlwkrxw uhjxodwlrq dqqxdo hpplvvlrqv duh 541</ dqg @

lqfuhdvhv wr 67:6 lq |hdu 46: dqg ghfolqhv wkhuhdiwhu1 Djdlq lw pxvw eh hpskdvl}hg

wkdw wkh h{dpsoh lq wklv vhfwlrq grhv qrw suhwhqg wr ghvfuleh uhdolw| exw lv rqo| phdqw

wr looxvwudwh wkh xvh ri wkh prgho1

FRQFOXVLRQV

Lq wklv sdshu zh kdyh ghulyhg dq h{solflw ihhgedfn frqwuro odz zklfk fdq eh xvhg wr

frqwuro wkh surgxfwlrq ri irvvloh ixho surgxfwv lq wkh suhvhqfh ri erwk  rz dqg vwrfn

h{whuqdolwlhv dvvrfldwhg zlwk hplvvlrqv ri juhhqkrxvh jdvhv +FR2,1 Iorz h{whuqdolw|

uhihuv wr wkh lqvwdqwdqhrxv h{whuqdolw| dvvrfldwhg zlwk h{wudfwlrq dqg frqvxpswlrq

zklfk lv wkh gl�huhqfh ehwzhhq vrfldo dqg sulydwh pdujlqdo frvwv1 Vwrfn h{whuqdolw|

uhihuv wr wkh glvxwlolw| dvvrfldwhg zlwk wkh djjuhjdwh ohyho ri FR2 lq wkh dwprvskhuh>

iru h{dpsoh joredo zduplqj1 Surgxfwlrq fdq eh frqwuroohg gluhfwo| wkurxjk txrwdv

4<



ru lqgluhfwo| wkurxjk fruuhfwlyh wd{hv vxfk dv d xqlw wd{ ru dq dg ydoruhp wd{1

Wkh wrwdo wlph krul}rq lq wkh rswlpl}dwlrq sureohp lv glylghg lq wzr shulrgv/ rqh

zlwk h{wudfwlrq dqg hplvvlrqv dqg rqh zlwkrxw h{wudfwlrq diwhu wkh vwrfn ri irvvloh

ixhov kdv ehhq ghsohwhg1 Wkh ihhgedfn odz ghulyhg khuh fdq eh xvhg wr dqdo|vh wkh wlph

sdwk ri wkh fruuhfwlyh wd{ lq wkh shulrg zlwk h{wudfwlrq exw wdnlqj lqwr dffrxqw wkh

vwrfn h{whuqdolw| erwk lq wklv shulrg dqg lq wkh uhpdlqlqj shulrg1 Vxfk dq dqdo|vlv/

krzhyhu/ kdv dw wkh vdph wlph ehhq pdgh vrphzkdw revrohwh dv wkh fruuhfwlyh wd{

fdq eh irupxodwhg dv dq h{solflw ixqfwlrq ri wkh FR20ohyho1

Lqfoxglqj erwk  rz dqg vwrfn h{whuqdolwlhv vlpxowdqhrxvo| lq d g|qdplf prgho

uhvxowv lq d fruuhfwlyh wd{ wkdw lv gl�huhqw iurp d wd{ edvhg rq wkh vkdgrz frvw

ri srooxwlrq/ gh�qhg dv wkh frvwdwh yduldeoh lq wkh g|qdplf sureohp1 D wd{ edvhg

rq wkh vkdgrz frvw fdq rqo| fruuhfw iru wkh vwrfn h{whuqdolw| dqg qrw iru wkh  rz

h{whuqdolw|1 Wkh wd{ ghulyhg khuh fdq eh vhsdudwhg lq wkuhh sduwv/ qdpho| wkh sduw

wkdw fruuhfwv iru wkh  rz h{whuqdolw|/ wkh sduw wkdw fruuhfwv iru wkh vwrfn h{whuqdolw|

dqg wkh vfduflw| uhqw ri wkh uhvrxufh +irvvloh ixhov,1 Wkh sduwv fruuhfwlqj iru wkh  rz

dqg vwrfn h{whuqdolwlhv zloo eh lqfuhdvlqj ru ghfuhdvlqj ryhu wlph ghshqglqj xsrq wkh

vkdsh ri wkh ghfd| ixqfwlrq dqg rwkhu frqglwlrqv1

Lq wkh prgho suhvhqwhg khuh wkh rswlpdo shulrg zlwk h{wudfwlrq/ wkh vkdgrz frvw

ri FR2 dqg wkh vfduflw| uhqw ri wkh uhvrxufh duh doo ghwhuplqhg hqgrjhqhrxvo|1 Wklv

lv lq frqwudvw wr prvw ri wkh h{lvwlqj olwhudwxuh1

DFNQRZOHGJHPHQWV

Wkh dxwkruv wkdqn D1 Gdylg PfGrqdog iru xvhixo frpphqwv1
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DSSHQGL[1

Ilqglqj wkh ihhgedfn uxoh

Lq wklv dsshqgl{ wkh ihhgedfn uxoh zlwk srvlwlyh glvfrxqwlqj/ ht1 +47,/ lv ghulyhg1

Wkh phwkrg xvhg khuh lv shuwxuedwlrq wkhru|/ vhh iru h{dpsoh Qd|ihk +4<:6,1 Wr

vlpsoli| qrwdwlrq wlph xqlwv duh uhvfdohg vxfk wkdw B � �/ wkdw lv | $ B|/ dqg zh

gh�qh # ' % � s ' �@1 Wrjhwkhu zlwk wkh gh�qlwlrq > ' q � 2�s zh kdyh iurp +;,

dqg Wdeoh 4
�

K' oE2�#2 � ># � ?s� +48,

Iru vlpsolflw|/ ohw xv ghqrwh > '
U @

@f
>E5�_5 dqg qrwh wkdw

�

>' >#1 Ohw � eh gh�qhg

dv � ' �#2 n h7�?s / dqg qrwh wkdw � lv htxdo wr wkh rswlpdo Kdplowrqldq h{suhvvhg

dv d ixqfwlrq ri h7 lqvwhdg ri 71 Lqvhuwhg lqwr +48, wklv |lhogv

�� ' oE2�#2 � ?s�� +49,

Qh{w # fdq eh holplqdwhg iurp wkh uljkw0kdqg vlgh ri +49, xvlqj wkh gh�qlwlrq ri � =

�� ' o
k
2
�
� � h7�n ?s

l
/

_

_|

�
e32o|�

�
' oe32o|

�
?s � 2h7� �

Xvlqj wkh lqirupdwlrq lq Wdeoh 4 lw fdq eh vhhq wkdw � ' K zkhq o ' f1 Iurp

rswlpdo frqwuro wkhru| lw lv zhoo nqrzq wkdw wkh Kdplowrqldq lv frqvwdqw zkhq o ' f1

Wkhuhiruh/ � lv frqvwdqw zkhq o $ f1 Qh{w zh pdnh dq dv|pswrwlf vhulhv h{sdqvlrq

ri � dw wklv ydoxh1 Uhphpehu wkdw e2o| ' E?*?f�21 Wklv |lhogv

� ' d�f n o/E|�o e2o|c /E|� � �E���

Wkh yduldeohv ?c sc @c dqg h7 duh wuhdwhg dv �uvw0rughu/ �E��1 Ohw # eh shuwxuedwhg

e| wkh h{sdqvlrq

# ' #
f
n o#

�
n o2#

2
n ��
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Wkhq zh jhw

�#2
f
n h7 � ?s ' �fe

2o|c �f lv frqvwdqw/ +4:,

�/ ' e32o|

�
?s � 2h7�

/ ' �
�
2#

f
#
�
n o

�
#2
�
n 2#

f
#
�

�
n 2o2 E#

f
#
�
n #

�
#
2
� n ��

�
E| vroylqj wkh �uvw htxdwlrq E#

f
' �@� lw lv srvvleoh wr �qg @ ' @E|�/ dqg wklv hqdeohv

xv wr vroyh wkh vhfrqg htxdwlrq lq +4:,1 Wkhq lw lv srvvleoh wr ghwhuplqh # wr dq|

rughu iurp wkh odvw htxdwlrq/ iru h{dpsoh e| ohwwlqj wkh whupv lq ruglqdu| eudfnhwv

eh }hur1 Wklv |lhogv

#
�
'

/

2�#
f

c #
2
' �

#2
�

2#
f

c #
�
' �

#
�
#
2

#
f

c ���

Kdylqj ghwhuplqhg doo wkh #*v zh kdyh dovr ghwhuplqhg wkh rswlpdo frqwuro E% '

sE@�n#�1 Wkh orzhvw rughu lv vx!flhqw wr frpsulvh wkh pdlq fruuhfwlrq1 Iurp hduolhu

zh uhphpehu wkdw KEo ' f� ' �f ' e�1 Wkh ihhgedfn vroxwlrq lv wkhq jlyhq e|

% ' s 	

v e�e2o| n ?s � h7
�

n�Eo��

Wklv lv wkh ihhgedfn vroxwlrq jlyhq lq Wkhruhp 51 Lw lv dovr hdvlo| vhhq iurp wkh

irupxod wkdw zkhq o ' f/ zh kdyh wkh ihhgedfn uxoh lq Wkhruhp 41

Pdwfklqj frqglwlrqv

Lq wklv vhfwlrq wkh hqgrjhqhrxv yduldeohv @A ( %A ( wkh uhvrxufh uhqw/ ?c dqg wkh

wlph krul}rq/ Ac lv ghwhuplqhg1 Wklv dqdo|vlv lv txlwh dqdorjrxv wr wkh fdvh zlwk }hur

glvfrxqwlqj1 Frqwlqxlw| lq wkh Kdplowrqldq/ K/ dqg wkh vkdgrz frvw ri FR2c 6/

|lhogv �E%c @� n EB6� ?�% ' e� dw wlph A 1 Wklv lpsolhv

%A '

v e�
�E@A �

�
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Lq wkh shulrg diwhu h{wudfwlrq kdv whuplqdwhg E| : A �/ zh kdyh

�@ ' �B sE@�c �6 ' do n B s �E@�o6n k�E@��

Uhfdoo wkdw wkh ixqfwlrq � jlyhq e|

�E@� '
�

B

]
@

@A

_@

sE@�
' �E|� A �

lv nqrzq1 Wkh vkdgrz frvw/ 6/ fdq qrz eh h{suhvvhg e| �=

6seo� ' 6A sA �
�

B

] @

@A

k�E@�eo�E@�_@� +4;,

Lw lv vhhq wkdw |$4 lpsolhv �$ �4/ dqg wkh ohiwkdqg0vlgh ri +4;, dssurdfkhv }hur

+dvvxplqj wkdw wkh uhvw grhv qrw dssurdfk lq�qlw|/ zklfk lv d uhdvrqdeoh dvvxpswlrq

dv @ ' f lv wkh forvhvw vwhdg| vwdwh,1 Wklv lpsolhv wkdw s $ f ehfdxvh @ $ f1 Lw lv

qrz srvvleoh wr ghwhuplqh wkh vkdgrz frvw dw wlph A dv d ixqfwlrq ri @A =

B6A sA '

] f

@A

k�E@�eo�E@�_@�

Zlwk }hur glvfrxqwlqj B6AsA ' �kA 1 Lq wkh suhvhqw fdvh zh dsso| wkh lqirupdwlrq

wkdw wkh Kdplowrqldq lv pd{lpl}hg dqg wkdw wkh frvwdwh yduldeohv pxvw eh frqwlqxrxv=

B6A � ?A ' �
Y

Y%
�E%A c @A � ' 2�A%A � qA �

Wklv |lhogv wkh uhvrxufh uhqw dv d ixqfwlrq lq @A wkurxjk qA c �A c %A dqg 6A =

?A ' ?fe
oA ' B6A n qA � 2�A%A �

Lw qrz uhpdlqv wr ghwhuplqh A dqg @A 1 Wkh hyroxwlrq ri @ lq wkh lqlwldo skdvh +zlwk

srvlwlyh h{wudfwlrq, lv

BA '

]
@A

@f

_@

%� s E@�
�

Lq dgglwlrq/ lq rughu wr ghwhuplqh @A / zh kdyh wkh htxdwlrq iru wkh hyroxwlrq lq irvvloh

ixho=

B{r '

] A

f

B% _| '

] @A

@f

%

%� s E@�
_@ ' @A � @f n

] @A

@f

sE@� _@

#

zkhuh {r lv wkh h{rjhqhrxvo| jlyhq dprxqw ri irvvloh ixhov wr eh h{wudfwhg1
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UHIHUHQFHV

^4` Edxpro/ Z1M1/ dqg Rdwhv/ Z1H1 +4<;;, Wkh wkhru| ri hqylurqphqwdo srolf|/ 51 hg1/

+Fdpeulgjh/ Fdpeulgjh Xqlyhuvlw| Suhvv,1

^5` Eryhqehuj/ D1O1/ dqg ydq ghu Sorhj/ I1 +4<<7, *Hqylurqphqwdo Srolf|/ Sxeolf Ilqdqfh

dqg wkh Oderxu Pdunhw lq d Vhfrqg0Ehvw Zruog*/ Mrxuqdo ri Sxeolf Hfrqrplfv/

88/ 67<06<31

^6` Eulwr/ G1/ dqg Lqwuloljdwru/ P1 +4<;:,/ Vwrfn H{whuqdolwlhv/ Sljrxyldq Wd{dwlrq dqg

G|qdplf Vwdelolw|/ Mrxuqdo ri Sxeolf Hfrqrplfv 66= 8<0:51

^7` g*Dujh/ U1F1/ dqg Nrjlnx/ N1F1 +4<:6,/ Hfrqrplf Jurzwk dqg wkh Hqylurqphqw/

Uhylhz ri Hfrqrplf Vwxglhv 73= 940::1

^8` Iruvwhu/ E1D1 +4<:8,/ Rswlpdo Srooxwlrq Frqwuro zlwk d Qrqfrqvwdqw H{srqhqwldo

Udwh ri Ghfd|/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 5= 4091

^9` Mrrv/ I1/ Euxqr/ P1/ Ilqn/ U1/ Vlhjhqwkdohu/ X1/ Vwrfnhu/ W1I1/ Oh Txhuh/ F1/ dqg

Vduplhqwr/ M1O1/ 4<<9/ Dq h!flhqw dqg dffxudwh uhsuhvhqwdwlrq ri frpsoh{

rfhdqlf dqg elrvskhulf prghov ri dqwkursrjhqlf fduerq xswdnh/ Whooxv 7;E=

6<:074:1

^:` Nhhohu/ H1/ Vshqfh/ P1/ dqg ]hfnkdxvhu/ U1 +4<:4,/ Wkh Rswlpdo Frqwuro ri Srooxwlrq/

Mrxuqdo ri Hfrqrplf Wkhru| 7= 4<0671

^;` Nr/ L1G1/ Odsdq/ K1/ dqg Vdqgohu/ W1 +4<<5,/ Frqwuroolqj Vwrfn H{whuqdolwlhv= Ioh{leoh

yhuvxv Lq h{leoh Sljrxyldq Fruuhfwlrqv/ Hxurshdq Hfrqrplf Uhylhz 69= 45960

45:91

^<` Qd|ihk/ D1K1 +4<:6,/ Shuwxuedwlrq Phwkrgv/ Zloh| ) Vrqv/ Qhz \run1
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^43` Qrugkdxv/ Z1 G1 +4<;5,/ Krz Idvw Vkrxog Zh Jud}h wkh Joredo FrpprqvB/ Dphu0

lfdq Hfrqrplf Uhylhz Sdshuv dqg Surfhhglqjv :5= 57505791

^44` Qrugkdxv/ Z1 G1 +4<<4d,/ Wr Vorz ru Qrw wr Vorz= Wkh Hfrqrplfv ri wkh Juhhqkrxvh

H�hfw/ Wkh Hfrqrplf Mrxuqdo 434= <530<6:1

^45` Qrugkdxv/ Z1 G1 +4<<4e,/ D Vnhwfk ri wkh Hfrqrplfv ri wkh Juhhqkrxvh H�hfw/

Dphulfdq Hfrqrplf Uhylhz ;4= 47904831

^46` Shfn/ V1 F1/ dqg Whlvehuj/ W1 M1 +4<<5,/ FHWD= D Prgho iru Fduerq Hplvvlrqv Wud0

mhfwru| Dvvhvvphqw/ Wkh Hqhuj| Mrxuqdo 46= 880::1

^47` Sorxugh/ F1 +4<:5, *DPrgho ri Zdvwh Dffxpxodwlrq dqg Glvsrvdo*/ Fdqdgldq Mrxuqdo

ri Hfrqrplfv/ 8/ 44<04581

^48` Vdqgdo/ O1N1/ dqg Vwhlqvkdpq/ V1L1 +4<<;,/ *G|qdplf Fruuhfwlyh Wd{hv zlwk Iorz dqg

Vwrfn H{whuqdolwlhv= D Ihhgedfn Dssurdfk*/ Qdwxudo Uhvrxufh Prgholqj +Yro1

44+&5,/ iruwkfrplqj,1

^49` Vlqfodlu/ S1 M1 Q1 +4<<5,/ Kljk Grhv Qrwklqj dqg Ulvlqj Lv Zruvh= Fduerq Wd{hv

Vkrxog Nhhs Ghfolqlqj wr Fxw Kdupixo Hplvvlrqv/ Pdqfkhvwhu Vfkrro 93= 740

851

^4:` Vlqfodlu/ S1 M1 Q1 +4<<7,/ Rq wkh Rswlpxp Wuhqg ri Irvvlo Ixho Wd{dwlrq/ R{irug

Hfrqrplf Sdshuv 79= ;9<0;::1

^4;` Xosk/ D1 dqg Xosk/ G1 +4<<7, *Wkh rswlpdo wlph sdwk ri d fduerq wd{*/ R{irug

Hfrqrplf Sdshuv/ 79/ ;8:0;9;1

^4<` Zluo/ I1/ +4<<7d, *Sljrxyldq Wd{dwlrq ri Hqhuj| iru Iorz dqg Vwrfn H{whuqdolwlhv dqg

Vwudwhjlf/ Qrqfrpshwlwlyh Hqhuj| Sulflqj*/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv

dqg Pdqdjhphqw 59= 404;1
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^53` Zluo/ I1/ +4<<7e, *Joredo Zduplqj dqg Fduerq Wd{hv= G|qdplf dqg Vwudwhjlf Lqwhu0

dfwlrqv ehwzhhq Hqhuj| Frqvxphuv dqg Surgxfhuv*/ Mrxuqdo ri Srolf| Prgholqj

49= 8::08<91
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