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Abstract

The ambition of the study is to apply relevant real option theory to a specific investment
decision in the oil industry. Investment flexibility is significant in this industry, but several
companies rely on the standard net present value approach when valuing an investment
possibility. The motivation of the study is to suggest a better way of optimizing investment
decisions for appliance in the industry, where accounting for embedded options is the main

focus.

Present study compares two mutually exclusive projects for an operating company in the oil
industry. This company can choose between these two projects under price- and oil
discovery uncertainty. The first embedded option considered is an option to expand an
operating project. The second embedded option considered is an option to switch to another

project.

The problem is solved by creating a comprehensive model through financial mathematics
and programming in Matlab®. The model provides closed form solutions to the specific case
study. The case study provides valuable insight in how the availability of the option to defer

investment and the embedded options can alter an investment decision.

Analyzing the option to defer investment shows that the company should not invest
immediately when the project provides a positive net present value, like a breakeven analysis
would suggest. Instead, the company should wait until the oil price is at a higher threshold.
The analysis proves that embedded options provide sufficient value to alter a company’s
investment decision. In addition, the uncertainty regarding an oil discovery process is proved
to be a significant factor in the investment decision.

Through this study, companies in the industry are encouraged to account for the suggested
embedded options in its investment decision. In addition, it is recommended to focus less on

the standard net present value approach, and focus more on the flexibility the projects offer.
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1. Introduction

This study performs a valuation of a sequential investment decision of two mutually
exclusive projects under price- and oil discovery uncertainty. The work will be applied to a
specific setting in the oil industry, where the goal is to optimize the operating company’s

investment decision in a monopoly setting.

Although the case is applied to a specific setting, the framework is applicable for other
scenarios within the oil industry, and across other industries. Therefore, this study will help
to provide insight in applying real option investment theory to relevant scenarios, and
explain why accounting for investment flexibility is important when making investment

decisions.

A net present value (NPV) approach is often applied by oil companies when making
investment decisions. NPV does not account for investment flexibility in the decision-
making process. Thus, this provides the possibility of mispricing an investment project, and
in worst case a poor investment decision. It is shown how applying real option theory can

improve the quality of a company’s investment decision.

In the valuation process, it is assumed that the underlying variable, the oil price, follows a
geometric Brownian motion (GBM) process. To value the options, a Decision Tree Analysis
(DTA), Dynamic Programming (DP), will be applied.

The base case for the study is an operating oil company which can choose between two
projects; project A or project B. These projects contain different characteristics. Project B is
assumed to be a larger field than the field in project A, but investing in project B also
requires higher investment costs. Both projects are prospect fields, i.e. already proven, and
hence available for investment without conducting an oil discovery process. The case study
analyses the investment decision as described above, and investigates how the option to
defer investment affects the investment decision. It is assumed that project A has embedded
options attached, and the goal is to analyze how these options affect the company’s
investment decision. The first embedded option is an option to expand project A into a
nearby satellite field at a small cost. Even though the main fields are discovered, it is
assumed that an oil discovery process for the expansion has not yet been conducted.

However, an analysis of the situation where the expansion is certain, and the situation where
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it is uncertain, will be conducted for the sake of comparison. The final embedded option for

project A, is to switch to project B after extracting the expanded project successfully.

The results found in this study confirm that flexibility may affect a company’s investment
decision. Compared to a traditional NPV analysis, it is shown that the option to defer
investments have an impact on project values, and thereby investment decision. In addition,
investment in project A becomes more attractive compared to deferring investment, and
compared to investment in project B, when including embedded options. A sensitivity
analysis shows that increased volatility makes deferring investment more attractive opposed
to investing. The uncertainty regarding the expanded satellite field is a value-decreasing
factor for investment in project A. Decreasing uncertainty proves that project A grows more

attractive accordingly.
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2. Structure

This chapter provides an overview over all chapters in the thesis, and a short summary of the

main contents.

In Chapter 3, an overview of relevant previous research related to the topic is presented. It
starts with presenting the origins of option theory and real option theory, before specifying

the previous research which relates to this study.

As an introduction to the petroleum industry, the basics of oil production are presented in
Chapter 4. The chapter starts with presenting an analysis of a typical oil production
company’s value chain. Thereafter, an analysis of risk factors associated with oil production
is conducted, highlighted by the oil price volatility.

Chapter 5 describes the relevant theory applied in this study. It starts with the basics of
financial- and real options, before addressing complex theories on stochastic processes, and

suggests which method that can be applied to this model.

In Chapter 6, the applicability of the study is presented. The chapter starts with an industry
research. This research shows the application of the suggested model in the petroleum
industry, and reveals if there is a demand for these types of frameworks. Additionally, a
review of the application of real options and which kind that is most relevant in the industry

is conducted.

Chapter 7 provides a simple setup and description of the underlying problem this case study

addresses.

Chapter 8 provides an overview of the notational framework and assumptions which are

specific for the case study.

Chapter 9 describes the mathematical model and its application. The first section defines the
mathematical framework. Then, it is assumed that the company can defer investment in both
projects, but that project A does not have any embedded options. The next section builds on
the first, but also accounts for the option to expand. Both situations with oil discovery
certainty and uncertainty are reviewed. Finally, the scenario where all the described options

are available is analyzed, with both oil discovery certainty and uncertainty.
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The application of the mathematical model with numerical results is presented in Chapter 10.
The parameter inputs are presented before a simple NPV approach is conducted. Then, the

same steps as in Chapter 9 are followed by adding option elements for each section.

Chapter 11 provides a comparison and discussion of the numerical results from Chapter 10.

It compares each scenario, and tests the model with a sensitivity analysis.

The model relies on several assumptions, and therefore has limitations. These are described
in Chapter 12.

Finally, Chapter 13 concludes the study. The most relevant findings are presented, and the

application of the framework for similar scenarios in the industry is discussed.
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3. Previous Research

In academic research, there are several topics regarding investment optimizations. Option
theory was derived from the two pioneers Black and Scholes (1973). Based on their findings,
Myers (1977) took the approach a step further and developed a model for valuing options for
real investment decisions. An important study by Brennan and Schwartz (1985) suggested a
new model of how to value mining and other natural resource projects using self-financing
portfolios. This study, combined with the origin option theory, has been used as source for
further real option science. Same year, McDonald and Siegel (1986) used real options in

analyzing the value of deferring an irreversible investment.

Majd and Pindyck (1987) analyzed how to make optimal investment, under a sequential
investment process. Ekern (1988) developed a framework on how to evaluate projects in the
petroleum industry, where a satellite field has several options for development and
operations. Bjerksund and Ekern (1990) concluded in their research that the option to defer
an investment in offshore fields is the most valuable real option. Some years later Dixit and
Pindyck (1994) supported the findings due to the fact that investments in offshore fields
require large irreversible investments. In addition, they developed an analytical framework
for sequential investments, where one of the assumptions was that the output price follows a
geometric Brownian motion process. Dixit (1993) analyzed and concluded that increasing
returns and uncertainty makes it optimal to wait for the largest project when irreversible
mutually exclusive projects has uncertain output price. Décamps, Mariotti and Villeneuve
(2006) extended this research to include parameter restrictions where the optimal investment
region is divided into two parts.

According to Laine (1997), options to abandon and defer are most valuable for marginal oil
fields. Abandonment options are especially valuable in marginal oil fields since they are
estimated to last in twelve months only. Schwartz and Moon (2000) extended Laine’s study
by including research and development (R&D) projects. These projects accounted for both
uncertain costs and uncertain value of the completed project. Miltersen and Schwartz (2007)
developed a real option framework valuing oil projects under uncertain maturity and
competition. In this research the analysis was linked to monopolistic and duopolistic models,
and included both abandonment- and switch options. A recent study by Chronopoulos and
Siddiqui (2014) used a sequential investment framework to determine the optimal timing for
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replacement of an emerging technology. The study assumed uncertainty in both the output

price and the arrival of new versions.

The work of Chronopoulos and Siddiqui (2014) is especially important for this study. Parts
of the reasoning and processes used in current study are an application of their work. The
study is also inspired by Miltersen and Schwartz (2007). Unlike Chronopoulos and Siddiqui
(2014), the study focuses more on the investment decision under several different scenarios,
and is applied to the oil industry. The study focuses on other real options than Miltersen and

Schwartz (2007), but in a similar setting.
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4. Oil Production

This chapter analyses the companies in the oil industry more closely, focusing on oil
production. To start, an overview of a typical value chain for these companies is presented
along with the costs associated with it. Thereby, an overview of the companies’ different

risks is presented, with focus on the oil price volatility.

4.1 Value Chain

In the petroleum sector, the value chain has three main categories; upstream, midstream and
downstream, (EY, 2013) as shown in Figure 4-1. Most important for this study is the
upstream section, and the focus is on development and production. Development includes

deciding whether developing or not, which is dependent of the estimated production from the

project.
— Value Chain
> Exploration
> Upstream > Development
> Production

4

g Transportation

> Midstream »  Field processing
> Storage
@ ’—> Refining
> Downstream > Marketing
L Distribution

Figure 4-1: Value chain (EY, 2013)

A normal approach is that an international oil company has to bid for a license. When the
company and its partners have won a bargain round for a license, a process for oil
discoveries below the seabed is initiated. Oil discovery is hereby referred to as an
exploration process. The exploration process is outsourced to companies offering seismic
and electromagnetic services. If the exploration shows potential oil reservoirs, test drilling

using mobile drilling units will be conducted for confirming the existence of the reservoirs.
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If test drilling proves successful, further analyses of the reservoir size will be conducted by
continued drilling verify the quantity and quality of the oil field. This is important for
analyzing whether the project is profitable or not. If the projects prove profitable, the
company takes on the project and the drilling of production wells. After finalizing drilling
and completion of the wells, production starts. Regardless of the production well, oil service
companies maintains and repairs the production equipment. The produced oil is transported
onshore via pipelines or tankers. Produced oil is then sold for the spot price in the market,

disregarding any hedging strategies (KPMG, 2013).

All these processes in the value chain produces cash flows, which makes it possible to
estimate project values. The different incomes and expenditures that can occur are presented

in Figure 4-2.
Income
Y \ 4
Oil Price Production volume
Expenses
\ 4 \ 4 \ 4
— Exploration — Development — Production
P Acquisition (licenses) > Administrative > Taxes
> Seismic 3> Material costs > Opex
> Test drilling > Installation » Production cost
> Engineering > Operating field
X » Environmental tax|
» Design - |
»  Maintenance
> Royalties
Figure 4-2: Income and expenses (Statoil, 2014)
4.2 Risks

Risks and uncertainties are keys to understand the value of flexibility in the petroleum
industry. Approaching the subject from the industry’s point of view, and at project level,
firm specific risk is not considered to be mitigated through diversification, and should hence

be acknowledged. This section provides an overview of the different uncertainties regarded
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important, both at project- and firm level. Figure 4-3 shows several different risks an oil

company can be exposed to.

This study will limit project risks to the oil price volatility, but acknowledges that the

company has more concerns when investing.

Risk Factors

_ \ 4 \ 4 A 4
— Technlca.l.and.core — Inherent Risk — Financial Risk

Capability Risk

> Investment > Political > Qil price volatility
> Exploration | » HSE > Exchange rate
» Project development | > Litigation » Interest rate

> Production

» Commercial

\4

Organizational

Figure 4-3: Risk factors (PTTEP, 2005).

4.2.1 Oil Price Volatility

The oil price is a critical risk that oil companies are facing. The oil price is the income per
unit oil companies will get by selling their products. It is normally priced per barrel of crude
oil, given in US dollars. As there are large costs attached to development and production, oil

price is a risk which affects the company’s performance.

In many cases, the oil price decides whether an investment is profitable or not. A normal
standard for oil companies is to perform a breakeven analysis based on the oil price, and stop
all investment if it is below a specific level. This breakeven price is normally different across
different production fields. By example, Statoil’s Johan Castberg project had a breakeven
price of 85 USD per barrel as of October 6" 2013 (World Oil, 2013). This breakeven
analysis mainly depends on the development costs, as development is the greatest cost in the
value chain, and is assumed to be irreversible. One can expect development costs to rise
unless new technology reduces the costs accordingly. The last decade has shown a smaller
development in technology compared to development costs (Statistisk sentralbyra, 2013).
With increasing costs in the sector, one can expect the oil price to be increasingly critical for

oil companies.
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The oil price is subjected to factors beyond the company’s control. Examples of price drivers
are the relationship between demand and supply of the market, the Organization of the
Petroleum Exporting Countries’ (OPEC) production policy, geopolitical factors, oil reserves
in individual countries, and the global climate (PTTEP, 2005). The petroleum industry is
therefore at a tough state, especially due to concerns about the global climate and concerns
about the scarcity of the crude oil. Figure 4-4 shows the monthly oil price fluctuations and
development from 1987 to 2014.

Brent oil spot price

$140 -
$120
$100
$80
$60
$40
$20

$0
1-May-87  1-May-92 1-May-97  1-May-02 1-May-07  1-May-12

Figure 4-4: Historical oil price fluctuation 1987-2014 (US. Energy
Information Administration, 2014).

One could argue that there has been an increasing demand for crude oil in this period, and
that the price is sensitive to shocks in the economy. The volatility of the price fluctuations
can also be observed from the graph. Some examples of annual volatility are presented in

Table 4-1, where the volatility has been estimated based on historical monthly prices.

Time interval Annualized volatility
1987 - 2014 30,45 %
2000 - 2014 29,56 %
2005 - 2014 27,98 %
2009 - 2014 21,03 %

Table 4-1: Examples annualized oil volatility

As of fall 2014, the oil price is at such a level that it is causing problems for several oil

companies. Especially, as of December 2014, a recent drop below 70 USD per barrel is
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critical for many company’s income, and makes them delay investment. According to oil-
price.net, the situation might be caused by an oversupply in the current market (Oil-price.net,
2014).
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5. Theory

This chapter presents the theoretical framework for addressing this study’s research problem.
First, background information regarding option basics will be presented. Thereafter, a review

of Dynamic Programming and stochastic processes will be conducted.

5.1 Financial Options

To understand real options one should know the basics of financial options. As mentioned in
Chapter 3, Black and Scholes pioneered option theory in 1973. Black and Scholes (1973)
developed the seminal pricing model, called Black-Scholes formula. This is a method for
pricing financial instruments of an underlying asset. This innovative tool has grown to

become the fundament in modern option pricing.

Option trading is a contract between two parties. One part is the buyer, whereas the
counterpart is the option writer. An option contract gives the holder a right, but not an
obligation, to buy or sell an asset at a given price in the future. This price is defined as the
strike price. An option to buy an asset is a call option, and the option to sell an asset is a put
option. Call options are exercised if the spot price is above the strike price, also referred to as
in the money. If the spot price is below the strike price, call options are out of the money
whilst put options are in the money (Berk and DeMarzo, 2014). The payoff for call- and put

options are illustrated in the following formula, and in Figure 5-1.
Payoff call option = max|[spot price — strike price, 0]

Payof f put option = max|strike price — spot price, 0]
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Call Option Put Option

, Profit ., Profit

Figure 5-1: Call and put option payoff (Surly Trader, 2009).

An investor who is long in a call option, i.e. the buyer, has the opportunity to exercise the
option. Thus, the counterpart who is short in the call option, i.e. the seller, is obligated to
fulfill the contract if the option is exercised (Berk and DeMarzo, 2014). The option writer
holds the risk of potentially having to finance the holders’ gains. To compensate for this risk,
the writer is awarded an option premium in advance, and therefore option value can never be
negative (Berk and DeMarzo, 2014).

Within both call- and put options there are two main types; European and American. These
can have limited maturity, or can be perpetual. A European option gives the owner an
opportunity to exercise the option at a maturity date. An American option, on the other hand,
gives the owner an opportunity to exercise the option up until the maturity date (Berk and
DeMarzo, 2014). In general, American options are more difficult to handle, as European
options only need to address the issue whether to exercise or not. An American option also
has to address when to exercise. Due to the fact that American options can be exercised

anytime, it cannot have a value below its European counterpart (Berk and DeMarzo, 2014).
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5.2 Real Options

In financial theory, valuations traditionally use a standard discounted cash flow (DCF)
method, and ultimately a net present valuation. This method is presented in the following
equation (Berk and DeMarzo, 2014).

N
CF,

NPV(T',N) = m—lo
t=0

Such methods does not account for flexibility in the investment process. Applying this
approach therefore opens for the possibility of mispricing. The idea behind real option
valuation is to apply framework from financial option theory to value projects with respect to
the flexibility it offers (Koller, Goedhart and Wessels, 2010). A standard NPV-approach is
usually a now-or-never approach, which is rejected if a negative net present value is
obtained. Real option valuation offers flexibility, which considers that a negative NPV might
be positive at another time due to changes in one or several variables (Koller et al., 2010). In
Figure 5-2, drivers that contribute to additional value through flexibility, is presented.

Time to expire

More time to learn about
uncertainty increases
flexibility value

Investment costs Cash flows lost to competition
Higher costs of exercising Losing more cash flows to competitors
flexibility reduce when deferring investment reduces

flexibility value ~ #®  flexibility value

Flexibility
value

Risk-free interest rate

Higher interest rate increases time
value of deferral of investment—but
may reduce present value of
underlying cash flows

Present value of cash flows
Higher value of underlying
project cash flows increases

flexibility value

Uncertainty (volatility) about present value
More uncertainty increases option value—

but may reduce present value of underlying
cash flows

Figure 5-2: Drivers affecting value due to flexibility (Koller et al., 2010, p.
685)
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Real options are often used for valuation of investment projects, and can appear as both
European and American options. Including the value of flexibility is usually considered by
using a Real-Option Valuation Method (ROV) or a Decision Tree Analysis (DTA) (Koller et
al., 2010). The ROV-approach is similar to the valuation of financial options, and uses a
model which replicates a portfolio similar to holding an option. The DTA approach
considers different states in a decision tree, and discounts it with a subjective cost of capital,
referred to as a discount rate. As will be explained in the next section, the DTA approach is

the most viable approach for the cases studied in present report.

When accounting for flexibility, there are several possibilities which a manager or a
company can consider. The following list presents the most normal kinds of options an

investor should consider:

e Option to defer Call
e Option to abandon Put
e Option to switch Call/Put
e Option to expand Call
e Option to follow on Call/Put

5.3 Dynamic Programing

Dynamic Programming originates from Richard Bellman’s work from the 1950s, which
describes a mathematical theory of optimal sequential decisions under uncertainty from the
DTA process. In other words, DP breaks a given problem into different parts and combines
the different solutions into an overall valuation, or a value function. DP moves
systematically, and builds the best solutions as it goes. A common association with dynamic
programming is decision trees, where the options are to reject or accept an action. One can
work backwards towards the initial situation to find the most optimal solution. The DP
approach makes calculations easier and less demanding than for example estimating large
matrices when building the valuation model (Dixit and Pindyck, 1994).

Opposed to the method of Contingent Claims (CC), a constant risk-adjusted discount rate is
used whereas CC uses a risk-neutral valuation (Dixit and Pindyck, 1994). DP solves the
value using a constant discount rate that reflects the opportunity cost of capital. DP might be
unclear on how the discount rate should be derived, and if it should be constant over time
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(Dixit and Pindyck, 1994). On the other hand, an advantage of DP is that it is not dependent
of having a variety of risky assets, which is required for perfectly replicate an uncertain
investment. If the investment project does not have a twin asset, it is not possible to

replicate. Hence, the investment project is illiquid, and not diversifiable.

Dynamic programing is ideal to optimize decisions under uncertainty like the casework
described in this study. As oil reservoirs are illiquid assets, and not possible to replicate since
all reservoirs are unique, CC is not the best suitable framework. Therefore, DP with a

subjective discount rate is the preferred method in this case.

5.4 Stochastic Process

A stochastic process is a process where a variable follows a somewhat random pattern.
According to Dixit and Pindyck (1994), at least one part has to be random for a process to be
stochastic. A stochastic process is governed by probabilistic laws, which dictate its
development over time. It is the opposite of a deterministic system as the process is a tool to
describe infinite possibilities of the underlying variable’s evolvement. Stochastic processes

can have its form in either discrete time or continuous time.

The stochastic process in this study will be the explanation for the oil price development.

5.4.1 Standard Brownian Motion

A Brownian motion process, also known as a Wiener process, is the most common

stochastic process. According to Dixit and Pindyck (1994), it has three important properties.

1. It follows a Markov process
2. It has independent increments
3. Itis normally distributed

In a Markov process, the probability distribution for all future values depends on its current
value only. It is unaffected by past values, i.e. it is without memory, and is not affected by
any other information. The independent increments state that the probability distribution for
changes is independent of any other time interval. The normal distribution of the process has

a variance, which increases linearly with time (Dixit and Pindyck, 1994).
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5.4.2 Standard Brownian Motion with Drift

One of the generalizations of the Wiener process is the standard Brownian motion with drift,
which often is referred to as random walk. It is a stochastic differential equation (SDE), and
the process is defined as in Equation (5.4.1) (Dixit and Pindyck, 1994).

dV = udt + odz (5.4.1)

This formula states that the value process is derived from one deterministic part and one
stochastic part. For the stochastic part, o defines the volatility of the underlying variable, and
dz is the increment of a Wiener process. For the deterministic part, u is the drift of the
process. The drift can be characterized as a process following a trend, or a growth rate (Dixit
and Pindyck, 2014). Figure 5-3 shows sampled Brownian motion with drift. The left hand
side shows three samples, and the right hand side shows an optimal forecast with 66%

confidence interval.
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Figure 5-3: Drift (Dixit and Pindyck, 1994, p. 66-67)
5.4.3 Geometric Brownian Motion and It6s Lemma

Unlike standard Brownian motion, geometric Brownian motion describes the evolution of a
log-normal distributed variable. It is here a special case of Equation (5.4.1). Future values
are log-normal distributed with a volatility that grows linearly with time. The process of a
geometric Brownian motion SDE, can be written as in Equation (5.4.2) (Dixit and Pindyck,
1994).

dV =Vudt +Vodz (5.4.2)
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Equation (5.4.2) assumes that today’s value of the project is known. V is the underlying
variable and can be observed at any time, V;. The continuous time stochastic process, V, is an
Itd process. For more detail of the Itd process, see Dixit and Pindyck (1994). To determine
the stochastic process of the oil price through a GBM and differentiate and integrate
functions of Itd processes, one can apply It6’s Lemma, where I[t0’s Lemma can be

understood as a Taylor series expansion (Dixit and Pindyck, 1994).

GBM is frequently used to model security prices, interest rates, output prices and other
variables. Using this approach in modeling values of investment projects will therefore be
suitable for this study. The model used assumes that the value process follows a GBM with

drift, and that it can be expanded using Itds Lemma.

5.4.4 Geometric Brownian Motion versus the Ornstein-Uhlenbeck
Process

Another method commonly used for modeling the stochastic process of the oil price, is the
Ornstein-Uhlenbeck process. This is often referred to as a Mean Reverting process (Dixit
and Pindyck, 1994).

Geometric Brownian motion tend to wander far from the original starting point, which is
realistic for some variables, but not for other (Dixit and Pindyck, 1994). Even if oil prices
fluctuate randomly on short term, one could argue that the price over time is being drawn
back towards the marginal cost of producing oil - a mean-reverting process. However, this

study will not discuss which of these processes are the most realistic.
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6. Applicability of Study

In this chapter, a study of the applicability of the casework is presented. It is shown how real
options specifically can be applied to investment decisions in the petroleum industry. Firstly,
a brief introduction of how the industry can choose to apply the different valuation
approaches will be presented. In addition, an analysis of how real option theory creates value
for the industry, and how it is applicable, will be discussed. Secondly, an analysis of whether
oil companies actually expand existing projects or not, is presented. Thirdly, a review of the

applicability of an option to switch to another project is conducted.

6.1 Valuation in the Industry

Amongst companies in the petroleum industry, there are differences regarding which
practice is used in valuation of projects. From conversations with Rocksource ASA, a
company operating on the Norwegian continental shelf, an anonymous employee implied
that that use of real option theory as framework in decision strategies is not common
practice. Instead, it practices NPV (Anonymous, 2014). Trusting this statement, they do not
analyze which potential value options to expand productions or to switch to another project

has.

6.1.1 Real Options in the Petroleum Industry

Real option theory is very applicable to investment decisions in the petroleum industry. It is
an industry with high irreversible investment costs, and is very sensitive to the volatile oil
price. Therefore, the value of flexibility is of great importance when making optimal
investment decisions. This subsection will look closer at the application of the options listed
in the Section, 5.2, and why it is important to consider this for the petroleum industry.

Option to Defer Investment

The option to defer an investment is equivalent to a financial call option on a stock (Koller et
al., 2010). The strike price corresponds to the investment cost for developing an oil field. In
other words, it is an option to invest at a later stage. Regarding an investment as an option,
and not a now-or-never approach is a flexibility which should increase the value of an

investment opportunity.
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If the oil price when investing is low, a NPV approach would probably provide a negative
value, and hence the considered project will be rejected at the time. This could lead to
mispricing of the project. By waiting for better market conditions, the company can invest in
the project at a later stage. This flexibility should be included in the valuation of the project

to avoid mispricing.

This scenario is especially relevant today, December 2014, as the oil price is at a low level
compared to the last five years. Rejected projects with regards to standard DCF, with a

negative NPV today, might prove to be valuable in the future.

Option to Abandon a Project

The option to abandon a project is equivalent to a financial put option on a stock, with a
strike price corresponding to the liquidation value of a project. This is a flexibility which is
valuable when an investment project performs poorly (Koller et al., 2010). A standard NPV
approach assumes that the processes of the projects are on-going, and therefore exaggerates a

negative value which would provide a mispricing of a project.

If the oil price is at a low level, and the project contributes negatively for a company,
abandoning the project may be an alternative. Abandonment can take place if the value of a
project falls below its liquidation value (Koller et al., 2010). An abandonment of a producing
oil field corresponds to shutting down production and selling the project to another market
participant. This is because abandonment by removing drilling- and production facilities are

very costly.

Option to Switch

The option to switch is equivalent to both a financial call- and put option, and the cost of
switching corresponds to its exercise price. A switch option has two interpretations. The first
interpretation is the option to set a project passive or active, where activating the project is a
call option, and setting it passive is a put option. The second interpretation is an option to
switch to another and more lucrative project after extracting the first one (Koller et al.,
2010).

Miltersen and Schwartz (2007) describes the case where an investor can set a project passive
or active based on the oil price fluctuations, or abandon the project if the price is very low.

This switching gives the operating company and the partners flexibility to extract the
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resources when the market price is beneficial. Later in this study, the option to switch to
another project will be discussed.

Option to Expand a Project
The option to expand a project is equivalent to a call option on a stock, and the
corresponding exercise price is the investment cost of the expansion. The option provides a

company the flexibility to make follow-on investments on a project.

In petroleum investment, expansion is very relevant, as expanding a developed field is less
costly than installing new surface production facilities. When the original project is installed,
and the resources extracted, the company could expand it to possible nearby satellite fields.
As the production equipment already is installed, the only investment costs will be drilling
new wells, and a possible upgrade of the production equipment.

Option to Follow-on Investments/Embedded Options
Technically, embedded options are options on options. It gives the holder or the issuer an
option to perform a specified action in the future. Embedded options are phased investments

where the management can invest at a later stage to exercise a new option.

Embedded options in the petroleum industry can by example be the expansion option and
switch option mentioned earlier. If having an option to invest in a drilling project, a follow-

on option can be an option to expand it later, or switch to another project.

6.2 Expanding Mature Fields by Including Nearby Satelite
Fields

On the Norwegian continental shelf, the Norwegian Government offers licenses without
bargain rounds to oil companies (The Norwegian Government, 2014). After receiving these
licenses, oil companies can start exploring and extract oil in the designated areas. Each year
Awards in Predefined Areas (APA) is offered. APA allows companies to conduct further
exploration in well-established exploration areas on the Norwegian shelf. The Norwegian
Government offers APA, and companies with its partners get a share of a license close to a
mature field, fields that already are producing, and have done so for a significant time (The
Norwegian Government, 2014). Companies must however do further data gathering, e.g. by

seismic of the assigned satellite field to try to locate where it is optimal to do test drilling,
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and provide estimates of the field size. Such satellite fields are more likely to contain less
production volume. Extracting oil in these smaller satellite fields using the installations of
the main field, might be profitable since it reduces capital expenditures (CapEx)
significantly. Quote by the Norwegian Government: “Small discoveries cannot justify stand-
alone developments, but may have good profitability when they can exploit existing and
planned process equipment and transportation systems, or be coordinated with other planned

developments” (The Norwegian Government, 2014).

The Norwegian Petroleum Department (NPD) states licenses which are offered have a “drill
or drop” condition, meaning that the license owner has up to three years to decide whether
they shall drill an exploration well or abandon the license (The Norwegian Petroleum
Department, 2014). This implies that this specific license has a three-year European call
option to do exploration for the nearby fields. Assuming that every company is offered a
license share each year, it is realistic to assume that an option to utilize these licenses can be
viewed as perpetual American options.

6.3 Switching from One Project to Another

Oil reservoirs have finite lifetime. In order to make sure of an oil company’s long-term
existence, continuous exploration for oil reservoirs must be done. Once a reservoir is
extracted, the oil company can either choose to invest, or choose to downsize total
productions. Should the company choose to reinvest, it can expand to nearby fields, abandon
wells and re-drill new targets, or new wells can be drilled. Being offered a license for an
alternative area makes it possible for an oil company to switch to the new reservoir when the

ongoing field is emptied.
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7. Defining the Problem

The ambition of this study is to analyse the effect real options have on an operating
company’s investment decision. To effectively analyse this effect, a specific case study will
be applied. The case study will compare the optimal investment strategy when deferring an
investment to a standard NPV analysis. Thereafter, the study will discuss how the embedded
options alter this decision.

This study proposes a framework based on the work of Miltersen and Schwartz (2007), and
Chronopoulos and Siddiqui (2014). A company optimizes its investment strategy in a
monopoly setting where the company is the only operator with the option to invest in the
projects. As all other investment problems, the ambition of this study is to suggest a better
way of making investment decisions. Although the use of the ordinary NPV approach is
common in this regard, this study will provide an overview based on real option theory. This

chapter will provide a simple overview of the case study.

7.1 The Casework

The base case is that a company can choose between two projects, project A and B. These
projects have some different characteristics. The projects are both mutually exclusive.
Hence, a company can maximum take on one of these projects when making the investment

decision.

7.2 Characteristics of the Projects

Project A and B has known reservoir sizes, which a company always knows are there.
Neither of the projects has been invested in yet, and it is assumed that a company has an
American perpetual option to invest in both projects. Hereby, this company will only invest
in the projects at its optimal stopping point, at time t. The stopping time corresponds to the
point where a company exercises the option to invest in the project, hereby called the

optimal investment threshold.

The oil price is the random variable which provides value to the option of deferring an

investment.
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In the oil industry, it is reasonable to assume that developed oil fields do not have perpetual
cash flows. Sometime during the extraction, the production volume will eventually vanish.
Most likely, the extraction will decrease as the projects mature. When the project is
maturing, the production volume decreases accordingly. Accounting for this, a suggestion
from Dixit and Pindyck (1994) is applied. It is assumed that the values of the projects have

infinite lifetimes with a value-decreasing factor, y.

7.2.1 Embedded Options

Unlike project B, project A has embedded options attached. The only option project B has is
the option to defer investment, which is also a feature for project A. The main characteristic
of project B is that it has a larger oil reservoir, and can be extracted at a greater investment

cost.

The first embedded option of project A is that a company has an option to expand
production. This expansion is called project E. In practice, this means that after the
production has started, the company has an option to do further exploration in the area
nearby the main field. By using the developed field in place, the company can extract oil
from nearby satellite fields at a far less CapEx than starting a new drilling process elsewhere.

The second embedded option of project A is a switch option. The idea for this option is
based on the switch option suggested by Miltersen and Schwartz (2007). This study will
extend this method. The switch option in this model is the possibility to switch from project
A to project B after deciding to invest in both project A and project E. The company has to

carry a new investment cost to activate project B.
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8. Assumptions and Notation

In this study, an analysis of a price-taking decision-maker’s (an investing company),
decision is analyzed in m = 1, 2 or 3 different scenarios. A scenario defines how many
options that are available for the investing company. The scenarios are: 1) Valuation of- and
comparison between project A and project B, including the option to defer investment. 2)
Valuation of project project A with option to defer and expand , and comparison with project
B. 3) Valuation of project A with option to defer, expand and switch to project B, and

comparison with project B.

At time T,(Z;?, the company is considering scenario m, operating project n, and has the option

to invest in project k. Notice that when n = 0, the company is not operating any projects, and
(m)

nk

when k = 0, there are no further options available. At time t the optimal investment

threshold for project k, when operating project n, is P*;’,’,‘(). By example, consider time ré}j.

The company considers scenario 1, operates no projects, and the subscript, A, denotes the

option to invest in project A. At this time, it is optimal to invest in project A at its
corresponding optimal investment treshold, P*gﬂ. Consider time rffg, where the company
has the options from scenario 2. The company is currently operating project A, and has the
option to expand to project E. This takes place at its corresponding optimal investment

treshold, P* (5.

At time 7™ the company can choose to invest in either project n or project k, where v is

nyk’
defined as “or”. Hence, r,(l’:,z denotes the company’s final investment decision in scenario m.

By example, at time rflﬁg, the company can invest in either project A or project B, while

having only the option to defer investment as defined in scenaro 1.

An option value function is denoted as F,E,’,’?(-). It is the maximized expected NPV from

investing in project k in scenario m, given that the company operates project n. Vn(,’,f)(-)

denotes the expected project value function from operating the active project, n, in scenario
m. If k # 0, the expected project value includes an embedded option to invest in project k. If

the availability of an embedded option depends on the success of an exploration, the

. —(m)
expected value of the project is denoted as V,Zlc ).
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The model is based on comprehensive financial mathematics. It is therefore not viable to
include all calculations in the main part of the study. Therefore, in Chapter 9, it is often
referred to the appendix. By example, referring to Equation (A-1.1) refers to Equation (1.1)

in the appendix.

The success of an exploration process is assumed to follow a Poisson process. Parameter A
denotes the intensity of the Poisson process and is independent of the continuous time, t.
Hence, with probability Adt, the exploration will prove successful, and with probability

1 — Adt it will prove unsuccessful (Dixit and Pindyck, 1994).

Initiating production of project n requires an investment cost, I,,. Keeping the project alive
requires ongoing costs, which for simplicity is assumed to be included in the investment
cost. Additionally, the output from the projects are called the production volume, which is
denoted D,,. Finally, the underlying oil price at time t, P;, is independent of the Poisson
process and follows a geometric Brownian motion as described in Subsection 5.4.3, and

shown in Equation (8.1).

dP = Pudt + Podz (8.1)
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9. Model

This chapter creates a model for valuation of the investment problem described in Chapter 7.

It provides a framework for optimal investment decision-making.

It is assumed that an investing company has the option to either invest in project A or project
B. To analyze which impact the embedded options have on the initial investment decision, a
study of three separate scenarios is conducted.

1. Valuation of- and comparison between project A and project B, including the option
to defer investment.

2. Valuation of project A with option to expand, and comparison with project B.

3. Valuation of project A with option to expand and to switch to project B, and

comparison with project B.

Scenario 1

In the first scenario, the option to defer investment in both projects is analysed. The
company can wait for better oil prices before deciding to invest. The analysed value
functions are therefore the value functions of both projects, and the option value to invest in

them. The scenario concludes with a framework for optimal decision-making when choosing

between the projects. The option to choose between project A or B is denoted as &(:;(P).
The value functions for project A and B is denoted as 1{4%)(P) and VB(’}))(P), while their

corresponding option values are denoted as FO(,Z)(P) and FO(,lB)(P). Valuing the value

functions in scenario 1 implies that no embedded options are included, but only the option to

defer investment.

Scenario 2

In the second scenario, the first scenario is expanded by adding the option to expand project
A. This scenario is divided into two subsections. The first subsection assumes that the
expansion is known, while the second subsection will take the uncertainty regarding an
exploration process into account. Both sections conclude with a framework for optimal

decision-making when choosing between project A and B. The investment decision where

the existence of the expansion is known is denoted as Ig(f; (P), while the situation where it is

. =2 . . . .
unknown is denoted as F, g(P). Project A’s value function must be redefined as it contains
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the value of having the option to expand to project E. The value of project A is denoted by

L . =(2) . .
I{é?(P) when the expansion is certain, and V, z(P) when the expansion is uncertain. The

value function of the expansion is denoted as V2 (P) and it’s option value is Fy2 (P).

Valuing the value functions in scenario 2, implies that the option to expand is accounted for.

Scenario 3
In the third scenario, scenario two is expanded by accounting for the option to switch to
project B. This scenario is into two subsections; where the expansion is certain, and where

there has not been conducted an exploration process yet. The investment decision where the

existence of the expansion is known is denoted as F/S;(P), and the situation where the
. L . =3 .
existence of the expansion is unknown is denoted as F4_g(P). Thereby, the value function of

. . . . —(3) .
project A is denoted as I/;,(’? (P) when the expansion is certain, and V4 z(P) when there is
uncertainty. Project E includes the option to switch to project B, thus the value function must

be redefined. Therefore, the project value of the expansion is denoted as VE(;) (P) and the
option value is denoted as E4(_3E)(P). In addition, the project value of project B when

switching to it will be added, and is denoted VB(,%) (P) with the corresponding option value

denoted as FE(;) (P). Valuing the value functions in scenario 3, implies that all options are

accounted for.

Estimating today’s value using real option theory depends on future values. In order to
determine the value functions in each scenario of the subsections, a backward process will be

conducted, starting with the last project value in the scenario.
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9.1 Valuation of- and Comparison between Project A and
Project B, Including the Option to Defer Investment

This section considers the simplest scenario where project A does not have any embedded
options, and compares its attractiveness opposed to project B. The company will has the
option to defer investment in both projects. Technically, the modelling of these two project
values is the same, and only the input values will differ. The calculations will therefore not
distinguish between these two values until the final part of the section where an investment

decision is made.

The section also provides an insight in the calculations, assumptions and formulas used in
the model. These calculations are reusable for later stages in the study. Therefore, the
calculations in the two coming subsections are of general character before it models
specifically later in this chapter.

9.1.1 Project Value

The expected project values are here denoted as Vn(;”) (P), where the project value is the

expected net present value of investing in the projects.

Vn(”,f)(P) at time t can be expressed as the sum of the operating revenues, D,,P, over the

interval t, t+dt, and the continuation value beyond t+dt, adjusted for investment costs, I,,.

Notice that investment costs are fixed over the time period.

There is also a probability, ydt, that the project dies during the next short time interval. The
y represents this probability in Equation (9.1.1), and theoretically functions as a depreciation
of the total project value (Dixit and Pindyck 1994). In this case, it is added to make sure that
the resources has decreasing infinite profit flows. This factor is added because oil projects in
reality have finite lifetimes. Not including a value decreasing parameter would hence
overestimate the project values. The value of the projects with an option to defer investments

is shown in Equation (9.1.1).
VGD(P) = DyPdt + e[V (P + dP)e~(r+P] (9.1.1)

Equation (9.1.1) is built from the suggestions by Dixit and Pindyck (1994). The formula

illustrates that VTE’,Z’)(P) is dependent of a deterministic and stochastic part. In the stochastic
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part, dP is an increment of the Wiener process. dP can be expanded using 1t6’s Lemma. By
reorganizing, Vn(",?) (P) evolves into a non-homogenous ordinary differential equation (ODE).

As proven in (A-1.1) — (A-1.4), it takes the form of Equation (9.1.2).

1 " !
Eazpzvn(f,?) (P) + uPV (P) = (v + PV (P) + DpP =0 (9.1.2)
In the value estimation, a homogenous ODE must be obtained. From substitutions,
transformations, and reorganizations, Equation (9.1.2) converts into a homogenous ODE
with constant coefficients, as proven in (A-1.4) — (A-1.9).

1 1

Eazz” + (,u + EGZ> z’+Ww—y—p)z=-Dy, (0.13)
After further reorganization, Equation (9.1.3) can be written as a more intuitive
interpretation, Equation (9.1.4). Evidence is shown in (A-1.9) — (A-1.12). Notice that the
equation describes the present value of a perpetual stream of cash flows, but with a value
decreasing factor, y. It is important to be aware of that 0 < p > g must hold. If not, the
project values will become either zero or negative.
©ye VD, P(1— e~ (P=Mt) D,P

dt -1, =—2 (9.1.4)
p—u " oy+p—p "

%?Uozf
0

9.1.2 Option Value

This subsection provides the elements of the option to invest in the projects at time t, where
F,E,’,'j) (P) denotes the option value function. The fact that the option is perpetual is an element

which derives from the assumption that the company operates in a monopoly world, and
would never face competition about the oil reservoirs. The American element of the option

gives the company flexibility to exercise the option at whichever time it finds optimal.
There are only two possible outcomes at time t:

1. Option is in or at the money: The company exercises the option

2. Option is out of the money: The company defer investing

If the option is in the money, the company gets the project value by investing, which was
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solved for in the previous subsection. The definition of what happens when the option is out
of the money follows.

The option value follows the same processes as the project value and by expanding the
stochastic process with 1t0’s lemma, the following expression stands.

1 " /
S0P R (P) + uPESY (P) = pFR0(P) = 0 (9.15)

The option element does obviously not have a profit flow, so it cannot have the same
solution as the project value. According to Dixit and Pindyck (1994), this equation has the
following boundary conditions:

1): FI20) =0
@: EXRPM)=vie ) 1, (9.1.6)

P*S?,? is the optimal investment threshold for exercising the option. Boundary condition 1
states that the option to invest will be of no value when P = 0. Boundary condition 2 is the
value-matching condition, and condition 3 is the smooth-pasting condition. The value-
matching condition states that the value of the option must equal the net value obtained by
exercising it, and the smooth-pasting condition states that the option value and the net value
of the investment should meet tangentially at the optimal investment threshold (Dixit and
Pindyck, 1994).

The equation for this option is a homogenous linear equation of second order, and the
solution to this expression is a linear combination of any two linearly independent solutions,

like the following expression suggested by Dixit and Pindyck (1994):
F () = AU PPy + BUW phe (9.1.7)
AU and B{'} are here constants, but unknown at this point.

As shown in (A-1.16) — (A-1.20), Equation (9.1.5) can be written as the quadratic Equation
(9.1.9).
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1 1
502,8” + (u — EGZ>’8, —pB=0 (9.1.10)

This solves into the roots, ; and ,:

G e e) 2 o1

1~ 0_2

8, = (%“2 ~ 1) ‘\/(”‘%“2)2 +2po’ (9.1.12)
2 = 0_2

As explained in the previous subsection, 0 < p > u is necessary for this model to make

economic sense. This condition provides information stating that g; > 1, and 8, < 0. When

considering boundary condition 1, the constant with the negative root, BT(JZ), should be given

the value of zero to ensure that F,ETZ)(P) goes to zero when P goes to zero (Dixit and

Pindyck, 1994). Therefore, Bfl”,'j) IS set to zero, and the solution for the option to invest in the

projects stands as Equation (9.1.13):

AT P P <P
FW(P)={ D,P ; pelm) _ p (9.1.13)
“—in I nk =
y+p—u

P*,(f,? is the optimal investment threshold where the option should be exercised. The first

branch reflects the situation where the option is out of the money, P < P*,(:,?, and the

company still has the option to invest at a later stage. The second branch shows the situation
where the option is in the money, P*g",? < P. The company can extract the project value of

the projects by investing I,,.

The solution for £y’ (P) has two unknowns, A" and P*%). A7 PP is only valid when the

option is out of the money, or in other words; when it is still optimal to hold the option and
not to invest. It is clear that the incentive to invest rises with an increase in P. Therefore,
(m)

nk

there should be a point, P* where it is optimal to invest.

The value-matching and smooth-pasting conditions mentioned in the previous subsection

will help determining these values.
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Substituting F,ET,’(‘) (P) = Ag”,l()Pﬁl into boundary condition (2) and (3) makes it possible to

rewrite the value-matching and smooth-pasting conditions like the following equations:

s _ DnP"Rk

(2) A px = -1 (9.1.14)
meeme Ty4p-p
»(m)
B1 DnP k
3) A psmPt _ 77 nk (9.1.15)
Bl Tl,k Tl,k ,y + p — ‘Ll

Solving and rearranging, the two unknowns, A,(:",’()and P*g",l(), are presented in Equation

(9.1.16) and (9.1.17)

ﬁlln(y +p - .u)

x(m)
P = (9.1.16)
mwk Dn(ﬁl - 1)
L(m)17P1
A0 _ PnPok (9.1.17)

wko By +p—w)
All proofs can be found in (A-1.23) — (A-1.30).

This concludes the general approach of the problem. The next subsection will apply the

methods to the described scenario.
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9.1.3 Appliying Model to Project A and B: Scenario 1, Fﬁg(P)

After setting the foundation of this framework, it is time to be more specific. This subsection
will first briefly present both investments separately, and secondly compare them to each
other in a scenario where the company must choose between them. The values, which will be

calculated is presented in Figure 9-1.

Option to invest in
project Aor B

Scenario 1

F2 (P)

Invest in project B Invest in project A

Investment
decision

A\ 4 \ 4
Scenario 1 Scenario 1

VB(lg (P) Project Value V/il% (P)

Figure 9-1: Value functions scenario 1

Using the framework from Subsection 9.1.1, the project values of project A and B, if the

company invests, takes the following form.

D,P

© 4

vOpy= —2 9.1.18

o (P) = ==, (9.1.18)
DgP

Vi (P) = —— I (9.1.19)

y+p—u
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When not considering the choice between the projects, and reusing the general approach
from Subsection 9.1.2, the option to invest in project A and B must take the following forms.

1) pp £(1)
AL phs ,P<P
FOpy =] 04 (9.1.20)
0,4 (1 (1)
1{4’0 (P) P04 <P
1) pp +(1)
Ay PPt P<P
(€Y} _)''oB ) 0,B
Rg P ={"% o (9.1.21)
VB,O (P) P op <P

In these equations Dz > D, and Iz > I, must hold due to the characteristics of the projects.
It becomes clear investment in A and B will happen at different optimal thresholds. Since
project B has greater fixed investment costs, this subsection assumes that project B’s

investment threshold must be higher than project A’s.

This subsection regarded the value functions without including an investment decision. The
next section will analyze the situation where the company can choose between project A and

project B.

Investment Decision: Scenario 1, 1‘11(,,1; (P)

Consider a case where the price is very low, and the company has an option to invest in both
projects. It will not invest in either of these projects until the price is high enough. The
option is defined in the matter of an endogenous constant multiplied with the respective
price, and the price is elevated with a positive root to define the possibility of the price
increasing. In this scenario, option value FO(_Z) (P) can help solving the endogenous constant

and the optimal investment threshold via the value-matching and smooth-pasting conditions.

The solutions for these are the following.

Bilaly +p— )
Dy(B1 — 1)

P§h = (9.1.22)

*(1)1—ﬁ1
A0 _ DaP (9.1.23)
04 By +p—w)
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The option to invest is denoted as A&{Pﬁl, while P"‘g,lj1 denotes the first investment threshold
where it is optimal to invest in project A. The company will obviously not invest when the

price is 0, so the option is defined in the interval 0 < P < P*{').

The solution for FO%) (P) only describes an option value where positive price fluctuations are

relevant, as the constant with the positive beta, Ag,l;, is the only one considered. It seems

unlikely that it is optimal to invest in one of the projects at every price between the optimal
investment threshold of project A and the optimal investment threshold of project B.
Thereby, the company has to expect two waiting regions in this case, where the optimal
decision is to wait. The first waiting region is the price interval before investing in project A,
and the second waiting region is the interval between project A and B where it is optimal to

wait.

The second waiting region is in fact an option to invest in both projects. The option to invest
in project A is at the money at a low threshold, and the option to invest in project B is at the
money at a high threshold. The waiting region should therefore be expressed in a matter of

the price both decreasing and increasing. If the scenario of the waiting region described
above holds, the solution for FO(}S,) (P) cannot be correct when choosing between project A
and B, as it only considers the positive price fluctuations. The solution must include both the
positive and negative solution of the quadratic function. The waiting region is therefore
defined as CéBVBPf”l + ESBVBPBZ. If the price decreases sufficiently in the second waiting

region, the company invests in project A. However, if the price increases sufficiently in the
second waiting region, the optimal decision is to invest in project B.

Project B’s value were previously defined as VB%) (P), with an optimal investment threshold,

Pglg When the company faces its investment decision, the optimal threshold for investing

(1)

directly in project B, P*54,

needs to be defined. The bar in the subscript implies that the

threshold is different from when analyzing the project isolated. This is a result of having a

second waiting region.

Consider a case where the price is very high. Since project B has higher production rate than

project A, and the higher investment cost is fixed, project B should intuitively be preferred to
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project A at higher prices. The company will in other words invest directly in project B when

«(1) «(1) «(1)
PQ—BSP,WherePQ—B;tP 0.8

Consider that investing in project A is optimal in a certain interval, P"‘g,lf)1 <P< P*%,

where the bar is added to show that the thresholds are not equal. P*% <P< P*% defines
the region where it is optimal to defer investment, i.e. Cé,lijPﬁl + EéngPﬁz. If the price

drops to or below P*%), the optimal investment decision is to invest in project A. However,
1)

05" investing in project B is the optimal decision.

if the price increase to or above P*

Considering all possibilities of the investment decision, the solution takes the following

form.

(A PP ,P <P

€)) (1) (1)
ey = 40 CaErET ez

AvP ) PP+ B PP PO <p<p

«(1)

L Vao (P) P55 SP
There are four unknowns in this equation, two optimal investment thresholds, P*% and
P*%, and two endogenous constants, CéBvB and ESBVB. Solving it proves complex

mathematically, and is therefore solved numerically. The answers depend on the inputs used,
so the thresholds are presented in Chapter 10. The equations that needs to be solved is shown
in (A-1.32) and (A-1.33).

This investment decision concludes the modelling of scenario 1. The next section analyses

how the option to expand alters the company’s investment decision from Equation (9.1.24).
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9.2 Valuation of Project A with Option to Expand, and
Comparison with Project B

This section considers the scenario where project A has the option to expand to project E. At
the point of expansion, project A is already drilled and extracted.

In this section, two situations are presented. Both situations assume that the company has
already invested in project A. The first situation assumes that an exploration has been
conducted successfully, while the other assumes that the exploration process has not yet been
conducted. In both situations, it is concluded how the option to expand affects optimal

investment choice between project A or B, starting with the first situation.

9.2.1 Project A versus Project B when the Expansion is Certain:
Scenario 2, Fjﬂs(P)

To provide a better overview, this subsection assumes that the company already knows that
the oil reservoir of the expansion is there. Hence, there is no need for an exploration process,
and the company can choose to expand the project whenever it is optimal. The scenario is
presented in Figure 9-2.
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Option to invest in
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Figure 9-2: Project A vs. project B when expansion is certain in scenario 2

Project Value of Expansion: Scenario 2, VE%) (P)
This subsection assumes that the company has already utilized the option to expand project
A. Following the same GBM process as earlier, the value function of the expansion is

defined in the same matter as in Section 9.1.

However, the project value has some different characteristics. Iz is the investment cost
specific for the expansion. Subtracting I, implies that investing in A must take place before

expanding. Dy refers to the production volume of both project A, and the expanded field, E.

v (p) =L—(1 +1) (9.2.1)
E,0 y+p—p AT IE 2.

Option Value of Expansion: Scenario 2, F, ' (P)
As well as in the option to invest in project A, the option to expand is also considered as a

perpetual American option, The company can either decide to expand or wait for better
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market conditions. If the option is in the money, the company can extract the value of the
expansion, V(z)(P) and if it is out of the money, it still has the option to invest at a later

stage. However, what differs from previous calculations is that when the option is out of the
money, the company still gets the cash flows from the ongoing production in project A,

which is already invested in.

Applying the same arguments and boundary conditions as in Equation (9.1.6), the option

value to expand takes the following form.

e VO (P) + AZ) Phr P <P
5 (P) = (2) @ (9.2.2)
o (P) P <P

The first branch in Equation (9.2.2) is the interval where the option is out of the money, and

the second branch is where the option is in the money.

In Equation (9.2.2), two new unknowns needs to be solved; the endogenous constant Af;,

and the optimal investment threshold, P*(Z) Applying the value-matching and smooth-

pasting conditions, the two branches in Fj{?(P) can be solved with respect to the two

unknowns.

As shown in (A-2.1) — (A-2.3), solving for the two unknowns provides the following

anNSWEers.

*(2) (1-81)
Ao _Fa (Dg — Dy) (9.2.3)
Bl(y +p—w

P*(z) Pile(y +p — 1)

Gr— DDy — D) (9.24)

Investment Decision: Scenario 2, F(Z)(P)

This subsection goes back to the initial investment decision where the company has the
option to invest in project A or project B. The main difference in this subsection compared to

Section 9.1 is that project A should be more attractive as it has the option to expand the
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production. The investment in project A exclusively will be analyzed before investigating
how the embedded options will change optimal investment decision in project A or B.

When the company invests in project A, the option to expand project A must be included to
provide sufficient information for optimal decision-making. Compared to Section 9.1, the
value changes if the company decides to invest in project A, as it has the option to expand.

The company will receive the project value of A, and the option to expand it, denoted as
V2 (P), which is the same as E. (P) when P < P*{3. The solution for the project value of

project A included the option to expand is presented in Equation (9.2.5).

D,P
V2 (P) = y% — I, + AL PP (9.2.5)

Equation (9.2.5) states that the company gets the value of project A plus the option to expand

if it decides to invest in project A. In this matter, the option to invest in project A is the

following.
@) pp «(2)
F@(py = h0al” B < Ploa (9.2.6)
0,A - (2) «(2) o
ViE (P) yPoa <P

The first branch of the equation states that if the option is out of the money, the company
still has the option to invest in project A, because of the perpetual element of the option. If
the option is in the money, the company can extract the value of project A, and have the

option to expand.

Here, the endogenous constant, A((fjl and the optimal investment threshold, ngj) are

unknowns, which is solved via the value-matching and smooth-pasting conditions as the

following equations.

B1
) %(2)
Fo.a

@ _ Bilaly +p—w)
PO,A -
DA(ﬁl - 1)

@
DyPg 4 (2) pe@
L4 A% e g 9.2.7
ytp—pu AEOL &20

(9.2.8)

Hereby, one can consider the optimal investment decision of choosing either project A or B.

The option to invest in project B remains unchanged compared to Subsection 9.1.3. So
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following the same reasoning and assumptions as earlier, the company’s optimal investment

decision takes the following form.

AP p<r)
@ @) @

EAP) =4 Vfézb; " @ ” (z; =r=r E (9.2.9)
v CoasP"™ + Ega,5P" PSP <PLS
(V0 (P) PO <p

Equation (9.2.9) consists of four unknowns, the two endogenous constants, Céil)vB and

()

(2)
E 0B’

0.4, and two investment thresholds, P*% and P*2—, which has to be solved numerically.

The equations solving these unknowns are presented in (A-2.5) — (A-2.6).

F[ff;(P) represent the initial investment decision an investing company has when there is no

uncertainty regarding the existence of project E. In the next subsection, a corresponding

analysis will be given in a scenario where uncertainty of the explorations success is added.

9.2.2 Project A versus Project B when the Expansion is Uncertain:
Scenario 2, Fg%s(P)

This subsection approaches project E from the point of view when there is uncertainty
regarding the option to expand project A. When the company decides to invest in project A,
it does still not know if there are satellite fields nearby, but that there is a possibility to
explore for it. The exploration process will reveal a reservoir with some probability, A. There

are two possible outcomes.

1. The exploration reveals a new satellite field nearby, A.

2. The exploration does not reveal any new satellite fields, (1-1)

From Subsection 9.2.1 the project value, VE(f)) (P), and the option value, FA(_? (P), is already

presented in the case with certainty, and will remain the same also in this subsection.
However, the uncertainty factor will affect the attractiveness of investing in project A as
there is uncertainty about the existence of project E. The case with uncertainty is presented

in Figure 9-3, and will be accounted for in the next subsection.
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Figure 9-3: Project A vs. project B when expansion is uncertain in state 2

Modelling the Uncertainty Effect on Project A: Scenario 2, VS;(P)

This subsection models what effect the uncertainty factor has on the value function of project
A. It is assumed that if the exploration process is not successful, the company still has the
option to continue exploring. This assumption is a simplification which might seem
unrealistic at first, as there is a relatively small area the exploration process can happen in.
Hence, it seems unlikely that the first exploration process will miss the point where the
reservoir is. This assumption is justified by technology development. It is possible that
today’s technology is not sufficient to reveal reservoirs deeper in the ground, but that a

future development of the technology will.

According to Chronopoulos and Siddiqui (2014), the project value of project A with

. . . . —=(2) .
uncertainty can be written as in Equation (9.2.10), where V4, (P) denotes the value function.
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VoA (P) = (DaPdt — pladt) + (1 — pdt)Adte|EZ (P + dP)]
) (9.2.10)
+ (1= pdt)(1 — Adt)e |V (P + dP)|

The first part of Equation (9.2.10) represents the ongoing process of project A. The second
part represents the event of A, where the exploration process is successful, and the company
gets the option to invest in the expanded project. The third part states that if the exploration
is unsuccessful, the company can still continue exploring. If A = 0, the company has the

option to continue exploring and operate project A.

As shown in (A-2.7) — (A-2.9), solving this equation, and expanding the stochastic part with
Itds Lemma, gives the following solution.

1 =" —(2)' —(2)
502 PVas (P)+puPVys (P) = (p + DVas(P) + DaP = ply + AEF (P) =0 (9.2.11)

Equation (9.2.11), has two solutions, as Ii,(’ZE) (P) is defined both in- and out of money in the

previous subsection. The evidence can be found in (A-2.10) — (A-2.11), and the result is

presented in Equation (9.2.12).

& Vao (P) + Ay PP + AP P <P
Vag(P) ={P[ADg + (y + p — u)D,] Mg
p+A—-wy+p—u) p+2

(9.2.12)

~ I, +B&Ps P <p

It is important to notice that the optimal investment threshold is independent of the
exploration process. In other words, an increase in A does have impact on the likelihood of

the exploration process being successful, but not when to exercise the option to invest. Thus,

P*ﬂ is defined at the same threshold as in Equation (9.2.4) .

VA%), Aﬁfg and P*f(fg are known from Subsection 9.2.1, and the first part in the second branch

is the solution of 1{4825) (P) adjusted for uncertainty, A. In other words, there are two unknowns

in this equation, AC) and B{>). The bar is used to separate these values from A{ and B.

The idea regarding the two new endogenous constants is provided by Chronopoulos and
Siddiqui (2014). The intuition behind the introduction of these is an expected lag period

from a successfully conducted exploration process, and until the investment can take place.
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In the first branch of Equation (9.2.12), the constant, 422,1)5, IS an adjustment for positive
fluctuations in the oil price since the option is not available at the time an exploration has
been concluded successfully. Respectively, QSZE) represents an adjustment for negative
fluctuations in the oil price. Since the option in this branch is in the money, there is a
possibility that the oil price drops to a point where it is out of the money before the
investment is implemented. These unknowns can be solved for via the value-matching and
smooth-pasting conditions. Applying the solutions suggested by Chronopoulos and Siddiqui
(2014), the specific answers in this case study is presented in Equation (9.2.13) and (9.2.14).

-85 r
PP A8, — 1)(Dg — DOP*E 8,15

=8| (p+A-w+p—w) p+2A

«(2)B
AD) = — (8, = B)AP R | (0213)

—5, ¢
B® — PP " (2= 8)(Ds — DHP'Y | 8
ET (6= | (p+rA-wWh+p—)  ptA

B
+ (8, - BAGLP | (9214

To find the two values of §, Equation (9.2.11) can by following the same arguments as (A-
1.16) — (A-1.20) be viewed as the quadratic function presented in Equation (9.2.15).

1 1
S078" + (u _ E“2> 5 +(p—N5=0 (9.2.15)

This solves into Equation (9.2.16) and (9.2.17) where 0 < p > u,and §; > 1, 6§, < 0.

. (%02 — )+ \/(u - %02)2 +202(p + A) (0.2.16)
1 — 0_2

5 = (z7 - 1) \/(” - %"2>2 +20%(p+4) (9.2.17)
2 = 0_2

Intuitively, A=0 should make §; = ; and &, = ,, which proves correct in the quadratic

function.
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Investment Decision: Scenario 2, fgjg(P)

Finally, this subsection provides the decision framework for the company when the
exploration is not conducted. Following the same reasoning as earlier, analyzing the optimal
investment decision in project A first, the option value of project A takes the following form.

) 22 phs P< ﬁ*(Z)

—=(2 0,4 ) 0,A

Foa(P)=9_, @) (9.2.18)
VA,E(P) ,P 0,A <P

Unlike when the expansion is known, the second branch defines when the option to invest in

project A is in the money, the company will have the out of money value of 7/(1,2; (P). This is
because the company gets the value from investing in project A, and an embedded option to

expand after exploration has been conducted successfully. Thereafter, if the company

. . . =2
explores, it gets the expected value of project E. The solution of F, ,(P) therefore leaves

—(2) ] —«(2)
two unknowns, the endogenous constant, 4, 4, and the optimal threshold level, P , 4. These

values are determined numerically via the following value-matching and smooth-pasting

conditions.
_(2)—*(2)31 1 —x(2) 2 _*(2)31 ) _*(2)61
oaP os =VIP os+ABP 0, +AQP o4 (9.2.19)
2)F1 D ﬁ*(Z) ()P (2)01
—(2) =+ Al 0,4 2)=* 2) —*
B1AoaP o4 =—F7TT—+ ﬁlAg,gP o4 T 61451)513 o4 (9.2.20)

When choosing between project A or B, the solution remains similar to Subsection 9.2.1.

—x(2)
However, the value-decreasing effect of A gives different optimal thresholds, P gz and

—x(2) —=(2) —=(2) .
P 53 and endogenous constants, Co, 5 and Eg,,pg, Which must to be solved. The

investment decision takes the following form.

—(2 —x(2)

(A5 phs P <P o4

) PO <p<P

—(2) AE ) 0,4 = = 0,4
FAUB(P) = < _(2) _(2) _*(2) _*(2) (9221)

CO'Avaﬁl + EO,AVBPBZ ,P O,_A S P S P O,_B

—+(2)
VAN P o5 <P
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For the remaining four unknowns, the same method with numerical iterations is applied. The

equations solving these unknowns are presented in (A-2.13) — (A-2.14).

This subsection concludes the scenario where the operating company only has one embedded

option. The next section will add a new embedded option, the option to switch to project B.

9.3 Valuation of Project A Including all Embedded Options,
and Comparison with Project B

This section considers the scenario where project A has both the option to expand, and the
option to switch to project B after investing in project A and project E. Intuitively, having
the option to switch to project B after extracting the expanded project, makes the initial

investment in project A more attractive compared to a direct investment in project B.

As in Section 9.2, this section analyses both the situation where the expansion is certain, and
where an exploration process must be conducted, starting with the certain situation.

Following the framework presented in Section 9.1, only the final expressions are presented.
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9.3.1 Project A Versus Project B when the Expansion is Certain:
Scenario 3, FSV’L(P)

It is assumed that the value of the expansion is known and does not require an exploration

process. This scenario, including all options is described in Figure 9-4.

Option to invest in
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1

\ 4
Scenario 3

(3) Option to expand
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(3) < (3) <« 3)
Veo(P) ¢ Fe(P) [° Vee(P)
Value of project B Option to switch Value of
to project B expansion

Figure 9-4: Project A vs. project B when expansion is certain in scenario 3

Value of Project B: Scenario 3, VB(’? (P)

This subsection defines project value of B in scenario 3. It is the value function if the
company decides to switch to project B after extracting both project A and the expansion.
This calculation assumes that the company already has utilized the option to switch to
project B and gets the project value from switching. The value function is defined in the

same matter as in Subsection 9.1.1, so this part states the expression from the process.

D-P
VOMP) = —2—— — (I + Iz + 1) (9.3.1)
' y+p—u
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Option Value of Switching to Project B: Scenario 3, FE(? (P)

Having the option to switch to project B is considered as a perpetual American option.
Applying the same arguments as in Subsection 9.1.2, the option value takes the following
form.,

DgP
T~ (a+ 1) + AP P <Py

EQP)={v+p—u ' (9.3.2)
V3(P) PEY <P
The first branch implies the scenario where the option is out of the money. The company
gets perpetual cash flows from the expanded project, and the option to switch to project B
later. When the option is in the money, as in the second branch, the company switches to
project B and extract its project value, VB(? (P).

As investment in project B only applies after investing in project A and project E, it is

exercised at a different optimal threshold, ng;), and the option value will have a new

endogenous constant, Agg. Applying the value-matching and smooth-pasting conditions,

these are solved as the following equations.

L(3) (1=B1)
24 P 1(531)5’ (Dg — Dg) (9.3.3)
BB By +p—w)
Is(y +p —
P*gz)a _ Bilg(y +p— 1) (9.3.4)

(B1 = 1) (Dp — Dg)

Project Value of Expansion: Scenario 3, VE(,‘? (P)
The project value of the expansion follows the same arguments as in Subsection 9.2.1.

However, the value increases because company also has the option to switch to project B,

AS}BP[’H. The project value function is shown in the following equation.

DgP
(3) _ E (3) pp

Vo5 (P) = — Uy + 1)+ A PPt 9.35
b (P) = = (a4 Ip) + 45, (9.3.5)

Equation (9.3.5) states that if the company invests in the expansion, it gets the project value

of the expansion plus the option to switch to project B.
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Option Value of Expansion: Scenario 3, F,; (P)
The option value of expanding production is seemingly similar to the value of the option to
expand in Subsection 9.2.1. However, one must take into account the option to switch to

project B. The option value is presented in Equation (9.3.6)

D,4P )
- — 1 +AS) ph1 P < P*§)
B (P)=qy+p i 3 (9.3.6)
Vs (P) P <p

The first branch of Equation (9.3.6) states that if the option is out of the money, the company
still operates project A, and has the option to expand. The second branch states that if the
option to invest is in the money, the company invests and extracts the value of the

expansion. Different from scenario 2, the project value, V;?(P), and the option

value, Af,}Pﬁl, of the expansion includes the option to switch to project B.

As a result of the change in the project value of the expansion, it is clear that the optimal
threshold and endogenous constant will differ from Subsection 9.2.1. Using value-matching

and smooth-pasting conditions, these are solved as in Equation (9.3.7) and (9.3.8).

B1
) «(3)
Y.

«3) _ Bilg(y +p —u) 9.3.8
Pas (B1 — D(Dg — Da) (5.38)

P*$)(Dy — D,)
y+p—pu

B
+ AP — Iy (9.3.7)

Investment Decision: Scenario 3, F/ff;(P)

In this subsection, the company faces the initial investment decision of choosing project A or
project B. The initial investment decision of investing in project A or B differs from
Subsection 9.2.1. This is because project A has the option to both expand and switch to
project B. Following the same arguments as in Subsection 9.1.1, and accounting for the

option to expand, project A’s value is defined as the following.

i I+ AS) PP (9.3.9)
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Its corresponding option value has the following value function.

Agﬂpﬁl ,P < P*)

(9.3.10)
V3 (P) P <P

R (P) =

The option value implies that when the option is in the money, the company has the value of

project A and the option expand to project E, which again has the option to switch to project
B. Investing in project A is done at or above the optimal investment threshold, P*g?,, and the
endogenous constant is given as Ag?l. These unknowns are solved via the value-matching

and smooth-pasting conditions.

Pir 0.3
1 P D B1
3) 0,AYA (3) px(3)
AP = + AP —1 (9.3.11)
0,4 <P*831> Y tp—p  CaEs oA A
pr® _ Pila(y +p — 1) (9.3.12)
04 Dy —1)

Finally, given that the exploration is known, the company’s optimal investment decision

takes the following form.

AP P <)
F® (p) = 4 ViE (P) PUASP <P (9.3.13)
AvB ) yPPr + ES) PP P <p<pd

UG P <p

Equation (9.3.13) consists of four unknowns, the two endogenous constants, Céiva and

and two optimal investment thresholds, P& and P&

3)
E 0,A 0,8

0,AyB’ which are solved

numerically. The equations solving these unknowns are presented in (A-3.2) — (A-3.3).

P;l(:; (P) represent the initial investment decision an investing company has when there is no

uncertainty regarding the exploration process. The next subsection describes the situation

where there is uncertainty regarding the success of the exploration process.
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9.3.2 Project A Versus Project B when the Expansion is Uncertain:
—(3
Scenario 3, FE\V)B(P)

This subsection accounts for uncertainty about the expansion. From Subsection 9.3.1, the
value of project B after switching from project E, and the option value of switching to
project B, was calculated. These values are unaffected by the exploration process. However,
as in Subsection 9.2.2, a new value for project A must be conducted as the uncertainty
affects the option to expand, and thereby the option to switch to project B. The modeling is

presented in Figure 9-5.

Option to invest in
project AorB

Scenario 3
—©)
F Avs (P)

Invest in project B Invest in project A

Investment
decision

\ 4 \ 4
Scenario 1 Scenario 3
@) Project Value —(3)
Vso(P) Vae(P)
A
I
v
Scenario 3
Option to expand 3)
FA,E (P)
\ 4
Scenario 3 Scenario 3 Scenario 3
(3) < (3) < (3)
Veo(P) [® Fes(P) [ Ve (P)
Value of project B Option to switch Value of

to project B expansion

Figure 9-5: Project A vs. project B when expansion is uncertain in scenario
3
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Modelling the Uncertainty Effect on Project A: Scenario 3, VS;(P)

This subsection follows the same process as in Subsection 9.2.2, but the solution has to
reflect the option to switch to project B. Considering this, the value of project A when there
IS uncertainty about the expansion takes the following form.

(Vao (P + ApPFr + A7 PO P <P}
e P[AD; + (y +p — w)D Al
fl,b)T(P) 24 [ADg + (v + p — w)D4] Mg _ 1, (9.3.12)
| @+ A=Wl +p—-—p) p+2
k AP EDPE s

The first branch is similar to Equation (9.2.12), but the option to expand, AﬂPﬁl, also

reflects a value to switch to project B. In the second branch, there is added a new

endogenous constant, A%Pﬁl, compared to Equation (9.2.12). It reflects the option to

switch from project E to project B. Ag;, was estimated in Equation (9.3.3). Applying the

solutions suggested by Chronopoulos and Siddiqui (2014), the solutions for the two
unknowns, éﬁf; and Qfg are in this case study presented in Equation (9.3.15) and (9.3.16)
when applying the value-matching and smooth-pasting conditions. Notice that the optimal

investment threshold, Pfg is the same as in Equation (9.3.8).

* _81 *
@ _ Pt [ME D@ —DIP'Y My e ek
Ay = (62 = BA P 4
E (G- (prA-wy+p—p) p+A S
(3) px®F1
+ (82 — A g Pak (9.3.15)
«(3) 792 «(3)
B(3) _ P ik A1 = 61)(Dg — Dy)P* 4 _ 8, Al + (5, — ﬁl)A(s)P*fgﬁl
—E (8, =8) | (p+A-wy+p-w) p+4 A4

3) P2
— (81— BASL P (9.3.16)
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- : —(3)
Investment Decision: Scenario 3, Fy_g(P)
The option to invest in project A, under uncertainty regarding the expansion, takes the

following form.

A phs 7 < p

—=(3) 0,4 0,4

Foa(P) =9 _, G) (9.3.17)
Var(P) P <Py,

—+(3)
The option to invest leaves two unknowns, the optimal investment threshold, P 4, and the

-3 . . . .
endogenous constant, A, 4. These values are determined numerically via the following

value-matching and smooth-pasting conditions.

—(3)—+(3)P1 —«(3) —_«(3)P1 —_+(3)%1
04l 04 = 1{4(,(1))13 04t AS;P a T éff_;)gp 0,4 (9.3.18)
—+(3)
—(3)=+(3)F1 DyP o4 @5 @M (3) 5+ (9.3.19)
B1AoaP 04 =T+ P1AsEP oa +614,EP 04 =

At the end, when choosing between project A or B, the company faces the following option

for optimal investment.

—(3) —+(3)

rzél()'Apﬁl FP<P 0,A

7 P P <p<P

—(3) AE ) 0,4 = = ﬁ
Fa,s(P) =1 _, —_@ _.G3) .o (9320

Con,sPPr + Eqa 5PP? P 5i<P<Pgp

—+(3)
VAN P o5 <P

. . . —(3) —B3) —(3 —@3 .
As in the previous section, the four unknowns, P 57, P g3, Cé,ij and Eg,ij will be solved

numerically. The equations solving these unknowns are presented in (A-3.10) — (A-3.11).
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10. Numerical Results

In this chapter, numerical values are applied to the model developed in Chapter 9. It provides
a sufficient amount of information for the company to make an optimal decision at time ¢,
but with some limitations regarding the assumptions for the model as mentioned in Chapter
7.

After presenting the chosen input values, a base case scenario where the company will
choose based on a standard NPV analysis is presented. Thereafter, a presentation of the same
steps and procedure as in Chapter 9, starting with the simplest scenario where project A does
not have embedded options is given. Thereafter, the option to expand and the option to
switch to project B are added. The application of the model is done in Matlab® where all the

necessary formulas from the previous chapter are applied to get numerical results.

10.1 Parameter Values

Without insight in specific projects in the oil industry, it is not possible to derive perfectly
reusable numbers for the industry. However, the model is reusable for similar problem sets
with more realistic inputs. Therefore, given the break-even oil price in the industry, as
discussed in Section 4.2.1, the inputs based on this, but are adjusted to make the analysis as
realistic as possible. The parameter values chosen are presented Table 10-1. These values
will remain constant throughout the chapter if not anything else is clearly specified.
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Parameter Values Notations Input QUEIIIE;
Values Factor
Subjective discount rate p 10 | % per year
Instantaneous drift of the value process U 1 | % peryear
Instantaneous volatility of the value process o 20 | % per year
Production volume project A Dy 3 Million barrels
per year
Production volume project B Dy 4 Million barrels
per year
Production volume expansion D, 0.5 Million barrels
per year
Combined production volume of project A and D 35 Million barrels
expansion E ' per year
Total cost of project A Iy 1100 | Million USD
Total cost of project B Ig 1900 |Million USD
Total cost of expansion Ig 400 |Million USD
Value decreasing factor y 3 | % per year
Poisson intensity (probability of exploration succuess) A 1 | % peryear
Possible range of oil price X 0-150 |USD

Table 10-1: Parameter Values

Notice that Iy > I, > Iz, Dg > D, > D, and p > u > 0. These are key assumptions for this

model to make sense. The chosen price range of 0 — 150 USD, and the volatility of 20% is

based on historical prices of oil per barrel as shown in Subsection 4.2.1.

10.2 Investment Decision Applying NPV

For the sake of discussion, simplicity and a better overview, it is for now assumed that the

operating company makes decisions based on a standard DCF valuation, and ultimately a

NPV. Hereby, the company will not consider deferring investment, but invest as long as the

project produces a positive NPV. The preferred project is the project with the highest NPV at

the time a valuation has been made. Figure 10-1 shows how the company invests based on

the presented price range.
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Figure 10-1: Investing based on NPV (generated by Matlab®)

The figure describes the total NPV, represented by the solid lines, of investing in project A
and B at different price thresholds. There are shed light on three spots; BE,(P), BE;(P) and
Intyg. BE,(P) describes project A’s value function where the NPV of investing is zero.
This price threshold corresponds to the project’s breakeven price when the company makes
decisions based on NPV. BEg(P) corresponds to project B’s breakeven price. Finally, Int, g
is the intersection price between the value functions of project A and B, where they are
equally profitable. Project A is preferred to project B when P < Int,p and project B is
preferred to project A when Int, 5 < P. Project A is the preferred project at lower prices
because of a smaller investment cost, while project B is more profitable at higher prices
because of a higher production volume. Thus, project B has a higher breakeven price before

considering an investment.

This analysis does not consider the flexibility to wait, expand or switch, and could therefore
lead to mispricing of the projects, and possibly a wrong investment decision. Adding

flexibility to the analysis will be accounted for in the following sections.
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10.3 Project A and B with Option to Defer Investments

Applying the model from Section 9.1, one can take a closer look at how the option to defer
investment affects the decision-making compared to the NPV analysis. This section analyses
the scenario where the company has the option to defer the investment, but no embedded
options.

10.3.1 Optimized Investment in Project A and B

Consider a scenario where the company can invest in project A and B; the company is not
choosing between the projects. Applying real option theory, the company only invests at or
above the optimal investment threshold of the respective projects. The scenario is presented
in Figure 10-2.
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Figure 10-2: Optimized investment timing in project A and B (generated by
Matlab®)

The solid lines are the total project value of investing in project A and B. The two dashed
lines represent the option value functions to invest. Considering the smooth-pasting
condition, it is discussed that the optimal investment threshold of the options is the price
where the project value and the option value meets tangentially, here PO(’Z) and PO(;). The
optimal investment thresholds in project A are when 73.33 < P, and correspondingly when

95 < P for project B. As expected, due to the characteristics of the projects, it is confirmed
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that PO(;) < PO(;). Interestingly, both investment thresholds are above their breakeven prices

from the previous section.

10.3.2 Investment Decision

Consider the scenario where the company optimizes its investment opportunity by choosing
between project A or B, corresponding to the option value function derived from Subsection

9.1.3. The solution of the value function FA(vl; (P) is illustrated in Figure 10-3.
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Figure 10-3: Optimized investment timing in project A or B in scenario 1
(generated by Matlab®)

The company should expect two waiting regions in this case, i.e. the price regions where the

optimal decisions is to wait for another price rather than investing.

The first waiting region is defined where P < PO(;), illustrated with the dashed line. When

P < 73.33, the optimal decision for the company is to defer investment until 73.33 < P, and
then invest immediately in project A when 73.33 < P < 88.61. The second waiting region,
illustrated by the bold and black line, is defined when it is optimal to wait and see how the
price will fluctuate rather than invest directly in project A. The company should defer
investment and consider the price fluctuations in the price region 88.61 < P < 103.41. If
the price drops to or below 88.61, the company should invest in project A. If the price
increases to 103.41, it is optimal to invest in project B.
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The company should in other words not consider investing at all before the price is 73.33.
This threshold is significant higher than the breakeven price of project A at 44 from the NPV
analysis. Another point is that project B should not be preferred to project A at lower prices

than 103.41, compared to the NPV intersection point at 96.01, as shown in Figure 10.1.

This section proves that having the option to defer investment does affect a company’s
investment decision. The next sections consider the scenario where project A has embedded

options.

10.4 Project A with Option to Expand Versus Project B

This section corresponds to the model developed in Section 9.2, where the company has one
embedded option; the option to expand project A. Thereby, project A has two options
attached, the option to defer investment and the option to expand the project. Both situations
from Section 9.2 are analysed. The situation with certainty about the expansion is regarded
first, and thereby compared to the situation with uncertainty from an exploration process.

10.4.1 Choosing between Project A or B when the Expansion is
Certain

Following the same reasoning as in Subsection 9.2.1, the decision between project A or B
when the company knows that the expansion is there is analysed. This corresponds to A = 1.
Having the option to expand project A should make investing more attractive compared to

investing in project B, and deferring investment. This subsection will analyze to which

extent it does. The solution of the option value function, Fﬁé (P) is illustrated in Figure 10-4.
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Figure 10-4: Optimized investment in project A or B when expansion is
certain in scenario 2 (generated by Matlab®)

The option to expand project A does make the investment opportunity more attractive. The
price range where it is optimal to invest in project A has increased to 73.33 < P < 102.71.
The reason is that the project value function, VA(_?(P), and option value, Aff},(P), includes
the option to expand at a later stage. The graph lines for these functions are therefore steeper
compared to the respective value functions in Figure 10-3. This makes investing in project A
more attractive relative to project B, which is now optimal at a higher price threshold,
113.15 < P. The second waiting region is also in a lesser interval compared to the previous

section, as investment is more attractive than deferring investment.

Notice that the first optimal investment threshold for project A is not affected. This is
because both the option to invest in project A, and the project value of A are increasing with
the option value to expand the project. As they both increase with the same amount, they will
still meet tangentially at the same point as previously. The project value and option value at
this point is however higher because of the new option.
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10.4.2 Choosing between Project A or B when the Expansion is
Uncertain

This subsection relates to the model calculated in Subsection 9.2.2, where the expansion is

uncertain. The company does not know if the expansion exists, but can perform an

—(2
exploration process to reveal its existence. Figure 10-5 presents the solution for F/(,V;(P),

assuming A = 0,01.
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Figure 10-5: Optimized investment timing in project A or B when uncertain
expansion in scenario 2 (generated by Matlab®)
The company should invest in project A when 73.25 < P <90.52, and only invest in
project B when 104.72 < P. Comparing the result with Figure 10-4, considering uncertainty
regarding the expansion makes investing in project A less attractive. Simultaneously, the
incentive to choose project B increases. Having the possibility to explore for expansion is in
fact attractive, as the price range for investing in project A increases compared to not having

it.

—(2
One interesting point is that P((),j < Po(j). This is because of the introduction of the new
endogenous constants, Afg and gfjg As these are adjustments for an expected lag period
from a successfully conducted exploration process, they affect the project- and option values.

4512,,)5 affects the out of the money option value function, and QgZE) affects the project value.
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As Aff‘,); * gfg the option value function and project value function will no longer meet

tangentially at the same optimal investment threshold as in Figure 10-4.

10.5 Project A Including all Options Versus Project B

This final section analyses the scenario where the value of project A includes all options
discussed in present study. If the company decides to invest in project A, the project includes
the option to expand it, and switching to project B at a later stage. This section divides
between two situations; where the expansion is certain, and where there is uncertainty

regarding an exploration process.

10.5.1 Choosing between Project A and B, when the Expansion is
Certain

This subsection follows the model derived from Subsection 9.3.1. As there is certainty

regarding the expansion, the company also knows that it can switch to project B after
extracting the expanded project. The solution to the investment decision, I*;S;(P), is

presented in Figure 10-6.
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Figure 10-6: Optimized investment in project A or B when certain expansion
in scenario 3 (generated by Matlab®)

Investing in project A is more attractive when considering the possibility to switch to project
B. However, if the price is high enough, here specifically 114.57 < P, it is still optimal to
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invest directly in project B. From Figure 10-2, it is proved that if the company does not have
the choice between project A or B, the optimal investment threshold in project B is 95 < P,
which corresponds to the optimal price threshold to switch to project B. When 114.57 < P,
the company will not invest in project A, including all embedded options, but rather invest
directly in project B.

10.5.2 Choosing between Project A and B, when the Expansion is
Uncertain

This subsection applies the model calculated in Subsection 9.3.2 where there is uncertainty

about the expansion. Adding an uncertainty parameter thereby affects the value of the switch

—(3
option indirectly. Figure 10-7 provides the solution for the investment decision, Ff(hjg P).
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Figure 10-7: Optimized investment in project A or B when uncertain
expansion in scenario 3 (generated by Matlab®)

Considering uncertainty in the calculations makes investing in project A less attractive
compared to the solution in Figure 10-6. However, compared to not having this option, it is
more likely that the company should choose project A rather than project B. The company
will invest in project A when 73.25 < P < 105.47 under exploration uncertainty, and thus

the interval decreases compared to the situation with no exploration uncertainty.

This chapter has provided the numerical results for the case study. The next chapter will
proceed with a discussion of the obtained results, and see how the models react to alterations

of key parameters.
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11. Comparison and Discussion of the Numerical
Results

Chapter 10 provided interesting results which may provide investing companies valuable
inputs for its investment decisions. In this chapter, the numerical results are discussed more
thoroughly and compared across the different scenarios. Finally, a sensitivity analysis shows
how the solutions change if the volatility parameter is altered.

11.1 Embedded Option’s Effect on Investment Decision
when Expansion is Certain

The three different scenarios with full certainty regarding the expansion is analysed first. For
each scenario a new option is added, and thereby the results can be compared. A comparison

based on the results from Chapter 10 is presented in Table 11-1.

Scenario Optin;arl:)}er)lcvtezfment Waiting Region Optin;a;:)}gc\{[e;tment
NPV approach 44 < P <95 0<P<44 96.01 <P
Scenario 1 73.33 < P <88.61 88.61 < P <103.41 10341 <P
Scenario 2 73.33 <P <102.71 | 102.71 < P < 113.15 113.15<P
Scenario 3 73.33 <P <104.62 | 104.62 < P < 114.57 11457 <P

Table 11-1: Comparison results NPV and scenario 1-3 without uncertainty

Comparing the three scenarios studied to the standard NPV approach, there are great
differences in the investing regions. The reason is that the NPV approach does not open for
any waiting regions as long as the NPV is positive. The only waiting region in the NPV
approach is from P = 0 until the project NPV is zero, here at P = 44. If the NPV approach
considers the investment to be a now-or-never situation, project A will be rejected at 44 >
P. Opening for flexibility in the investment decision results in longer waiting regions, and

the optimal price regions are therefore shorter.

Comparing scenario 1 to scenario 2, the option to expand makes investing in project A more

attractive. The end of the interval increases from 88.61 to 102.71, and implies that investing
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is optimal at a greater range of price thresholds. The waiting period is moved further up in
the price region as a direct consequence of the increased attractiveness of project A. This
applies for the optimal investment threshold of project B as well, because project B’s

attractiveness is reduced compared to project A.

As shown in scenario 3, the option to switch to project B does provide additional value to
project A, illustrated by an increase in the optimal investment interval. However, the effect
is not as great as the effect of the expansion. Compared to scenario 2, the end of the interval
increases from 102.71 to 104.62. Correspondingly, the waiting region is shorter and moved

further up in the price region. Investing in project B is here only optimal at or above 114.57.

Flexibility with certain expansion makes project A more attractive compared to project B.
The next section provides the same analysis, but in addition considers the exploration

uncertainty.

11.2 Embedded Option’s Effect on Investment Decision
when Expansion is Uncertain

This section analyses the investment decision when accounting for the uncertainty regarding
the expansion. This applies for scenario 2 and scenario 3, and a comparison between the
scenarios with uncertainty is presented in Table 11-2.

Scenario

Optimal Investment

Waiting Region

Optimal Investment

Project A Project B
Scenario 2
wiuncertainty 73.25< P <90.52 | 90.52< P <104.72 104.72 <P
scenario 3 73.25<P <9166 | 91.66 < P <105.47 10547 <P

w/uncertainty

Table 11-2: Comparison scenario 1-2 with uncertainty

When comparing the two scenarios with uncertainty to scenario 1, the embedded options
makes investing in project A more attractive also after adjusting for exploration uncertainty.
More interestingly, project A in both scenario 1 and 2 is less attractive after adjusting for
exploration uncertainty compared to the situation where the expansion is certain. This result
was expected, but one can see that the top threshold of project A is reduced significantly, and

may have great impact on investment decisions.
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The model assumes that A = 0.01, and this has impact on the reduced price thresholds
discussed above. It is intuitively difficult to imagine what a realistic input parameter for A
should be, as it reflects the likelihood of an exploration process being successful. A realistic
parameter value for the Poisson intensity could be critical for the company when optimizing

investment decisions. If A = 0, the company will only look at the project value of A without
embedded options in its decision-making. If A = 1, then F,E,T; (P) = Eq(:’;) (P) if correcting for

the lag period, and investing in project A is hence more valuable. Therefore, Figure 11-1

presents what happens if A increases for both these scenarios.
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Figure 11-1: Sensitivity analysis Poisson intensity (generated by Matlab®)

Figure 11-1 describes the interval of A from 0 < A < 1, and how the optimal investment

thresholds react to the likelihood of an exploration process being successful. As previously

—x(2) —=(3) | . . L. . .
argued, P o 4, and P 4 is unaffected by the Poisson intensity if correcting for the lag period,

and the figure confirms this as it remains nearly constant around 73.25 in the interval.

Intuitively, an increase in A makes investment in project A more attractive, as there is a
greater probability that the company can exercise both the option to expand and the option to
switch to project B. The dashed lines in the figure confirm this. The price ranges for optimal
investment in project A increases accordingly in both scenarios. The investment thresholds
for project B in both scenarios increases respectively, as investing in project A is more

attractive, while the second waiting period is moved parallel to this.
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In addition to A, the volatility affects a company’s investment decision. The effect of this

parameter is analyzed in the next section.

11.3 Volatility Sensitivity of the Model

The presented results assumed an oil price volatility of 20%.When considering option
valuation, the volatility parameter is arguable the most important input. If there is no oil
price fluctuation, there is no value in the flexibility of deferring an investment. As argued in
Chapter 5, there is uncertainty in the estimation of this parameter based on the length of the
estimation period. In addition, the calculations are based on monthly spot prices, when others
might use daily price fluctuations. In addition, these are historical prices, so there is no

guarantee that they will represent future price fluctuations.

This section provides an overview of what occurs when the volatility is altered in the
situations with and without certainty of the expansion. The first example is presented in

Figure 11-2 when expansion is certain.
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Figure 11-2: Volatility sensitivity when certain expansion (generated by
Matlab®)

The figure describes the evolution of the three price thresholds in all three scenarios, with
full certainty regarding the existence of the expansion, i.e. A = 1. The graph samples every

threshold in a volatility region from 20% < o < 45%. The grey lines are from scenario 1,

the blue lines are from scenario 2, and the red lines are from scenario 3.
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The base case with volatility at 20% is at the intersection point between the graphs and the y-
axis. Intuitively, an increased volatility makes deferring investment more attractive as the

option value increases. As shown in the figure, this also applies in this model. When

volatility increases, the first optimal investment threshold for project A, P*g’,ﬁ), and the

m

optimal investment threshold for project B, P55,

increases. This is because it requires a

higher investment threshold for it to be optimal with an immediate investment at higher

volatilities. Correspondingly, the second investment threshold of investment in project A,

pm)

54+ decreases with increasing volatility. A decrease in this price threshold makes the

second waiting region larger, and thereby confirms that waiting grows more attractive.

m)

A point to note is where P*g, 4 and P*gﬂA) intersects at all scenarios. The intersection points

are at o = 25.9% in scenario 1, at 6® = 34.6% in scenario 2, and at ¢® = 43.6 % in
scenario 3. As the interval between these two investment thresholds represent the region
where the company should invest in project A, the intersection points are at the highest
volatility possible for considering investment in project A. At every threshold where

o™ < g, it will never be optimal to invest in project A. The company should therefore

&

defer investment until P*OB <

P, and invest directly in project B.

By observing the implied volatilities from the different scenarios, the effect embedded
options have on the investment decision is shown. It is clear from Figure 11-2 that the
required volatility for never considering investment in project A, increases when adding
embedded options to the project. Adding both the option to expand, and the option to switch,
requires an increase from o = 25.9% to o = 43.6% for project A to never be optimal. The
optimal investment threshold for project B increases accordingly, as project A is more
attractive when including the embedded options.

Figure 11-2 accounts only for the scenarios where there is certainty regarding the existence
of the option to expand project A. Figure 11-3 shows the same case, but including

uncertainty about the expansion, i.e. 2 = 0.01.
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Figure 11-3: Volatility sensitivity when uncertain expansion (generated by

Matlab®)

The same intuition applies for Figure 11-3, but in a lesser scale. As there is uncertainty

regarding the availability of the embedded options, the level of the required implied

volatility decreases. Adding both the option to expand and the option to switch requires an

increase from o = 25.9% to o = 28.3% for project A to never be optimal, compared to

o = 43.6% under certainty. Based on this result, accounting for an uncertain parameter

makes deferring investment more attractive.
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12. Limitations and Simplifications

The proposed framework is developed to show how accounting for flexibility can affect a
company’s investment decision. This is done associated with several assumptions and
simplifications. Therefore, the framework is not a final answer to these kinds of decision
problems. The solution can be applied to several topics, but should include more elements to
be completely viable for use in the oil industry. In this chapter, limitations which an
investing company should consider in the investment process are listed first. Thereafter,
other methods which can be applicable, and topics for future work based on this study is

proposed.

12.1 Sector Simplifications

Present study proposes simplifications to the industry, which an operating company may

consider including when making an investment decision.

It is assumed that the company operates in a monopoly setting. In reality, there is
competition about licenses. To make the scenarios more realistic, the model should consider
this.

As explained in Section 4.2, an operating company has to consider a variety of different
risks. This study only considers the oil price volatility. It is arguably the most important

variable, but accounting for other risks might affect investment decisions.

12.2 Limitations in the Model

This case study only considers three options; the option to defer investment, the option to
expand, and the option to switch to another project. The embedded options are also only
considered at one of the projects in this case. In reality, an investing company has more
options than the options considered in this case study. One relevant example is the option to
abandon a project. If the company seeks to avoid all possibilities of mispricing, all the

options available in both projects must be accounted for.
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The proposed model does not consider any types of convenience yield for holding the option
rather than investing. The convenience yield in these situations should reflect the cost of

deferring investment. Hence, the value of waiting can be overrated in present model.

Another assumption is that all costs are fixed in this model. Costs are factors which are
uncertain, and are often a matter of available technology at the time. New technology can
reduce investment costs in the future, and hence favouring deferring an investment. Costs

can also be reduced by a decrease in the commodity prices, such as the steel price.

The model considers changes in the oil price up until the time of investment only. There is
also only one investment decision in this regard. After investing, a perpetual model is
applied. In reality, oil price fluctuations can provide the investing company possibilities to
optimize investment decisions, after deciding to invest in the first place. One of these
possibilities is the option to set a project passive or active at certain levels, as proposed by
Miltersen and Schwartz (2007).

Applying GBM opposed to the Ornstein-Uhlenbeck process is a subject which is open for

discussion. One can argue for both theories, and they can provide different answers.

12.3 Suggestions for Future Work

As there are limitations and simplifications in the proposed framework, this study opens for
further research. It would be interesting if the framework were applied to other settings in the
petroleum industry, or in other sectors as well. Therefore, this chapter concludes by listing

some possible topics related to the study, which should be followed up in future work.

- Accounting for other options, especially abandonment option, and convenience yield
- Adding a third project to the problem

- Applying the Ornstein-Uhlenbeck process to the setting

- Accounting for cost uncertainty in the model

- Investment decision under competition
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13. Conclusion

The ambition of present study was to apply relevant real option theory to a specific
investment decision in the oil industry. The meaning was to suggest a better way of
optimizing investment decisions when choosing between projects. Accounting for flexibility
in the petroleum industry is of great importance, and several studies encourage operating
companies to pay more attention to the subject. Even though there is significant investment
flexibility in oil projects, several companies still rely on the standard NPV approach which

may result in mispricing of projects.

The model suggested in this study emphasized the importance of including the value of
flexibility when making an investment decision, and highlighted the importance of
embedded options. The model described how an investing company effectively could
consider these options in a decision-making process. Specifically, an option to expand a

project and an option to switch to another project were the main focus.

The solutions to the case study clearly indicate that accounting for flexibility could alter a
company’s investment decision. Analyzing the option to defer investment showed that the
company should not invest immediately when the project provides a positive net present
value, like a breakeven analysis would suggest. Instead, the company should wait until the
oil price is at a higher threshold. In addition, the analysis proved that embedded options
provide sufficient value to alter a company’s investment decision significantly. Another
finding was that uncertainty regarding an exploration process is an important value-

decreasing factor which must be acknowledged in the process.

The study raised questions which could be important for the oil industry, as well as other
sectors. When considering large irreversible investment decisions, mispricing of the projects
may lead to the wrong investment decision. While the study did not offer a conclusive

answer to a total investment problem, it provided valuable insight in how to address them.

It would be helpful to do further research in this area, and the study suggested several
important topics to the matter. Based on the findings, it is recommended that the industry
analyses the effect of the embedded options proposed when investing. Accounting for

flexibility is a critical factor which operating companies should consider in the process.
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Appendix

1 Valuation of- and comparison between project A and
project B, including the option to defer investment

1.1 Project value,
The oil price, P, follows a Geometric Brownian motion process (A-1.1)
dP = Pudt + Podz (A-1.1)
The value of the outcome is dependent of a deterministic and a stochastic part, dP.
V3P (P) = DpPdt + e[V(P + dP)e~0r+Pdt] (A-1.2)

Substituting (A-1.1) into (A-1.2) and expanding the stochastic process using Itds Lemma,
(A-1.2) into. An It6’s Lemma expansion can be perpetual by using more than two primes,
but this is an unnecessary procedure as all parts with primes higher than two are so small that

they do not add value. Thus, primes above two can be excluded.

VD(P) = 502 P2UD" (P)de + wV SRV (PYdt — (y + p)VG (Pt

+D,Pdt + V3P (P)

(A-1.3)

Simplifying, dividing by dt and accounts for the below factors, the non-homogenous
ordinary differential equation (ODE) below appears in Equation (A-1.4).

e dz = €;Vdt, where €, has zero mean and unit standard deviation. Thus dz = 0
o dt? converges towards zero faster than dt, thus dt> =0
e dtdx also converges towards zero faster than dt and thus dtdx = 0

e dz? converges towards dt and thus dz? = dt

1 " /
S0P (P) + uPV,R (P) = (7 + p)Vy (P) + DuP =0 (A-L4)

To obtain a particular solution to the non-homogenous ODE (A-1.4), t is set to log(p), and
the below bullet points is substituted into (A-1.4), which solves into (A-1.7)
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(m) (m) (m) (m)
e P AV x _ Pan'k dat _ Pan'k 1 _ avpy
dpP dt dP dt P dt
2y,(m) (m)
° PZ d V‘l’l,k — PZ i l dVTl,k —
dp? dP\ P dt
(m) (m) (m) (m) (m) 2,(m)
2 (i) an,k PZ lidvn,k _ an,k Pi an,k dt — an,k d Vn,k
p2) at PdpP dt dt dat\ adt dvf,’j) dt dt2

(m) 277,(m) (m)
1 av a=v d
— EO.Z (_ n,k + nk ) + HP( nk ) _ (A + p)Vn(;(n)(P) + DnP =0 (A_15)

dt dt? dt
1, m” 1 5 m) m)’ (m)
=50V T30 Ve TG — A+ p)Voy (P) +DyP =0 (A-1.6)
1 L o\, (m) ¢
= EO' Vot (.u - EO' )Vnk -+ p)Vn,k + Dpe” =0 (A-1.7)

First, V is transformed into ze® and after grouping the terms the following appears.

%az(z”et +z'et + Z'et + zet)

1 (A-1.8)
+ (u - 702) (z'et +zet) — (y + p)zet = —D,et
Further reorganizing solves into a homogenous ODE:
1 1
207+ (#J’E“Z)Z' +(u—y—p)z=-Dy (A-1.9)

In the next stage, z is set to ¢, where ¢ is constant. A natural interpretation of z =c¢ =

constant, is that z" = z' = 0. Thus, remaining from Equation (A-1.9) is:

D
([,l. -y — p)Z =-D,=>z= W%ﬂ (A-llO)

Now, transforming back V = ze® and a closed form solution is obtained:

D, D, et D, P (A-1.11)
= — V = =
y+p—u Yy+tp—u y+p—u

VA

This can also be written as a more intuitive interpretation, Equation (A-1.12), as the value of

a perpetual stream of cash flows with value decreasing factor, y. Notice that 0 < p > s
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0., ,=yT — p—(p=)T
(m) ye ¥ DnP(l e ) D, P
Vo (P) = f dt — I, =———1 (A-1.12)
nk 0 y+p—u "oytp—p "
1.2 Option value
The option to invest in project A or B in scenario 1 is given in (A-1.13).
- s[F,E”,’(‘) (P + dP)e—pdt] P < P
Fpi (P) = o o (A-1.13)
V;l,k (P) 'P nk <P

Expanding the stochastic part in the first branch using Itds Lemma, (A-1.13) evolves into the
homogenous second-order differential Equation, (A-1.16)

1 " ’
Fyi (P) = 50P2E,50 (Pt + uPE (P)dt — pF 3 (PYde + F (P) - (A114)

1 " ’
= EGZPZFn(;?) (P)dt + uPFY (P)dt — pFI (P)dt = 0 (A-1.15)
L, e m)’ m)
= 0 PPy (P) + uPF, ) (P) — pFy}) (P) = 0 (A-1.16)

As (A-1.16) is an equation of second-order, the general solution (A-1.17) can be expressed

as a linear combination of any two independent solutions,
FI(P) = AT PP + BUY P (A-1.17)

where AEZT,‘(), B,(JZ) is to be determined, and ; > 1 and S, < 0 is known. F,g?,? (P) must satisfy

the following three boundary conditions in (A-1.18):

(1) Fl©=0
2: FIRPE)=vien -1, (A-1.18)
() Fl(P) = Vol

When boundary condition (1) is adhered and due to 5, < 0, B,ETZ)(P) =0, F,E_’Z) (P) takes the

following form.
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EGD(P) = A PP (A-1.19)

Finding the solutions for #, and f,, the particular solution to (A-1.16), t is set to log(p), and
the below bullet points is substituted into (A-1.16). Also, F,E",’(‘) is substituted by £ at the end.

This solves into the quadratic function (A-1.20).

arim ar™ g¢ ar™ y  gpm™
[ P - = P e —— = -
dpP dt dpP dt P dt
(m) (m) (m)
o PZ dz _ Zi ian'k _ p2 (i) an,k ZlianJk _
dp2 dP\P dt P2 dt PdP dt
av d <dF,S:Z)> . dFr(l,T,'(l) dZFT(:Z)
Ty qt m — 2
dt ac\ dat | ar™" dt dt
1 211 1 2 ’
508"+ =50 |B' = pp =0 (A-1.20)

Solving this quadratic solution with respect to g, the two roots are as follow in Equation (A-
1.21) and (A-1.22).

ﬁ__G“L*O+J@‘%“Q?+”W2 (A-1.21)
1= 0_2
B_(%ﬁ‘ﬂ)‘J@‘%“02+“”2 (A-1.22)
2 0_2

Finally, this leaves the company with the following option to invest in either project A or B.

ATPvh P <P (A-1.23)
F(V) = D, P i -1.
— P <P

y+p—u
Using value-matching and smooth-pasting conditions (boundary condition (2) and (3)) in (A-

1.18), the two unknowns, A;"’,? and P*ff,? in (A-1.23) can be solved as a set of equations

with two unknowns, Equation (A-1.24) and (A-1.25).
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(m)ﬁl an*gfl?

(m) s _ ]
(2) AP = e, (A-1.24)
»(m)
mBr DnPTy
@) p AT P = r— ) , (A-1.25)

In the following, a step-by step solution will be presented on how to solve the set of

equations with the two unknowns. First, Equation (A-1.25) is reorganized to (A-1.26)

myBr DnP*,(f",l()

3) A pr =1 mk (A-1.26)
mk T mk iy +p— )

. B .
Setting (A-1.24) equal to (A.1.26), A;’,’}{)P*g’,? " cancels out and after reorganizing, the
following expression is left.

y+tp—u pily+p—wn

I (A-1.27)

After factorizing the left hand side, and multiplying the whole expression by -1, the

expression can be simplified as follow:

«(m)
DnPnic (B = 1) _ I (A-1.28)
Py +p—w)

Solving the expression with respect to P*,(f_',? gives the final answer to the optimal threshold,

P*™ in Equation (A-1.29)

nk

Biln(y +p— )

P*(m) —
mk Dn(ﬁl - 1)

(A-1.29)

As the optimal threshold is solved, the solution can be used to estimate Af:”,l() by substituting

P*%’",? into the smooth-pasting condition, (A-1.25). After reorganizing, A,(f,l() is presented in

(A-1.30)

(1=51)
by

A0 _ (A-1.30)

nk _ﬁl(V+P_#)



87

Investment decision: Scenario 1, F{ (P)

a5 e
«(1 «(1
0 V2 (P) Prh<p<p
Fs(P) =19 ) (1) & o  (AL13D)
Coa,5PP* + Eq 4 5P P 5i<SP<PG;
(W) (1)
LP(P) P'os <P

In Equation (A-1.31), Af),leﬁl and P*gﬂ, are solved via value-matching and smooth-pasting

between the first and second branch, while P*%, P*%, Cé‘lijPﬂl and Eé‘lijPﬁz are solved

numerically via the second, third, and fourth branch. Value-matching and smooth-pasting
between the second and third branch are presented in (A-1.32), and value-matching and

smooth-pasting between the third and fourth branch are presented in (A-1.33).

«(1)
DAP— ﬁ BZ
0,A _ &Y «(1)P1 (&D) «(1)
vip—p la=CoasP5a TEousP s
D, pe®) , , (A-1.32)
A" 04 _ €Y L(1)F1 (€Y} (1)P2
y+p—u— IBlCo,A,,BP 0,4 + ﬁzEO,AvBP 0,4
«(1)
D P L P DePgp
Co,A,,BPo,_B +EO,A,,BP0__B _m_IB
(A-1.33)

M b W P _ DeP'gg
ﬁlCO,A,,BP 0,B + IBZEO,A,,BP 0B “y+p—u
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2 Valuation of project A with option to expand, and
comparison with project B

2.1 Project A versus Project B when the expansion is certain:
Scenario 2, Fg}g(P)

Option value of expansion: Scenario 2, 134(? (P)

VS (@) + 8[54(,? (P + dP)e° dt] Vig (P) + AZPPr P < P

@
Fyy (P) = =
vDp) V2 (P) PP

(A-2.1)
By applying value-matching and smooth-pasting conditions between the two branches in (A-
2.1), the two unknowns, Aﬁ and P*ﬁ can be solved following the same framework as

Equation (A-1.23) — (A-1.30) and is presented in Equation (A-2.2) and (A-2.3).

L(2) 1=B1)
2@ _ T AE (Dg — Dy) (A-22)
AE iy +p—w)
«(2) Pile(y +p — 1)
Prap = (A-2.3)
A (B = 1)(Dg — Do)
Investment decision: Scenario 2, FA(j; (P)
(A5, PP P <P
* «(2
@ Vae (P) PO <p<pd
Fy 5(P) = c® pp @ pp () s (A-2.4)
0,AyB + EO,AVBP 2 , P 04 <P<LP 0B
(2
LVB’(,%))(P) ’PO,_BSP

In Equation (A-2.4), Agi)lPﬁl and P(()Zj are solved via value-matching and smooth-pasting

between the first and second branch, while P*%, P*ff—;, C(;ZA)VBPB1 and EéﬂVBPﬁZ are solved

numerically via the second, third, and fourth branch. Value-matching and smooth-pasting
between the second and third branch are presented in (A-2.5), and value-matching and

smooth-pasting between the third and fourth branch are presented in (A-2.6).
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+(2)
DyP 55 @ p@P1 @) @ @) 2P
I _' - IA + AA,EP O,_A = CO,AVBP O,_A + EO,AVBP O,_A
Yy+p—u (A-2.5)
DAP*Q B B i '
0,4 @) p.@P1 _ 2 p.@PF1 2 p.@F2
E— +BiAs P s = PiCoasP s t+PB2Ega P oa
+(2)
@ p@f o pof Db
O,AUB O,_B O,AUB O,_B - y + p —_ l/l, B
@ (A-2.6)
DpP*=2
(2) P2 _ “BY 0B

@ p@F @) pe
'BlCO,AVBPO,_B +’82E0;AVBPO,_B —m

2.2 Project A versus Project B when the expansion is uncertain:
_ —(2
Scenario 2, Ff‘v)B(P)

—(2
Modelling the uncertainty effect on project A: Scenario 2, V[(L;(P)

Vfﬁ(m = (D,Pdt — plydt) + (1 — pdt)zdtg[pﬁ; (P + dp)] o
' A-2.7
+(1 — pdt)(1 — Adt)e [Vf;(P + dp)]

Expanding the stochastic part on the right hand side of (A-2.7) using Ités Lemma, the

equation evolves into (A-2.8)

—(2)
VA,E(P) = DyP — ply

(1= (p+ DD Va3 (P)dt + 302P2T, (Phdt + bV (Pe|  (A28)

+(1 — pdt)Adt [P;EZE) (P)dt + %UZPZP;E?"(P)dt + uPQEZE)'(P)dt]

Reorganizing and simplifying (A-2.8), the differential equation that describes 7,?,3(13) is
presented in (A-2.9)

—(2)" —(2)' —(2)
P?Vap (P)+uPVap (P)—(p+ D)V ,yp(P)

+D4P — ply + AEZD (P) = 0

1

27 (A-2.9)

. . —=(2)
As Fi?(P) has two solutions, when P < P*ﬁ and P*ﬂ < P, the solution to V4 ¢ (P) can be

written as:
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(1 —2)" —(2)' —(2)
EUZPZVA,E (P)+uPVyp (P)—(p+D)Vyp(P)
D,P
A, +242PA =0 P <P"3)
. vep-# ' ' (A-2.10)
1. @ ey —
EU PVag (P)+uPVag (P)—(p+A)Vyp(P)
DaP— I+ ——— — My =0 P <p
\ + Dy at Y +p—u E AE

Using the framework presented in (A-1.4) — (A-1.12), the solution for Vf,,z;(p) is given in
(A-2.11). Notice, when following the same reasoning as in (A-1.17), the terms containing
negative exponents, 8, and &, can be ruled out in the top part of (A-2.11) and the term

containing the positive exponent, §; in the bottom part of (A-2.11) can be ruled out.

(Vap (P) + A3 PP + AT P P <P
_@ P[ADg + (¥ + p — 1)D,]
VaeP) =1 o+ 1 -y +p—p (A-2.11)
Al
l\ P Tt BiEP Pup<P

- - - = 2
Investment decision: Scenario 2, Fﬁvé (P)

—(2 —x(2)

(4 phs P <P on

7@ ) ﬁ*@) < ﬁ*@)

—(2) AE ) 0,A = — 0__,4
FAVB(P) = A —©2) —2) —«(2) —«(2) (A'212)

Coa,BPP1 + Eq 4, 5PP? P 5ai<P<Pgp

—(2)
Vo (P) P op<P

. —(2 —=(2) . . .
In Equation (A-2.12), A((M)lPﬁ1 and P 4, are solved via value-matching and smooth-pasting

. L= 2) =2 —@ —(2)
between the first and second branch, while P g, P g3, CO,AVBPﬁ1 and EO,AVBPBZ are solved

numerically via the second, third, and fourth branch. Value-matching and smooth-pasting
between the second and third branch are presented in (A-2.13), and value-matching and

smooth-pasting between the third and fourth branch are presented in (A-2.14).
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_AF*% o=@ L@ @) —@Ffr _@ —@F
vip—pn latAseP sz +AspP oz =CoaBPoa t+EoaBP oz
—e(2) , S , , (A-2.13)
P o~ —(2)P1 —x(2)°1 —@) —@F ) —F
4”04 ©) @ _
y + p —u + ﬁlAA,EP O,_A + SléA,EP O,_A - BICO,AUBP (),_A +32E0,AUBP O,_A
—x(2)
—@ —@F _@ —@F2  DgP 3
CO,AUBP O,_B + EO,A-UB O,_B = m —_ IB
@) (A-2.14)
—2) —@F _@ —@P  DyP oy

B1Coa,BP 55 + BZEO,AUBP B T ytp—4
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3 Valuation of project A including all embedded options,
and comparison with project B

3.1 Project A versus Project B when the expansion is certain:
Scenario 3, Fg}g

Investment decision: scenario 3, ES; (P)

A P <rd)

D Py = | V7 (P) P <P < P*% As)
v ) PP+ ES) PP ,p*g_i; <p<p
0P P& <p

In Equation (A-3.1), AS)P#+ and P*(), are solved via value-matching and smooth-pasting

3 p* 3 C(3)

between the first and second branch, while P*5=, P*o—, €y

vBPf”1 and Eéi{vBPﬁz are solved

numerically via the second, third, and fourth branch. Value-matching and smooth-pasting
between the second and third branch are presented in (A-3.2), and value-matching and

smooth-pasting between the third and fourth branch are presented in (A-3.3).

NE)
DyP">= B B B>
0.4 B @1 _ 3 .3F | 3 .0
y+p_‘u._IA+AA’EPO,_A _CO,AVBPO,_A +E0,AVBPO,_A
b @ (A-3.2)
A" 04 G @1 _ , 3 @ B) p@®P2
T ks BrAaPoa = BiCoy gPog  +B2Eos gPog
(3
@ ®F 3 ,.@F _ DePog
CoasP o5 tEasl o5 =y3p—pn s
- (A-3.3)
B1 3) (3)52 DBP*ﬁ
B) . _ )
BiCop P o5 +B2Egs P on

04BT 0B T y+p—u
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3.2 Project A versus Project B when the expansion is uncertain:
_ —(3
Scenario 3, F,(‘v)B(P)

—(3
Modelling the uncertainty effect on project A: Scenario 3, Vf(l,;(P)

Von(P) = (DaPdt — plydt) + (1 — pdt)Adtz|E7 (P + dP)] s
' A-3.4
+(1 — pdt)(1 — Adt)e [Vf;(P + dp)]

Expanding the stochastic part on the right hand side of (A-3.4) using Itds Lemma, the

equation evolves into (A-3.5)

—(3)
VA,E(P) = DyP — ply

+(1 = (p+ 1)db) [Vfﬁ (Pdt + 5 02P*Vyp (P)dt+uPVyy (P)dt] (A-3.5)

+(1 - pan)ade [ES) (PYde + 5 a2P2ES" (PYde + uPES) (Pt
Reorganizing and simplifying (A-3.5), the differential equation that describes VS;(P) is
presented in (A-3.6)

1 —=3)" =3’ =(3)
?UZPZVA,E (P) + uPVyp (P) — (p+ DV (P)

o (A-3.6)
+D4P — ply + AESD (P) = 0

. . =(3)
As Iil("?(P) has two solutions, when P < P*ﬂ and P*ﬂ < P, the solution to V4 ¢ (P) can be

written as:
(1, =@ =3’ 7
50°P Vg (P)+uPVag (P) = (p+ DV,az(P)
D,P
— A [+ 2A5)PB = 0 P <P

11 ®)" e _(l;)' | ®) oD

EUZPZVA,E (P) +uPVyg (P) — (p+ DVap(P)

ADE (3
\ +DAP—IA+m—ME+AA§1)3PﬁIZO ,PE,_,%SP

—(3
Using the framework presented in (A-1.4) — (A-1.12), the solution for Vfl_,z-(P) IS given in

(A-3.8). Notice, when following the same reasoning as in (A-1.17), the terms containing
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negative exponents, $, and &, can be rule out in the top part of (A-3.7) and the term

containing the positive exponent, §; in the bottom part of (A-3.7) can be ruled out.

Vo (P) + AGp PP + Ay PO P <P
Vae(P) = { (p+A—-wW+p—pw (A-3.8)
Al
l - ot AP PPy + B3O P <P
— . —@3)
Investment decision: Scenario 3, F4 5 (P)
—(3 —x(3)
(45 ph P <P ox
7@ ) 5@ _ 5 5@
—3) AE ) 0,4 = — (),_A
Fap(P) =4 _g,) —@® _.® _@  (A39)
Coa,zPPt + Eq 4 PP P z<P<Pgz
—+(3)
Vo (P) P op <P

. —(3 _*(3) . . -
In Equation (A-3.9), Ag,ijﬁl and P 4, are solved via value-matching and smooth-pasting

. L= =B =(® E)
between the first and second branch, while P g, P g3, CAUBPﬁ1 and EAUBPﬁ2 are solved

numerically via the second, third, and fourth branch. Value-matching and smooth-pasting
between the second and third branch are presented in (A-3.10), and value-matching and

smooth-pasting between the third and fourth branch are presented in (A-3.11).

A_*g =@ 5@ @) @F ) )P
y+p_'M_IA+AA,EPo,_A +A P 52 =Ca,BP 52 T EaBP o5z
3 , ) , , (A-3.10)
P —(3)h —«(3)01 —3) —3@F —3) —®F2
Al 9, 3 3
et BAGP a T OALP 5 =PBiCy pP oz +FEaBP oz

—+(3)
—@ =P _@ —®F2  DpP 3

CapP o5 +EaBP 5 =y3,-p Is
—+(3)

—3) —@F1 —@) —®F2  DyP o3
,BchVBP 0,B +182EA,,BP 0B — Y+p—u

(A-3.11)
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