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Chapter 1
INTRODUCTION

1. Objective

The purpose of this dissertation is to derive valuation theories for life insurance contracts based
on economic theory. Life insurance companies are exposed to two major sources of
uncertainty: Mortality risk and financial risk. In this dissertation mortality risk is treated as in
the classical actuarial models, i.e., from a risk neutral perspective. In traditional actuarial
theory, see, e.g., Borch (1980) and Sverdrup (1969), financial uncertainty is not modeled
explicitly. We introduce two sources of financial uncertainty, one related to the interest rate, the
other one to the amount of benefit. In the traditional models the interest rate is assumed to be
constant and the amount of benefit deterministic. Recently, however, new life insurance
products have been introduced, where the amount of benefit is linked to a financial asset,
whose market value fluctuates randomly. We present models where both these sources of
financial uncertainty are taken into account.

2. Organization

This dissertation consists of four chapters, in addition to this introductory chapter. Each chapter
is written as a self-contained paper. The first, entitled "Pricing of Unit-linked Life Insurance
Policies", is accepted for publication in the Scandinavian Actuarial Journal with Knut Aase as
co-author. The second, "Valuation of a Multistate Life Insurance Contract with Random
Benefits", was presented at the first Nordic Symposium on Contingent Claims Analysis in
Naantali, Finland, 8-9 May 1992 and published in a supplementary issue of Scandinavian
Journal of Management, Vol. 9, 1993. The third paper is entitled "Interest Rate Risk in Life
Insurance”. The fourth paper, "Random Benefits and Stochastic Interest Rates in Life
Insurance”, was presented at the Second Nordic Symposium on Contingent Claims Analysis at
Solstrand Fjord Hotel outside Bergen, Norway, 5-8 May 1994. As mentioned, the papers are
intended to be' self-contained, which, unfortunately, implies some duplications and to some
extent varying notation between the different chapters.



3. Overview
The dissertation can naturally be categorized according to the two sources of financial
uncertainty treated, i.e., the interest rate and the amount of benefit.

Figure 1. Structure of dissertation.

Benefit
Deterministic Random

Traditional Chapter 2
actuarial Chapter 3
theory

Deterministic

Interest Rate

Chapter 4 Chapter 5

Random

In Chapter 2 a theory for pricing unit-linked contracts is presented. Unit-linked insurance is
characterized by the fact that the benefit is linked to a mutual fund or another financial asset. In
the unit-linked version of a term insurance contract the insured's heirs receive, say, the value of
10 units of a mutual fund upon death. These types of insurances may also include a guarantee,
i.e., the heirs receive, say, the maximum of the value of 10 units in a mutual fund and 100 000
NOK. The model of the financial market in Chapter 2 is the same as the one used by Black and
Scholes (1973) in their derivation of the option pricing formula. In this model the interest rate
is constant and the price of the risky asset follows a geometric Brownian motion. In Chapter 2
we treat unit-linked versions of term insurance and pure endowment insurance contracts. These
two contracts can be combined into endowment insurance which is a popular contract on a
single life.

In Chapters 3, 4 and 5 we employ an extended model of the insurance contract. The insurance
policy is at each point in time assumed to be in one of a finite number of states and moves
between the states according to an inhomogenous Markov-process. This model of the
insurance contract is quite general and somewhat standard in the actuarial sciences. The
insurance contracts just mentioned are special cases of the Markov-model, and it can also be
used to model contracts on several lives. It is natural to use an inhomogenous Markov-process
in life insurance to reflect facts of life, such as that the probability of death or of becoming



disabled generally increases with age.

In Chapter 3 we also generalize the model of the risky security to a geometric Gaussian
process. The major advantage of this model compared to the geometric Brownian motion is
that the volatility of the risky security is allowed to be a deterministic function of time as
opposed to a constant when using the geometric Brownian motion. This added flexibility may
in particular be useful when long-lived contracts such as life insurance policies are considered.

In classical actuarial theory the interest rate is assumed to be constant. In Chapter 4 we develop
a pricing model where the interest rate is random and the benefits are deterministic. Whereas
unit-linked products are relatively specialized life insurance products, the model in Chapter 4 is
applicable for most traditional life insurance products. The valuation theory is based on models
of the term structure known from financial economics.

In Chapter 5 we again allow for random benefits linked to risky assets where also the interest
rate is random. In this model there is an arbitrary finite number of risky assets modeled by
somewhat more general processes than in the previous chapters. One example of application of
this model is the valuation of unit-linked contracts in the case of random interest rate.

4. The theory and model assumptions

We use models in continuous time. This approach is standard in the actuarial sciences as well
as in the theories we apply from financial economics. From an actuarial perspective, the new
component of the model is a financial market. This addition is natural when dealing with unit-
linked insurance, but can also be applied when the benefit is deterministic. Our model of the
financial market is highly idealized. There are no transaction costs or taxes, and short-sale and
continuous trading are allowed and considered feasible.

The body of the financial theories we apply are known as arbitrage pricing theories. They are
characterized by the fact that the processes for the market prices of the financial assets are taken
as primitives. Furthermore, no arbitrage profit can be generated by trading with these
securities — a necessary condition for an economic equilibrium. However, these theories are
not general equilibrium theories where the market prices of the securities may be derived from
more fundamental primitives such as the agents' preferences and technology factors. Arbitrage
pricing theory is sometimes called preference free pricing, meaning that the resulting pricing
formulas do lbot explicitly depend on the agents' preferences. Continuous time arbitrage
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theories are based on the seminal papers by Black and Scholes (1973) and Merton (1973) and
developed further by Harrison and Kreps (1979) and Harrison and Pliska (1981), see, e.g.,
Duffie (1991) for a current overview of this theory. The purpose of this dissertation is not to
create any new financial theory (nor do we apply the existing theories in their full generality),
but rather to merge the central ideas of these theories with actuarial models, attempting to find
valuation principles for life insurance contracts consistent with economic theory as well as with
traditional actuarial valuation principles.

This work is based on two important assumptions.

Assumption 1.
The financial market is independent of the state of the insurance policy.

Assumption 2.
The insurer is risk neutral with respect to transition risk.

More precisely, the content of Assumption 1 is: All stochastic processes representing the market
values of the financial assets are statistically independent of the stochastic process representing
the state of the policy. We find this assumption rather plausible, though more or less realistic
counter-examples may be constructed. One counter-example is the situation when a person gets
a heart attack and dies because a dramatic decrease occurs at the stock market.

To explain the concept of transition risk we use term insurance as an example. In term
insurance the insured is in one of two states, alive or dead. The insured may die immediately
after the contract is signed, or at least much sooner than anticipated. This obviously represents a
risk for the insurance company, called mortality risk (a term used earlier) for this particular
contract. Transition risk is just the natural generalization when there are more than two possible
states of the policy. In the actuarial literature transition risk is often referred to as mortality risk
and even only risk. In our models also financial risk is present, so we prefer the term transition
risk, a terminology that also fits well to the underlying Markov-model.

The following example is intended to explain the concept of risk neutrality with respect to
transition risk. An insurer promises to pay the insured 100 000 NOK if he dies tomorrow (we
impose this short time horizon to ignore any problems connected to the time value of money).

The true probability for death tomorrow is known and equal 5 1000. If the insurer is risk




neutral with respect to transition risk, he charges 10 NOK for the policy, i.e., the insurer does
not demand any premium in excess of the expected pay-out to offer the insurance.

The justification for the risk neutrality assumption with respect to transition risk is based on a
pooling argument, i.e., the insurance company have a large number of independent and
identical contracts. From the strong law of large numbers, the aggregate number of deaths (and
other transitions causing the expiration of benefits) approaches the population's average as the
number of policies gets large.

The pooling argument does not hold for financial risk, because all policies are generally affected
by financial risk in the same direction. For example, every policy is exposed to the same
interest rates, or at least to highly correlated interest rates. The amount of financial risk is
therefore increased, rather than decreased, by increasing the number of identical policies.

5. Existing literature on the valuation problem

The pricing of unit-linked insurance is discussed in a number of papers. These can broadly be
classified in two categories. The papers of the first category were published in the 1970's and
culminated by the book of Brennan and Schwartz (1979a). The approach used was based on
the Black and Scholes (1973) methodology for the financial part, and on a discrete time model
of an endowment insurance for the actuarial part. The majority of the second category of papers
were published in 1993 or 1994. The timing of these papers is probably connected to the recent
introduction of unit-linked contracts in several European countries. Also here a discrete time
model of an endowment insurance together with continuous time finance models were used,
though these works apply the more modern martingale-based theory. Most of these papers are
reviewed in Chapter 2 of this dissertation.

There exist a few papers in the actuarial literature dealing with stochastic interest rate in life
insurance. We refer to Parker (1994) for a review. However, we are not aware of other works
using the approach of Chapter 3, which is based on the existence of a financial market without
arbitrage opportunities. In Chapter 3 we have included a comparison between our approach
and a work of Norberg and Mgller (1993) which is based on the traditional actuarial valuation
principle, or "classical theory of risk", originating more than a century ago.



6. The results

As mentioned above, the classical actuarial models are based on a deterministic rate of return
and deterministic amounts of benefits. The only remaining source of uncertainty is at what time
the benefits expire. In classical actuarial theory the single premium may be found in one of two
ways: Either as the expected present value of the future cashflows, or by solving a
deterministic differential equation. The first approach even has its own name, the principle of
equivalence. This principle was established by Jan de Witt in 1671 (see, e.g., Borch (1990)).
The underlying idea is that an insurer’s income and expenses should balance on average. The
differential equation was first discovered by the Danish actuary Thorvald N. Thiele in 1875 and
was derived by Hoem (1968) for the Markov-model we use.

It is striking that the two main methodologies of the modern arbitrage pricing theories are quite
similar. The essence of the arbitrage theories is that the market price of a financial asset may be
found either by solving a deterministic partial differential equation or as an expectation of the
present value of the future cashflows, but where the expectation is calculated under a risk
adjusted probability measure. The famous option pricing formula was originally derived by
Black and Scholes (1973) by solving a partial differential equation. Another example is the
term structure model of Brennan and Schwartz (1979b). In the financial literature these
differential equations are often referred to as fundamental differential equations. The risk
adjusted probability measure is called an equivalent martingale measure. Again we refer to
Harrison and Kreps (1979), but this approach is currently a central topic of every advanced
textbook in finance, see, e.g., Duffie (1992).

In this dissertation we construct probability measures so that the market prices of the insurance
contracts may be found as expectations under this risk-adjusted measure. This principle is
referred to as the principle of equivalence under Q, where Q denotes the risk-adjusted
probability measure. In the case of no financial risk, the probability measure Q is identical to
the original probability measure, so that our pricing principle coincides with the traditional
principle of equivalence. Also in the case of no life insurance specific factors, our probability
measure is identical to the probability measure from the financial theory. The principle of
equivalence under Q differs from the traditional principle of equivalence, where the single
premium of a policy is found as an expectation under the original probability measure. In our
idealized model the insurance company's income and expenses will balance on average. This
corresponds to the same fairness-idea underlying the traditional principle of equivalence. By
using any other pricing principle, e.g., the traditional principle of equivalence, the insurance



contracts will be systematically mis-priced. That is, the company will either go bankrupt, or
other companies can offer the same policy at a lower cost.

In Chapters 2 and 4 examples are given where the premiums calculated by our principle are
lower than if they were calculated by the traditional principle of equivalence. A possible
explanation for this is the following: An investor buying financial assets generally demands
higher returns than the riskfree rate of return, to be compensated for the financial risk. The
return in excess of the riskfree rate is called a financial risk premium. By buying financial
securities, the insurance company accepts financial risk, and consequently receives —on
average— a financial risk premium. Then the insurance customers may benefit from this by
lower prices on their insurance contracts. In our models the investments in the financial market
do not expose the insurance company to financial risk. The purpose of the investments is to
hedge the payoffs connected to the insurance benefits. Hence the financial investment reduces
the company's exposure to financial risk. This explanation may be plausible for a mutual
insurance company, i.e., a company owned by the policy-holders. For a an insurance
company owned by shareholders, one would expect that the shareholders also want a part of
the financial risk premium.

We also derive partial differential equations which can be considered as generalizations of both
the classical Thiele equation and various fundamental differential equations known from the
arbitrage pricing theory. These equations are derived using 3 different methodologies. In
Chapter 3 we use arguments involving duplicating trading strategies. In Chapters 2 and 4 we
use the martingale property of the financial assets under the risk adjusted probability measure.

The approach in Chapter S involves a general stochastic differential equation for the premium
reserve under the risk adjusted probability measure. The complexity of both these equations
and the risk adjusted probability measure are connected to the complexity of the financial
model. In the case of random interest rate the partial differential equations also depend on the
choice of term structure model.

In the two following sections we present our results in some more detail.

7. The pricing principles

First we fix a time horizon T and a probability space (€2, 7,P). See Chapter 2 for a more detailed
description of the notation. Let A, denote the random accumulated payment stream in the period
[0,1] of an insurance contract. The random variable Aq represents the sum of all payments in



the insurance period. See equation (12) of Chapter 3 for the expression for this quantity in the
Markov-model. Let r, denote the interest rate prevailing at time t. In Chapter 2 and 3 the
interest rate is constant and will be referred to as r (without subscript). The money market
account is defined by

B = exp( J‘o trsds)

and can be interpreted as the value of an investment at time zero of one unit currency, accruing
interest according to the short interest rate. We assume that the following expression for the
random payment stream discounted by the money market account is well-defined,

Tl
VO=J‘0 EdAs.

Observe that Vjis a random variable and represents the random present value of all cashflows
related to a particular insurance contract. We denote the market price of the insurance policy by
I1,. From the principle of equivalence under Q it follows that

T =EYV,] = E{%,?-vo], 1)

where EQ[ - ] denotes the expectation under Q and E[ -] the expectation under the original
probability measure P. Formally, %— represents the Radon-Nikodym derivative of Q with
respect to P, and is a random variable on (,#,P). The probability measures P and Q are
equivalent provided P(A) = 0 if and only if Q(A) = 0 for all A € . An equivalent probability
measure Q is an equivalent martingale measure if % has finite variance and the price processes
of the financial assets under Q, after a change of numeraire, are martingales. An equivalent
martingale measure imposes the following conditions on the Radon-Nikodym derivative,

i)E{%]: 1, 1) P >0P-as. and i) Var[%] < oo, @
Both the economic interpretation and the economic purpose of the Radon-Nikodym derivative

are important. It can be interpreted as the shadow price of risk per unit probability, is
sometimes referred to as the pricing kernel. In our model % represents the shadow price of



transition risk and financial risk per unit probability. From the independence assumption,
Assumption 1, it follows (see Chapter 4) that % splits nicely into the product of two factors,
i.e.,

L=tk 3)

where &, represents the shadow price of transition risk per unit probability and &, represents
the shadow price of financial risk per unit probability. We have assumed that the insurers are
risk neutral with respect to transition risk (Assumption 2), implying that ; = 1, and
F=b
That is, under the assumptions of independence between the financial market and the state of
the policy and risk neutrality with respect to transition risk, the pricing kernel for financial risk
following from economic theory should be used to price life insurance contracts. In the
]

arbitrage pricing theories 3 is on the following form,

T T
L exp(- J; a(s)dW, - %J; a(s)zds), @)

where W, is a standard Brownian motion on (€2, ¥, P) and a(t) depends on the model used. In
Chapter 2 and 3 both W, and a(t) denote one-dimensional processes. For the models in
Chapter 4 and 5, W, represents a d-dimensional vector of independent Brownian motions and
a(t) represents a d-dimensional vector of processes (in which case ot(t)2 should be interpreted
as the dot product). We sometimes refer to the multi-dimensional Brownian motion as the d
sources of uncertainty.

The quantity % serves a similar role as the marginal utility of the representative agent in general
equilibrium models. If the arbitrage theory we apply is consistent with a more general
equilibrium model possessing a representative agent with a utility function, the agent's
normalized marginal utility at time zero for consumption at time T would be identical to
expression (4).

The following table shows the expressions for a(t), together with the model of the risky
securities, denoted by dS, used in the different chapters.
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Table 1. Pricing principles.

Ch. a() ds
2 s dS =nSdt + 6SdW
3 Ao—r dS =7(S,)Sdt + o(t)SAW
4 : -
d
(M)
(vi)
5a : dS =1(S,)Sdt + o(S,))SAW
(%)

5b . dS =nSdt + 6;SdW! + 5,SdW?
SMm-n- LA

1 [(ssm-1)—0y(y-1)) | dS!'=nSldt+6,8'dW! + 5,51dW?
maTa o\ (- s -1 | | 352 =482t + 5,S%dW! + 5,52dW?

In Chapter 2 the drift and volatility processes of %s, 7 and o, respectively, are constants.
Hence o(t) is a constant and the conditions in (2) are satisfied. For the other models
restrictions on the parameters of the price processes must be imposed to ensure that these
conditions hold.

In Chapter 3, n(S.t) is allowed to be a function of S and t, and o(t) is a general function of t.

In the model of Chapter 4 there are no risky securities. Here cu(t) is a vector of market prices of
risk related to each of the d sources of uncertainty. The theory does not provide any insight in
the parametric form of these functions. In applications, a parametric form usually must be
assumed before any estimation of parameters can take place, except for the cases where the data
are rich enough to permit non-parametric estimation.

10



In Chapter 5 the parametric form of the market prices of risk depends on the number of risky
assets. In the case of no risky assets, this model is the same as in Chapter 4, i.e., \|1‘t = li, for
i= 1,...,d. In the case of d or more risky assets, c(t) will be determined in terms of the
parameters of the processes governing the risky assets. When there are between 1 and (d — 1)
risky assets, the parametric form of some of the \|1{ 's may be chosen arbitrarily, the remaining
will depend on these in addition to the parameters of the risky assets. To illustrate, we have
included examples in the table, labeled 5b and Sc, where there are two sources of uncertainty.
In 5b there is one risky asset and we are not able to determine y?, but \y% can be determined in
terms of \v} and the parameters of the price process of the risky security. In Sc we introduce
another risky asset and a(t) is now completely determined in terms of the parameters of the
risky assets.

We would like to emphasize that in our life insurance model, knowledge of a(t) completely
determines the pricing of the life insurance policies under our set of assumptions.

8. Partial differential equations for the market value of the
insurance contracts

We also develop equations describing the evolution over time of the market value of the

insurance contract. They are on the form

E%E = J1f — a,(t) —Zush(t)[agh(t) + TP - T18] - k. )

h=g

The term K is not a constant, but consists of several partial derivatives with respect to various
state variables and/or risky assets. These equations can be considered both as generalizations
of various fundamental differential equations from the theories of financial economics and also
possibly as a generalization of Thiele's equation from the actuarial sciences. Excluding the term
X, equation (5)is identical to the traditional Thiele equation. This equation can be interpreted in
an intuitive and straight-forward manner (see below equation (26) of Chapter 3). The above
equation also deals with economic risk, and as a consequence the new collection of terms x
appears. The x terms depend on the financial model, and in the following table the k terms for
the models in the different chapters are listed.
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Table 2. Differential equations of the market value of the insurance contract.
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These terms cannot be interpreted in a straight forward manner, as is the case for the other
terms in equation (5). In Chapter 2 the full-fledged version of this equation is not developed,
but the x term labeled 2 can be considered as a special case of the model in Chapter 3 where the
volatility process of the risky security is constant, i.e., 6(t) = 6. The x terms for the equations
in Chapter 2 and 3 involve first and second order partial derivatives with respect to the risky
security.

In the model in Chapter 4 the economy is described by a vector of state variables Z and no
risky assets. The x term of this model involves the first and second derivatives with respect to
Z and depends also on A, the vector of market prices of risk.

In the model of Chapter 5 risky assets are introduced. The model labeled 5a) is also based on a
vector of state variables Z and involves the first and second order partial derivatives with
respect to the state variables. In addition, the first and second order partial derivatives with
respect to the risky assets, and two terms representing the covariation between the state
variables and the risky securities, are included. The models in Sb and 5c are based on the
Heath, Jarrow and Morton (1992) model of the term structure. Here we suggest using either
the market price of a bond, B, as a state variable, or minus the integral of the forward rates, X,
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as a state variable. In both cases the structure of the x terms are similar to the model in 5a,
containing terms involving the first and second order partial derivatives with respect to the state
variable and the risky assets, and a term representing the covariation between the state variables
and the risky assets. However, the two last expressions do not involve the market prices of

risk.

9. Concluding remarks

In this dissertation we attempt to model the life insurance business as a part of an economic
environment and investigate how pricing in the financial market affects the pricing of life
insurance products. The model of the financial market is highly idealized and somewhat ad
hoc, as it does not provide any explanation for the financial price processes, which are our
primitives. However, this financial theory currently seems to be the industry standard both
among academicians and practitioners working in the field of financial economics. This
dissertation provides insights into how these theories may be applied in the actuarial sciences.
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Chapter 2

PRICING OF UNIT-LINKED LIFE
INSURANCE POLICIES!

The key feature of unit-linked or equity linked life insurance policies is the uncertain value
of the future insurance benefit. By issuing unit-linked insurances that guarantees the
policy-holder a minimum benefit, the insurance company is exposed to financial risk.

The value of the insurance benefit is assumed to be a function of a particular stochastic
process. We use the financial theory of arbitrage pricing and martingale theory to derive
single premiums for different policies. We derive risk-minimizing trading strategies
describing how the issuing company can reduce financial risk. We derive a partial
differential equation for the market value of the premium reserve which we compare to
Thiele’s equation of the actuarial sciences. Our equanon contains some new terms
stemming from our economic model.

The interpretation of the principle of equivalence may be revisited in this framework; the
principle still holds but under a new risk adjusted probability measure, equivalent to - but
different from - the originally given probability measure.

Key words: Unit-linked Insurance, Equity-linked Insurance, Arbitrage Pricing Theory,
Thiele’s Differential Equation, Principle of Equivalence.

1. Introduction

1.1 Focus

A life insurance contract or policy is an agreement between a customer and an insurance
company which specifies an event that must occur for the policy-holder to get a benefit from
the insurance company, a specified time-period, the insurance period, in which the contract is
valid and a premium-plan which specifies how the customer shall pay for the benefit.

A unit-linked or equity-linked insurance (called variable life insurance in the United States) is a
certain kind of life insurance where the amount of insurance benefit is linked to the market value
of some specified reference portfolio. This portfolio may consist of stocks, bonds and/or other

1 This article is accepted for publication in the Scandinavian Actuarial Journal, Vol. 1, 1994, with Knut Aase as
co-author.
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financial assets. The typical example seems to be shares in a mutual fund. As opposed to
traditional insurance the benefit is random. To reflect this fact we model the amount of benefit
by a stochastic process. The principle of equivalence, which is the basis of pricing traditional
life insurance products, does not include random benefits. We therefore use financial theory to
value the benefit and then take mortality into account — assuming that the financial market is
independent of the insured’s health condition. We call the resulting pricing principle the
principle of equivalence under Q. Like the traditional approach, it is also implicit in this
procedure that the insurer is risk neutral with respect to mortality. It does not assume that the
insurer is risk neutral with respect to financial risk.

Another feature of unit-linked insurance is that the components, i.e., benefits, premiums etc.,
may be measured in units of the reference portfolio. Furthermore, the insurance company is
supposed to have several portfolios available so that the unit-linked customer can choose a
(financial) risk-level of his insurance by choosing an appropriate portfolio. These factors will
only to a limited extent be taken into consideration.

We restrict attention to endowment and term insurances, which are the building blocks for most
of the interesting policies written on one life. The model is extended to more general life
insurance contracts in Persson (1994b).

1.2 Existing literature

The first treatments of unit-linked contracts with guarantees by modern financial techniques that
we are aware of, seem to have been conducted by Brennan and Schwartz (1976, 19792, 1979b)
and Boyle and Schwartz (1977). While this problem had been discussed in the actuarial
literature for several years, no satisfactory theory had been developed (see, e.g., Corby, 1977).
This last reference also demonstrates that the actuaries were reluctant to accept these results.

Boyle, Brennan and Schwartz recognized that the payoff from a unit-linked insurance at
expiration is identical to the payoff from a European call option plus a certain amount (the
guaranteed amount) or to the payoff from a European put option plus the value of the reference |
fund. Options are specialized financial instruments and will be described in Section 3. Finally,
the option theory initiated by the results of Black and Scholes (1973) was utilized to value the
unit-linked contract.
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Delbaen (1990) and Bacinello and Ortu (1993) also analyzed unit-linked products by using the
martingale-based theory credited to Harrison and Kreps (1979).

In practice most life insurance contracts are paid by periodic premiums. In the traditional life
insurance policies this fact does not influence the amount of benefit. If a person arranges to
pay, say, a term insurance with periodic premiums and dies the day after he signs the contract,
his heirs will receive the full benefit. This is generally not the case for unit-linked contracts.
The amount of the benefit will in general depend on, firstly, the time since issue and, secondly,
the random value of the reference portfolio. This contract therefore involves two new
properties compared to traditional life insurance contracts.

Fix a time horizon T. Let N(t) and S(t) be the prescribed number of shares of the reference
portfolio included in the benefit and the market value of one share, respectively, at time t,0 <t
< T. Boyle, Brennan, Delbaen and Schwartz considered a certain contract where N(t) is
random and depends on the path of S(t). To obtain the market price of the policy Brennan,
Boyle and Schwartz numerically evaluated a complex differential equation and Delbaen used
Monte Carlo simulation.

In contrast, we assume that N(t) is non-random. In the single premium case our results
coincide with the earlier results. However, by our assumption we are able to get analytical
results in the case of periodic premiums and to treat contracts not previously addressed in the
literature, which also may be of interest from an applied point of view.

The basic assumptions are essentially the same in our model as in the model used by Black and
Scholes, but like Delbaen, Bacinello and Ortu, we use the theory that originated from the
papers by Harrison and Kreps (1979) and Harrison and Pliska (1981) to value unit-linked
insurance contracts. The present stage of this theory (see, e.g., Duffie, 1991) is rather general
and can in principle be used for valuing any contingent claim. When comparing option pricing
results with unit-linked results one has to take into account that options and life insurance
contracts are different products with different characteristics. For example while options
usually expire within one year, life insurance contracts have typically long contract periods
(more than 40 years are not unusual). Except solely for the purpose of comparisons, we are
therefore reluctant to state the prices of unit-linked products in terms of options prices which is
commonly seen in the literature.
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The earlier papers presented results for an endowment insurance which consisted of a pure
endowment insurance and a term insurance—both with guarantee. In contrast, we consider an
endowment insurance to be a combination of a pure endowment insurance and a term insurance
and concentrate our effort on valuing those building-blocks separately. Itis then a simple task
to combine the building-blocks into various kinds of endowment insurances. Note that by our
approach we have a traditional, a pure unit-linked and a guaranteed unit-linked version of both
of the building-blocks. This means that we can make a total of 9 different endowment
insurances by combining them in different ways (of which one is the traditional endowment
insurance). Not all of these contracts may be offered by the insurance companies. Also
Bacinello and Ortu (1993) apply the martingale based valuation approach to other types of
contracts.

Also contrary to Brennan, Boyle, Delbaen and Schwartz, we use time-continuous death
probabilities which is common in the actuarial literature. This leads to results that can be
directly compared to the corresponding actuarial, as well as the pure financial, counterparts. As
a consequence, we find a connection between the celebrated Black and Scholes partial
differential equation (Black and Scholes, 1973) encountered in financial economics and the
familiar Thiele differential equation from the theory of life insurance, the latter dating back to
1875. The principle of equivalence in life insurance still holds formally, but now under a risk
adjusted probability measure, which means that the real interpretation of this principle is
changed in our approach.

1.3 Pure contracts and guaranteed contracts

The intention of this paragraph is threefold. First to distinguish two classes of unit-linked
contracts, then to provide examples of unit-linked contracts and finally to illustrate the
equivalence principle under Q.

A unit-linked insurance can be equipped with a guarantee that assures the policy-holder a
minimum amount even though the value of the reference portfolio at expiration is below this
level. We denote such a contract a unit-linked contract with guarantee and a contract without a
guarantee a pure unit-linked contract. The latter contract transfers all financial risk to the
customer, so for the issuer there is even less financial risk connected to this contract than to the
traditional products.

We will now demonstrate how the methodology suggested in this article may be applied to find
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the single premium of pure unit-linked contracts. This example also introduces notation and
assumptions that will be maintained throughout the paper.

First we abstract from the insurance aspects of the policy and look at the valuation of different
financial assets. These financial assets will be used to model insurance benefits when the
insurance aspect is incorporated. Let C(t) and m(t) represent the payoff of the financial asset
payable at time t and the market value at time zero of C(t), respectively.

The payoff of the first asset is C(t) = 1, i.e., one unit of currency paid at the fixed time t. The
present value of C(t) is
oM =, 1)

where 3 represents the constant riskless rate of return.

Now let C(t) = S(t), i.e., one unit of the reference portfolio is paid at the fixed time t. In any
reasonable economic model the market value of the benefit at time zero must be the market value
of one unit of the fund at time zero, otherwise either the buyer or the seller would benefit from
not taking part in the deal. Hence

7o(t) = S(0). )
Observe that my(t) is independent of t.

The asset described above is used to model the benefit of the pure unit-linked contracts. Even
though the time of expiration is uncertain for an insurance, we would like to emphasize that the
benefit basically is a financial asset that the customer equally well could have bought directly in
the financial market. This observation implies that the insurance company can no longer
calculate this present value by using certain tables or discounting techniques, but has to watch
the financial markets to calculate correct prices of insurance contracts. We therefore denote the
value of the benefit the market value instead of the usual present value.

We now turn to insurance aspects again and commence with the pure unit-linked contracts. Let
U:lu"r'l denote the single premium, or market value, of a contract which gives the policy-holder
(or his heirs), who is x years old when he buys the insurance, right to receive 1 unit of the
reference portfolio upon death within T years. This contract is the pure unit-linked version of
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the traditional term insurance. Let the random variable T, denote the remaining life time of an
x-year old person. We assume that the probability density function for T, exists and denote it
f,. The single premium for this policy is calculated as

T
Uia =B[ , To®dr ,Stl):l’ 3)

where 7ty(t) is given by (2) for this contract and liT,Stl denotes the indicator function which
takes the value 1 if {T, <t} and 0 otherwise. In the case of a traditional life insurance contract
®o(t) is given by relation (1) and the above expression is simply the traditional equivalence
principle.

We get from relation (2) and since S(0) is observable at time zero that
Uls= I S(0)f, (H)dt.

Let ,p, = P(T, > t) denote the survival probability for an x-year old policy buyer. The force of

mortality is defined by ., = f";" . Then it follows that £(t) = L, , , and that

d
3t Px= “Hx 4t Px

Then we can write

U= [ SO pases dt,
which can be simplified to
U, 3= P(T < T)S(0) = (1 - 1p,)S(0). @
Let U, denote the single premium for a contract which gives the policy-holder, who is x
years old when he buys the insurance, right to receive 1 unit of the reference portfolio if he is

alive after T years. This is the pure unit-linked version of the traditional pure endowment
insurance. A similar approach on this contract gives
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TUx = P(T > T)S(0) = 1p,S(0). (5)

Note that no assumptions regarding the stochastic process governing the evolution of S(t) are
necessary to obtain (4) and (5).

We have demonstrated how to find the market value of the pure unit-linked contracts, but
problems arise when the contracts include guarantees. Buying shares are risky investments in
that the investor may lose money, as well as make profits. In order to protect buyers of unit-
linked life insurances from the general downside risks of the stock markets, a guarantee may be
issued. This guarantee can be arranged in many different ways and in most countries it is
required and regulated by law. Denoting the guarantee at time t by G(t), one example of a
possible guarantee is G(t) = G, for all t, so that this guarantee is constant through time.
Another example is

t
G(t)=j05<s)ds.

where p(t) is the premium rate at time t. By this guarantee the customer is sure to get the
nominal value of his money back. The same guarantee may be imposed with an interest rate, r,
O<r«l,

t
G = J; p(s)e™ - *ds.

The customer is in this case guaranteed r- 100% return on his insurance. In this paper we will
work with a general, non-random guarantee. A guarantee that is functionally dependent on the
premium rate is called an endogenous guarantee by Bacinello and Ortu (1993).

We now consider a financial asset with payoff C(S,t), typically on the form C(S,t) = S(t) v
G(t), where v is forming the maximum. This financial asset will be used to model the life
insurance benefit in the case of guaranteed unit-linked contracts. Below we sketch the idea for
this more complex case which is the topic of the remainder of the paper.

Now we assume that the value of the fund evolves according to a given stochastic process and a
financial asset with payoff C(S,t) = S(t) v G(t) for some deterministic function G(t). The
essence of an important result from financial economics can in this setting be formulated as
follows:

23



() = Eqe¥C(S, 0, (6)

where EY[ ] denotes the expectation under an equivalent probability measure. At this point we
can consider EQ[ ] as a market consistent pricing principle. We return to its description in
Section 2.

To value a contract similar to the one described by equation (3) with benefit C(S,t) described
above, we still use the right hand side of relation (3), but where m(t) is given by (6). This
ought to explain what we mean by the term the principle of equivalence under Q, a topic we
return to in Section 3.

In Section 4 we derive an equation for the market value of the premium reserve. This equation
we compare with both the Thiele equation of the actuarial science and the Black and Scholes
equation from the theory of financial economics, and we find that our equation is a
generalization of both. We also discuss the concepts of economic risk premiums, mortality risk
premiums and savings premiums. In Section 5 we list certain risk minimizing or replicating
trading strategies which may be used by the issuing company to reduce the financial risk
associated with issuing unit-linked products. Some concluding remarks are included in Section
6.



2. The economic model

2.1 Further references

In this section we reproduce some important results from the arbitrage pricing theory of
financial economics. This presentation must necessarily be brief and we can only refer to the
seminal works mentioned in the introduction or to textbooks in finance such as Dothan (1990),
Duffie (1988, 1992) and Huang (1991). In Aase (1988) this theory is extended to include price
processes including possible jumps for the underlying security. Cox and Huang (1989) give a
comprehensive introduction and, as mentioned, Duffie (1991) presents an overview of the
current status of this theory. All relations involving random variables are understood to hold
almost surely, though the short hand notation a.s. is sometimes added for emphasis.

2.2 The model of uncertainty

We consider a finite time horizon [0,T] and a given probability space (2,7, P). The set Q
consists of all the possible states of the world. Here ¥is a ¢-algebra of subsets of Qand Pis a
probability measure. Events are revealed over time according to a filtration, F = {F, t
€ [0,T]}, a collection of increasing O-algebras, ie., F;, < F, < Ffort 2 s. In addition we
assume that %, contains all the sets of probability zero and that the filtration is right continuous.
A filtration satisfying these conditions is said to satisfy the usual conditions. We also take F =
Frand ¥4 to be almost trivial. This can roughly be interpreted as follows: At time zero no
information is available, at time t the agents can determine whether the events in ¥, have
occurred or not, and at time T all uncertainty is resolved.

To model the market value of the reference portfolio we use a standard Brownian motion W(t)
on (Q,%, P) which includes that the increment {W(t) — W(s)} is normally distributed and
independent of ¥, with mean O and variance (t-s), and W(0) = 0. Let G, be the c-algebra
generated by the Brownian motion and the sets of probability zero from time 0 to time t.

A random time U is a stopping time with respect to a filtration F if the event (U <t} belongs to
% for all t [0, T].

We recall that T, represents an x-year old person’s remaining life time. This random variable

generates a o-algebra #; = o({T, > s}, 0 S s < t). We observe that T, is a stopping time with
respect to the filtration {#, t € [0,T]}.
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We assume that the o-algebras G, and %/ are independent which basically says that the value of
the reference portfolio is independent of the insured’s health condition. We also assume that #,
= G, v H, where G, v 7 is the o-algebra generated by the union of G,and #4. This can be
interpreted as the total information available in the economy at time t is the information one can
get by recording the value of the reference portfolio and the state of the insured from time 0 to
time t. We observe that T, is then a stopping time with respect to the filtration F.

A stochastic process X: Q x [0,T] is called measurable if it is product measurable with respect
to the smallest o-algebra on € x [0,T] containing all sets of the form A x B, where A € Fand
B is a set in the Borel o-algebra on [0,T]. A stochastic process X is adapted to the filtration F
if X, is measurable with respect to %, for all t € {0,T].

The security market model consists of two securities. Let B(t) denote the value of a riskless
bond and S(t) the value of the reference portfolio at time t € [0,T]. These securities are traded
in a frictionless market (no taxes, no transaction costs, short-sales allowed). We choose the
following price system where the bond price at time t equals

B(t) = e, (7

As before, 8 may be interpreted as the constant riskless rate of return. The price process for the
reference portfolio (the mutual fund) is

- -;-Oz)t+oW(t)

n
St)= S(O)e( ¢))
The constants 1} and ¢ may be interpreted as the instantaneous expected rate of return of the
fund and the instantaneous standard deviation of the rate of return of the fund, respectively.
Also S(0) is assumed to be a constant, interpretable as the price of one unit of the reference
portfolio at time zero. These interpretations may become clearer if we write (8) as (heuristic
notation)

dss((tt)) =7dt + GdW(t), given an initial value S(0).

It follows by Itd's lemma that (8) is the solution of this stochastic differential equation. Neither
of the securities pay dividends during (0,T). Here we observe that B(t), which is not
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stochastic, and S(t), which is uniquely determined by W(t), are adapted processes.

We denote the insurance benefit payable at time U by C(U), where U is a stopping time. In the
life insurance context U can be interpreted as the time of expiration of the benefit which is T for
a pure endowment insurance and T,, if T, < T, for a term insurance. For simplicity we only
present results for the case where the benefit is payable at the fixed time T (the pure endowment
case).

Let C(T) be a random variable with finite variance, representing the benefit payable at time T.
In this paper C(T) will be a measurable function of S(T) and since S = {S(t), t € [0,T]} is
adapted, its value can be determined based on .

The discounted price system, denoted by the *-symbol, is simply (7) and (8) divided by B(t),

or

BQ
B(Y)
('q-a— %Oz)t+0W(t)

e .

=1

B*(t)=
and
S
$*(t) = 3 = S(O)
2.3 Results from the theory of financial economics

An outline of the arbitrage pricing theory now follows.

First we define

6= exp( - 1A2Y- 123we).

forte [0,T). Itis easy to verify that E[§,] =1 and Var[§,] = exp((—"—;-s- )zt) — 1 < oo and that
E, is a strictly positive random variable_(almost surely) for t € [0,T]. We then define a
probability measure by Q(A) = E[1A§ for A € % where 3 = &g and 1, denotes the
indicator function that takes the value 1 if the event A occurs and 0 otherwise. Q thus defined is
equivalent to P, meaning that P(A) =0 & Q(A) =0forany A € ¥. From Girsanov's theorem
it follows that

W) =W + 122

is a standard Brownian motion under Q which is also adapted to F.
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It follows that the discounted price process under Q is

S¥(1) = s(o)e—%ozuo\fl ® '

)
Here we notice that E{S*(u) | Fl=S*t)for0St<Su<T,soS*={S¥t),te[0,T]}is a
martingale with respectto F under Q. The probability measure Q thus satisfies: (1) P and Q are
equivalent, (2) S* is a martingale under Q and (3) Var(-;—?) < oo and we say that S* admits an
equivalent martingale measure. A proof of uniqueness of Q may for example be found in
Huang (1991).

Now we turn to the trading strategies and the definition of arbitrage. A trading strategy is an
adapted measurable process or a dynamic investment rule describing how many shares of the
fund and bonds to hold at each point in time.

Let H be the set of admissible trading strategies in this model and let ai(t) and B(t) denote the
numbers of shares in the fund and bonds held at time t, respectively. As a matter of notation
we sometimes refer to the pair {a(t), P(t), t € 1} as (,B), where the time period T should be
clear from the context.

A self-financing trading strategy is defined as a trading strategy which does not generate capital
gains or require inflow of capital during the investment period and satisfies fort < T:

T T
o(T)S(T) + B(T)B(T) = a()S(t) + B()B(1) +-[ a(s)dS(s)+ J: B(s)dB(s) =

T T
a(t)S(t) + B(t)B(t) +J: [a(sS(s) + B(s)OB(s)lds+ j a(s)oS(s)dW(s) a.s.

t

The integrals involving dS and dW are well-defined only as stochastic integrals. The similar
expression for the discounted price system under the equivalent martingale measure Q is

T
o(T)S*(T) + B(T) = a(t)S*(t) + B(t) +I a(s)oS*(s)dW(s) a.s. (10)

t

To avoid technical difficulties let H consist of the self-financing trading strategies such that

T
EQUO [a(t)S*(t)]zdt:I < oo.
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This restriction limits the size and the speed of the trades that may take place and ensures that
the stochastic integral in (10) is a martingale with respect to F.

An arbitrage opportunity is a trading strategy that, loosely speaking, generates something out of
nothing or

o(T)S(T) + B(TH)B(T) 20 and a(t)S(t) + B()B(t) <0 or
o(T)S(T) + B(T)B(T) > 0 and a(t)S(t) + B(t)B(t) <0, fort < T.

In this setting, a complete economy means that any C(U) with finite variance can be obtained as
the terminal value a(T)S(T) + B(T)B(T) of some (c,B) € H, meaning that C(T) = o(T)S(T) +
B(T)B(T) a.s.

Lemma 1
If S* admits an equivalent martingale measure, then there is no arbitrage.

Proof:
See, e.g., Duffie (1992), Chapter 6, paragraph F. Q

Lermma 2
The economy given by (Q,%, P), F, S = {S(1), t € [0,T]}, B = {B(t), t € [0,T]} and H is
complete.

Proof:

The proof is based on the martingale representation theorem, see, e.g., Duffie (1992), Chapter
6, paragraph I or Cox and Huang (1989), Theorem 4. Q
Lemma 3

In the economy given by (Q,7, P), F, S, B and H the unique market price of C(T) at time t is
given by 1, (T) = a(t)S(t) + B(t)B(t), for some (c,p) € H.

Proof:

From Lemma 2 there exists some (ct,p) € H which duplicates C(T). From Lemma 1 there is
no arbitrage opportunities in this economy, so by investing a(t)S(t) + B(t)B(t) at time t and
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employing the strategy (@,8) from t to T, C(T) will be obtained at no extra cost. If (&,f) is
another strategy which duplicates C(T) and [a(t)S(t) + B(t)B(®)] # [&(t)S(t) + B(t)B(t)], then
there is an arbitrage opportunity, so uniqueness follows. Q

Lemma 4
In the economy given by (2,7, P), F, S, B and H, the market price at time t for a benefit
payable at time T is given by

7 (T) = EYe¥XT-9C(T) | 7] ass. (11)

Proof:
Let C¥(T)=C(T)e ™ 3T and n: M=r(Te"~ & Consider the following equalities:

EQC*D) | £l= EYaT)S*(T) + B(T) | £] = a(®)S*(t) + B(t) = 7; (T) a.s.

The first equality follows from Lemma 2. The second equality follows from (10) by observing
that the stochastic integral is a Q-martingale. The third equality follows from Lemma 3.
Relation (11) now follows immediately. |

Observe that n: (T), as a function of t, is a martingale under Q with respect to F.

The philosophy behind the traditional principle of equivalence is that the insurer’s expenses and
income will average in the long run. The results from the previous paragraph imply that if the
insurer values the benefit different from the principle given in (11), he may systematically either
make a positive profit or lose money. However, by using (11) he will, by using the
corresponding trading strategies, neither lose nor win money. Observe that this principle forces
the insurer to trade actively in the market. The principle given by (11) states that the market
value of the benefit must equal its price. So, also the market values of premiums must be equal
to the market value of the benefits under our principle.

Intuitively, in this model we use finance theory to value the benefit and incorporate the resulting
market values into the standard actuarial models. There are two independent sources of
uncertainty, one related to the financial market, the other related to mortality. Formally we may
model each source on its own probability space so that we can consider (£2,7, P) as a prodyct
space. From the discussion above we can consider &; as a pricing rule for financial risk. By
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risk neutrality with respect to mortality it follows that the corresponding pricing rule for
mortality risk is identical to 1. From the assumed independence between financial risk and
mortality risk it follows that the pricing rule on the product space is 1& = &. Then the pricing
principle presented below follows formally from Fubini’s theorem. This idea is explained in
Persson (1994c¢).

By considering the market value at time zero of a pure endowment policy and a term insurance,
it follows from this principle that

V(0) = Eqe*TC(T)lp,

and
T
V()= J; EYedClf, (dt

respectively, for the unit-linked pure endowment policy and the unit-linked term insurance.. In
the next section we treat these contracts with one particular example of a benefit.
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3. Single premiums of unit-linked contracts

3.1 Arbitrage pricing

The insurance company is exposed to financial risk by issuing unit-linked insurance contracts
involving guarantees. This implies that, even though the probability distributions for the value
of the reference portfolio and of the time of death are both supposed to be known, it is not
correct to compute premiums based on risk neutrality with regard to the financial assets.

Given the price system in (7) and (8), and transforming this system to a discounted price
system, and correspondingly transforming the probability measure, the discounted price system
becomes a martingale under the new probability measure. This measure is often called a risk-
adjusted probability measure. The Radon-Nikodym derivative & can be interpreted as an
infinite dimensional vector of weights so that after multiplying a cashflow C by this weight @
by w, the expectation of the product, i.e., E[CEy] = EYC], represents the market price. As a
consequence we can still calculate single premiums as expectations, but where we use this new
probability measure Q in the computations instead of the originally given P, on which everyone
is assumed to agree, and which represents the agents” beliefs regarding the occurrence of the
future uncertain events. Thus Q has no meaning as a probability measure representing the
beliefs of the agents. Instead we can say that Q really represents state prices and also happen to
satisfy the formal requirements of a probability measure. The formal similarity between this
approach using Q, and the principle of equivalence is, however, striking and somewhat elegant.

3.2 Single premium for a guaranteed unit-linked pure endowment insurance
Recall the definitions of C(t), N(t) and G(t), t € [0,T] from the previous sections. A person at
age x buys a policy specifying that the benefit C(T) = (N(T)S(T)vG(T)) is to be paid at time T
if he is alive then. Let G, denote the single premium. Then we can formulate the following:

Theorem 1.

Assume risk—neutrality with respect to mortality, let the financial model be given as in
paragraph 2.2. and maintain our other idealized market assumptions. Then the net market
premium G, of the insurance contract described above is given by

7Gx = 1P5[G(T)e ~ FT[—d)(T)] + SON(DPLAI(T)]], (12)
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y 1,2
where O(y) = J V—%—e 2% du is the standard normal distribution function and for s > t

ln[-%g] +(8+ -12-0'2)(s-t)

di(s) = P (13)
and ,{!iggi)‘l] +(3-30%)6-
= . (14)

Proof.

From (11) it immediately follows that this market value attime zero of the benefitis given
by EYC*(T)). Let us simplify the notation by writing Z instead of S*(T). Now, combining
insurance and finance using the policy specification and the independence between the value of
the stock and the policy-holder's remaining life time as well as risk-neutrality with respect to
mortality, we get that 1G, = p, EQN(T)ZvG*(T))).

From (9) we have that Z = S(0)e TOTHN M e W(T) is normally distributed with mean
0 and variance T under Q. By taking the expected value as indicated above, we obtain the
expression

-30T+ow

16, = 10;] _IN(DSO)e VGHDEw)iw,

-Llw?
where f(w) = e X s the normal density function corresponding to mean O and
V 25T G*(T) 1 —
variance T. We find that when w > = ln(Nms(o) ) + 50°T| =W, N(T)Z > G*(T). We can
thereby split the expression into two mtegrals

G, = 1p,] G*(T) j f(w)dw+N(T)S(0)j_ 2"2'”""’f(w)dw).

-l (w-on?2
It follows that e -39+ wf( ) = L =™ D which is the normal probability density

function for a random variable with mean oT and variance T. The rest is a matter of routine
calculations. We substitute to the standard normal density function using u = -11,— in the first
integral and v = =" in the second integral. The integration limit in the first integral then

becomes U = —= and in the second integral v = ¥ V—?dr. By using the definition of the

3
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cumulative normal distribution function of the standard normal variable, denoted by ®(-),
G*(T) = G(T)e ~ T and standard properties of the normal density, we obtain (12). Q

Readers familiar with the theory of options will immediately recognize the similarities between
the payoff at expiration of this unit-linked contract and an option. A European call option
entitles the owner the amount [S(T) — G(T)] v O at expiration, while the owner of a European
put option is entitled to the amount [G(T) — S(T)] v O at time T. The insurance contract of
Theorem 1 entitles the owner, if he is alive, the amount G(T) + [N(T)S(T)-G(T)] vO0 =
N(T)S(T) + [G(T) — N(T)S(T)] v O at time T.

The single premium could alternatively be expressed as
7Gx = 10 [G(De ~ ¥T(1 - &[dYT)]) + N(DSO)@[d(T)]].

The Black and Scholes European call option formula values the claim [S(T) — G(T)] v 0 at time
zero. The two last terms with N(T) = 1 in the square bracket are identical to this formula. The
first term is simply the net present value of G(T) which must be included and has the given
form since G(T) is assumed non-random. The benefit will only be paid if the policyholder is
alive at time T, the whole expression is therefore multiplied with the survival probability -p,,
where we have used the independence assumption regarding S and T,.

The formula (12) may also be written as
1G5 = TP<IN(T)S(0) + G(T)e ~ T [-dY(T)] - N(D)S(0)®[—d2(T)]1,

where the last two terms with N(T) = 1 inside the brackets are identical to the European put
option formula and the first term is the market value at time zero of N(T)S(T).

3.3 Single premium for a unit-linked term insurance with guarantee
A person at age x buys a policy specifying that the benefit C(t) = (N(t)S(t)vG(t)) is payable
upon death at time t before T. Let Gi 7, denote the single premium. We then have

Theorem 2.

Consider the above contract with payoff C(t) if death occurs before time T, zero otherwise.
Then the market value, or the single premium, of this contract is given by the expression
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T
Gla= j'o [G(e = *[-d3(0)] + NOSO)IAO]]pxbyecdt. (15)

Proof.

The main difference from the policy of Theorem 1 is that the point of expiration for the term
insurances is random. However, this time point is distributed according to the probability
distribution f,(t) = p,M,,, for t < T, since for term policies the time of expiration coincides with
the time of death if death occurs before T.

We have that G1.1,= EQC*(T)]. In this expression T = {T, AT}, where A is forming the
minimum. Since nothing is paid when T, > T, we get by conditioning on T, that G,ln--fI =
[SEYN(DZVG*(1)]E, (t)dt, where Z = S*(t). We now proceed as in the proof of Theorem 1 fo

complete the integrand above, and this yields the desired result. Q

As illustrated in the following example, Theorems 1 and 2 provide the building-blocks from
which the market values of many interesting unit-linked contracts can be found.

Example: Endowment insurance

LetyE, =1pb,e” STK be the single premium of a traditional pure endowment insurance, where
K is a constant, and _A;:"r'l = K[1 - 85mﬂ —TPxe 3T be the single premium of a traditional
term insurance, where 3, 5| = IT pe ~%dt. By combining traditional, pure unit-linked and
guaranteed unit-linked pure endowment and term insurances, we get the following single
premiums for the possible endowment insurances:

tEx+ALg |, TEx+ Ulgy TEx+ Ciqp 10x+ Gy 165 + Upip
1Gx+ AL s, TUx +Ulgy TUx + A 5|, TUx + Gl
of which the first is the traditional endowment insurance.
3.4 Economic risk premiums
Abstracting from administrative expenses, a general insurance premium is often modeled as

(see, e.g., Borch, 1990)

o= E[C] + RP. (16)
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where 7, is the single premium of a given policy, E[C] is the expected payoff of the benefit and
RP is an economic risk premium. The nature of the economic risk premium varies from one
type of insurance to another and may be interpreted as the insurer's compensation for bearing
risk.

Life insurance contracts usually have longer insurance periods than non-life insurance contracts
which often are renewed yearly. Therefore it is important to take the time perspective into
account in the expectation term in (16). We denote the expected present value E[PV(C)] so that

1y = E[PV(C)+- RP a7

for life insurance. For traditional life insurance, the economic risk premium term RP is equal
to zero and (17) is thus simply a restatement of the traditional principle of equivalence.

In unit-linked insurance the value of the benefit is supposed to behave according to the value of
the reference portfolio. The benefit may be considered as an asset which the customer equally
well could have bought in the financial market. An investor buying financial assets is also
generally demanding a risk premium to carry financial risk. We denote by ng(t) the market
price at time zero of the benefit C(t) = [S(t)vG(t)] payable at time t, as a function of the interest
rate 8. From the results in paragraphs 3.2 and 3.3 it follows that

7o) = G(he ~ *D[-d5®)] + N®S(O)DLd} ()]
The expected payoff discounted by the risk-free rate 8 for this benefit equals e~ 8"1:3(0.
Consider the pure endowment unit-linked contract. From (17) we get that RP = G, —

E[PV(C)].

By inserting the expressions for the single premium (12) and E[PV(C)] (where the expectation
also includes mortality) , we obtain

RP = — 1p,[eM~ Tn{(T) — nd(T)]. (18)

It is easily shown that g;nf,(t) > 0, so it follows that RP < 0 if and only if 1} — & > 0. Since the
portfolio is risky, normally we would have the situation that n—8> 0.
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Also note that the risk premium of a European call option calculated this way is RP =
e- S)Tn'a('l') - 11:8('['). For the unit-linked term insurance we get from (17) that RP = G,lufl -
E[PV(C)]. By inserting the expressions for the single premium (15) and E[PV(C)], we get

T
RP = - jo 1M~ (1) - 7B(1)} pablpacdt. (19)

Also for this policy the economic risk premium is negative if n > &.

By issuing pure unit-linked contracts the issuing company acts merely as a broker between the
customer and the financial market. The products with a guarantee naturally involves risk
bearing for the company. The customers are generally risk averse and will accept to pay a
positive risk premium for the insurance product, whereas they expect a positive profit on the
pure financial investments. Comparing the unit-linked products to the traditional ones, we see
that the customer can expect a higher payoff for unit-linked products whenn > 8. But naturally
unit-linked products are more risky than traditional life insurance. This also means that the
companies can not treat these products the way they treat ordinary insurance risks. The
reinsurance market may be employed to relieve the company of some of the risk, but the
aggregate risk remains in this market. On the other hand, we will demonstrate section 5 how
the insurance company may completely diversify the financial risk by reversing the risk
minimizing trading strategies in the financial market. Thus the insurance companies must
actively "play the financial market" in this line of insurance in order to avoid losing money in
the long run.

In practice companies use a loading on mortality, which gives them the right safety margins on
the death elements of these contracts. This loading may be determined by the market (see, e.g.,
Aase, 1992). We also note that if the single premium of a unit-linked contract, incorrectly, was
calculated by the traditional principle of equivalence, the single premium would have been too
large.

Example. The benefits of the pure unit-linked contracts.

Assume that the price models (7) and (8) hold. The expected net present value of the benefit
S(t) then becomes Efe ~ 's®)] = H{ S(0)exp{(n - 8 - 0%)t + oW(»)] = S©)"~ . From
the introduction we have that 7o(t) = S(0), so the risk premiums RP = 1p,S(0)[1 - ™~ ] and
RP = (1 - p,)S(0)[1 — e~ 3" for the pure endowment unit-linked policy and the pure unit-
linked term insurance, respectively. Both are seen to be less than zero if n > .
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4. A generalization of Thiele's differential equation

4.1 Periodic premiums

We now consider the situation where the premiums are paid continuously over the term of the
contract. In the first paragraphs the periodic premiums are represented by a non-random rate
P(t). Therefore the principle of equivalence under Q is the same as the traditional principle, so
that p(t) is determined from the equation

T
TGy = J; .f’(t)e-st Pxdt

for the guaranteed unit-linked pure endowment contract and from

T
Gl = | Boe™ pa

for the guaranteed unit-linked term insurance contract.

4.2 Prospective premium reserves

The prospective reserve is defined in traditional life insurance theory as the conditional expected
present value of future benefits less premiums on the policy, given its present state. For the
unit-linked contracts, we are interested in the market value of the of future benefits less the
market values of the future premiums on the policy given the current state of the policy. These

are found using the methodology outlined above. For the guaranteed unit-linked pure
endowment contract we get

T
VO = 12D - | BV p, (20)

and for the guaranteed unit-linked insurance
T
V@) =_[ () £ o-0) — B _p. , )du, 1)

where 1,(s) = G(s)e ~ 8(‘“)<I>[--d'2(s)] + N(s)S(t)®[d}(s)].
It is worth noticing that these reserves depend on S(t), the market value of the reference
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portfolio at time t and are valid given that the policy-holder is alive at time t.
4.3 Derivation of an equation describing the evolution of the market value
We now present the differential equations describing the evolution of the market value of the

premium reserve through time. The corresponding equations for the traditional life products are
called Thiele's differential equations in the actuarial sciences.

Theorem 3.
The market value of the premium reserve for the guaranteed unit-linked pure endowment
contract paid with periodic premium rate p(t) satisfies the following partial differential equation:

= B0)+ (g + BVE) - 028022 — B0 % (22)

Proof. Recall the definition of 1r.: (T) from Section 2. From (20) it follows that

T
V() = . Prerti(T)e% — j: e _p., dt.

We first solve this equation for n: (T), and get

T
() = \v(t)(V(t) + J't Pwedd p . ,dt}

-&

where ‘V(t) - T-Px+t

We now want to express the dynamics of n:(T) by using the partial derivatives of V. By
. d d e r e

noting that 3¢ y _ Px+ 1= Hx+ru-Px+1a0d W)= — (x4 + &)y (t) and also by considering

7; (T) as a function of S and t, we get the partial derivatives

au,
o%r; ov
35 2 \I’(tlasz

au,

VO[3 - G +OVO - 50) )
The undiscounted price process for S under Q is dS(t) = 8S(t)dt + 6S(t)dW(t), so by Itd's

39



lemma we getfors 21t

2 (T) = }(T) + fw(u)g—;’ oSaW(u) +

J' \v(u)(av 8S + 30?5227 Y (g + V() + & f)(u))du. 23)

9s?

By the fact that w; (T) is a martingale under Q (See Lemma 2), the drift term must be zero and
(22) follows since y(u) # 0 for all u € (t,s). Q

Theorem 4.
The market value of the premium reserve for the guaranteed unit-linked term insurance contract

paid with periodic premium rate p(t) satisfies the following partial differential equation:

= B(0) + (e s o+ OV — COWx 41— 5 czsa)2 -8y (24)

9s?

Proof: The structure of this policy is more complicated since the benefit may expire at any time
betweent and T. Apart from this fact the proof is very similar to the previous proof.

We first define
V() =1 frpy(u—t) - Blw)e =39 _p ..
From (21) we have that
T
V() =J V¥(t)du.
t
Also note that
T
av av®
tS =J: s du.
Fiad o2ve
a2 _[ as? du
and A j & du - V(). (25)
t



For this insurance V'(t) = C(t)i, , .~ P(1), so

T
ov?® ) -
[ 3 au=3F + ciomy. - 50. (26)

t

Again we express n:(u) as a function of V¥(t),

7y () = X (OIV'(®) + p)e ~%= _p ],

e~ &

frau—-9°

where %(t) =

By the same arguments as in the previous proof it follows that

aZle
9s2

B = (e + OV - 502502

- SS(t)aTvs:

for u e [t,T]. By integrating this expression on both sides with respect to u from t to T, using
(25) and (26), (24) follows. Q

Note that the solutions of (22) subject to V(T) = C(T) and of (24) subject to V(T) = 0 are given
by (20) and (21), respectively.

Also note that (22) follows by letting C(t) = 0 in (24), so expression (24) may be termed the
full-fledged Thiele's equation in our set-up. The three first terms on the right hand side may
be interpreted as: The value of the premium reserve in the time interval (t,t + dt) increases with
interest 8V and premiums paid p(t) and decreases with expected net payments from death
Ky 4+ (C(t) — V(1)). The two last terms are changes in the market value of the premium reserve
caused by changes in value of the reference portfolio and are not present in the correspondipg
Thiele equation of traditional life insurance, which really does not deal with economic risk. By
letting the insurance specific factors equal zero, i.e., p,, = 0 and p(t) = 0, we indeed get the

Black and Scholes partial differential equation, which is the original starting point for the
derivation of the celebrated option pricing formula. From financial theory we know that in this
economic model every contingent claim on a non-dividend paying security has to satisfy this
equation. Expression (24) therefore shows explicitly how insurance factors such as periodic
premium and mortality affect this equation. We are tempted to state that the equation resulting
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from the Cauchy problem, or the "heat equation” of Black and Scholes equals the fundamental
Thiele partial differential equation in the special case of zero mortality. However, here we
hasten to add that the traditional Thiele equation of ordinary life insurance does not contain the
terms containing Vgg and Vg since in traditional insurance the benefit is not random. We remark
here that the traditional Thiele equation obviously does not deal with stock market risk and
treats mortality risk from the perspective of risk-neutrality, whereas the Black and Scholes
equation deals with economic risk. The above equation thus incorporates economic risk also in
life insurance.

4.4 Mortality risk premium and savings premium

It is common in life insurance to split the periodic premium rate into a mortality risk premium
rate and a savings premium rate. The mortality risk premium is usually called only the risk
premium. As mentioned earlier, unit-linked contracts with guarantee expose the issuer (and
also the buyer) to financial risk, so we should expect to find economic risk premiums as well
as mortality risk premiums. As showed in the previous section the economic risk premiums for
unit-linked products are negative, as compared to zero for traditional products. Thus buyers
may expect better return and must accept a higher risk than for ordinary products.

The quantity [C(t) — V(t)] is called the uncovered amount, and the mortality risk premium in the
context of life insurance is defined as p, , (C(t) — V(1)), i.e., the conditional expected benefit
payments in excess of the reserves.
Letp;" and p; denote the mortality risk premium rate and savings premium rate, respectively.
For unit-linked pure endowment insurance the mortality risk premium rate is

Pr=—V(Ousy, 27)
For a unit-linked term insurance, on the other hand, we have that

P =[Ct) = VO, 4 . (28)

The savings premium is the part of the premium rate which is due to external inflows or
outflows of funds and it is convenient to use the concept of self-financing strategies to derive
expressions for these quantities.
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In Section 5 below we will calculate the trading strategies in the fund and in the bond (o, B*)

such that
Vit)y=a*S(t) +B*B(1). (29)

If we denote the change in value of the reserve due to capital gains by AV, we have from the
definition of self-financing in Section 2 that this change is

V = B*dB(t) + a*dS(t). (30)
By considering V as a function of S in addition to t, we get from Itd's lemma that
o%v
av= [nsa) &+ 3OS0 + 57 [dt+ oSO S3-AW(). 31)

From the above definition of p; we have that p{dt = dV — AV, where dV is given by (31). We
then get

= (302572% + 3L~ 8p%B(o Jar+ (¥ - @)aSQ). (32)

852

By choosing at = % the stochastic part, dS, cancels out. Since B*B(t) = V(1) — a*S(t), we
then obtain

ozsz—a; +5- -8V + 8 (33)
For both insurances we have that pi* + p; = p(t). By adding (27) and (33) we obtain (22),
which is just our version of Thiele's differential equation for a unit-linked pure endowment
insurance. By adding (28) and (33) we obtain (24), which is the same fundamental equation
governing a unit-linked term insurance.

. . aV v . .

We may also note that the terms involving s and 352 M© connected to the savings premium
and not to the mortality risk premium.
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4.5 Premium rate as a constant fraction of the value of the reference
portfolio

One of the ideas of unit-linked insurances is that the components of a contract should be
measured in units of the mutual fund. In our models the benefit is specified to N(t) units. It is
also possible to let the periodic premium be a given number of units of the reference portfolio.
A consequence of this strategy is that the amount the customer is supposed to pay must vary
with the value of the reference portfolio. As this may be considered somewhat unusual to life
insurance customers, many potential customers may prefer the familiar constant premium rate.

Let A denote a constant fraction of the reference portfolio. Then p(t) may be written as
p(t) = AS(1).

In this model the market value at time zero of the benefits equal the market value at time zero of
the premiums, so that

T T
1G, = EQD; AS(s),p,e ~ *‘Sds] = L AS(0),p,ds

for the guaranteed pure endowment insurance and

T T
Glz| =EQ|:J lS(s)spxe'asds]= J' AS(0),p,ds

for the guaranteed term insurance.
The fraction A then may be found as

A= _"_(:_"__

S©)| .p.ds
( )fo p
and 1
G, 7|
A=——0,

sO| wp.s
[/}
respectively, for the two policies.



5. Trading Strategies

5.1 The market value of the premium reserve and self-financing strategies
The following theorem identifies the only case when the market value of the premium reserve
may be duplicated by a self-financing strategy.

Theorem 5.

The periodic premium rate equals the mortality risk premium rate if and only if the value of the
premium reserve can be duplicated by a self-financing trading strategy in the fund and the bond.

Proof: We will first show that (o*,B*) self-financing implies that p(t) = p;". Assume that
(a*,p*) is self-financing. By definition it follows that dV = B*dB + a*dS, hence dV = AV and
Pt =0. The other direction of the proof follows by reversing the arguments. Q

From (28) it follows that when P(t) = p;{", Thiele's differential equation is reduced to Black and
Scholes' differential equation. The reason for this is that the two insurance specific factors, the

mortality rate and the periodic premiums, exactly offset each other.

It is also known from actuarial theory that the situation when p(t) = pf" is the lower limit of the
periodic premium rate to avoid the market value of the premium reserve to take negative values.

We also observe that in the single premium case, where p(t) = 0, it is never possible to
duplicate the market value of the premium reserve by a self-financing strategy.

5.2 The duplicating strategies of the benefit
In most of this paper we have worked with the benefit C(u) = [N(u)S(u)vG(u)]. From the
previous analysis we know that the market value at time t of this benefit is

m W)= Ge ™ ¥ 90[-d}(u)] + N(w)S®®[d (w)]. (34)

Now we want to derive the duplicating strategy for this benefit.

From (10) and Lemma 2 we have foru > t that
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u
C*(u) =7 (u) + J' a(s)oS*dW. (35)
t
By substituting for g—: in relation (20) and by noticing that 1t;(u) = C*(u), it follows that
* “au,
C*(u)=m (u) + I 35 OS*dW. (36)
t

By comparing (35) and (36) we see that o(t) = % duplicates the benefit. So from (34) we get

o(t) = N(u)®[dj ()]

. 37
B(t) = G(u)e ~ X ®[-di(u)]

The latter expression follows since B(t) = 70, (u) — a(t)S*(1).

5.3 Single premium contracts
We now use the strategies (37) to compute the duplicating trading strategies for the insurance
contracts we have treated. We will find trading strategies (o ,p*) satisfying (29).

The strategies can now be interpreted as the "risk minimizing" trading strategies that in our
model eliminate the financial risk associated with issuing unit-linked insurance contracts. By
continuously adjusting the portfolio of stocks and bonds, which in this model is costless, the
issuing company duplicates the payoff of the unit-linked insurance. By reversing those
strategies in the financial markets, the financial risk inherent in these policies is eliminated.

These strategies may or may not be followed by the insurance company. The idea is that the
potential use of these strategies gives a hedge against financial risks. In option pricing theory
such strategies play a fundamental role, both in theory and in practical use in the market. Here
we may mention portfolio insurance, which is totally based on the existence of such duplicating
strategies. For issuers of unit-linked products these strategies may clearly be of practical
importance in reducing the financial risk.

The market value of the premium reserve for the guaranteed unit-linked pure endowment paid
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with single premium may be written
VO =1 Pes (.

The duplicating strategy for this contract is

* = P N[
a* =1 PruNTO(T)] } o5

B* = 1 PxuG(De ~ TTO[-d}(T)]

For guaranteed unit-linked term insurance we can write the market value of the premium reserve
as

T
Vo= [ 1@ £ (o).
Here we get the duplicating strategy

T

ot = [ O W)fyuu)du
t

| (39)

T
B+ =I G(u)e - ®[—di(w)]f,,,(u)du
t

5.4 Periodic premiums

Case 1: p(t) deterministic

The market value of the premium reserve for the guaranteed unit-linked pure endowment
insurance paid with a periodic premium rate p(t) is given by (20), and we get duplicating
strategy

@ = 1_ P N)O[d(T)]
r . (40)
B+ = T-.pmee“%[—d‘g('r)l—l B(we™® ,_ pesdu

For guaranteed unit-linked term insurance paid with a periodic premium rate p(t) the market
value of the premium reserve is given by (21) and the corresponding strategy is
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T
at= J: O(d| (w))f;,(u)du
> @41)

1)
B = _[ [G(u)e™ 8u¢[‘dt2(u)]fxﬂ(u) - pue” b u-tPx+ddu

s

Case 2: P(1) is a fraction of the value of one share of the fund
Note first that in this case the market value of the remaining benefits is

T T
[ 2500 -prs | =250 oo pern

so that the market value of the premium reserve for the guaranteed unit-linked pure endowment
contract is

T
VO=1- 000 D=5 4_ Py
Then it follows that

T
@t =1 PreNO[d(T)] -xjt o Pradu @

B* = 7_ PxnG(Me = Td[-d5(T)]

For the guaranteed unit-linked term insurance the expression for the market value of the
premium reserve is

T
V() -_-J: [ u)f, 4 ((0) = AS(E) 4 - P+ Jdu.

The duplicating strategy is accordingly given as
T )
0t = [ (O @@ =2 g Py
' , 43)

1)
Bt = _[ G(u)e ~ ®[—d5(w)]f,,,(u)du

When the periodic premium rate is a deterministic function of time, the expected present value
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of the future premiums is known at each point in time. Since we also model the value of a bond
as a deterministic function of time, in this set-up the value of the bonds held can be reduced by
exactly the expected present value of future premiums.

When the periodic premium is a constant fraction of the value of the reference portfolio, the
expected number of units of the reference portfolio to be received in the future is known. The
company can therefore at every point in time reduce the number of units held by just this
number.

We see from (40) and (41) that the trading strategy in bonds is adjusted while the strategy in
shares is unchanged, and from (42) and (43) that the trading strategy in stocks is adjusted while
the trading strategy in bonds is unchanged — both compared to the single premium case.

5.5 A stochastic version of the Thiele differential equation

We now present a stochastic differential equation for the market value of the premium reserve.
Here we deduce the stochastic Thiele equation corresponding to the non-stochastic version
given in equation (24). First we consider V(t) in equation (21) as a function of x,(u) and t. By
differentiation we get dV=%¥dt +] v dr,(u)du. From Lemma 2 we can write dx(u) =

0 W)
o(t)dS(t) + B(t)dB(t), where a(t) and ’I‘S(t) are given in (37). By using (41) and (29), we now

get

dV= [B) + (yy+ V(D) — COU, , + 0 SO)M — S))dt + a* oS(H)AW(). (44)

This is a stochastic differential equation which also governs the evolution of the market value of
the premium reserve through time. The terms (L, , . + 8)V(t), p(t) and p, , C(t) have the same
interpretation as before. The term (n — 8)a* S(t) represents the additional expected capital gain
(which is negative if 1 < &) of the part of the premium reserve invested in the reference
portfolio. The term dW(t) of (44) represents the stochastic change of the value of the reference
fund. This term has expectation zero. If | > 8, which is the normal case, and a* > 0 is not
chosen so that all financial risk is eliminated, V will have a higher expected drift rate than is the
case for traditional life insurance contracts.
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6. Concluding remarks

Unit-linked insurance is characterized by a random amount of benefit which is linked to some
financial asset. Therefore new valuation techniques are required to value these products. We
have shown how to use arbitrage pricing theory to derive expressions for the single premium
for a unit-linked pure endowment insurance contract and a unit-linked term insurance contract in
a continuous time model. Compared to the classical version, the equations for the market value
of the premium reserves for unit-linked products now contain some new terms. These terms
are not interpretable in the same way as the terms in the traditional Thiele equation, and we are
tempted to state that by economic theory we have developed this equation one important step
further.

This analysis is extended to a more general life insurance contract in Persson (1994b). While
unit-linked products are highly specialized life insurance products, the same kind of results
may be expected for traditional life insurance products in presence of a stochastic interest rate.
The latter problem is the topic of Persson (1994c).
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Chapter 3

VALUATION OF A MULTISTATE
INSURANCE CONTRACT WITH
RANDOM BENEFITS!

We present a model where the value of the life insurance benefit is random. The policy is at
each point in time assumed to be in one of a finite number of states and the evolution of the
policy through time is modeled by a time-continuous, non-homogeneous Markov chain.

The insurance period of a life insurance contract is long compared to the contract period of a
typical financial contingent claim. The value of the insurance benefit is assumed to follow
a geometric Gaussian process which has certain appealing properties when dealing with such
long contract periods. We use the martingale-based arbitrage pricing theory to derive the
market value of a quite general life insurance policy and deduce a corresponding
generalization of Thiele’s differential equation.

Key words: Unit-linked Insurance, Equity-linked Insurance, Thiele’s Differential Equation,
Arbitrage Pricing Theory, Continuous Time Markov Chains.

1. Introduction

Life insurance companies are exposed to mortality risk and financial risk. Financial risks have,
traditionally been avoided by guaranteeing a low rate of return on life insurance contracts. If
the companies then realized a higher rate of return, which they usually did, the excess return
was credited the insurance customer by various means such as bonuses, reduced premiums,
higher benefits etc. During the last two decades a new kind of life insurance contracts have
been introduced in several countries, most recently also in the Nordic countries. The insurance
contracts have different names in different countries such as unit-linked, equity linked, variable
life, universal life, universal variable life; this list is probably not even complete. In this paper
we will focus on the property these policies have in common?2, namely that the value of the
insurance benefits depends on some economic factor which cannot be controlled by the

1 This article was published in a supplementary issue of the Scandinavian Journal of Management, Vol. 9, pp.
$73-S86, 1993.

2 However, depending on the design of the policy, this is not the case for all versions of the universal life
insurance. See, e.g., Adelman and Dorfman (1992).
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insurance company. An example of a benefit may be that the insured receives the maximum of
the value of a given number of shares in a mutual fund and a given amount upon expiration.
The benefit could alternatively be linked to money market instruments, stock-indexes, etc.
Crucial for our model, however, is that this factor somehow must be traded in a competitive
market.

The focus of this article is to demonstrate how results from the arbitrage pricing theory from
financial economics may be connected to the application of continuous-time Markov processes
in life insurance. The traditional theory of life insurance is based upon risk neutrality, meaning,
among other things, that net premiums can be calculated as expectations. This method of
calculating premiums even has its own name in the actuarial science, the equivalence principle.

In this model the value of the insurance benefit is uncertain. By guaranteeing a minimum
benefit the insurer is exposed to financial risk, and by assuming that the insurer is risk-averse
with respect to financial risk, the traditional equivalence principle can no longer be applied to

premium calculations.

The Markov set-up provides a common framework to model features which are usually
included in life insurance policies such as accidental death benefits, premium waivers and
family term coverage. Animportant result from the arbitrage pricing theory is that exogenously
given price models having a certain martingale representation property yield a complete market
where every contingent claim has a unique price. See Harrison and Kreps (1979), Harrison
and Pliska (1981) and Aase (1988). This result is utilized in the Markov set-up for life
insurance where the policy holder is assumed to be in one of a finite number of states at each
point in time. Markov-chains in life insurance are discussed by Hoem (1968), (1969), (1988)
and Norberg (1991), among others.

Brennan and Schwartz (1976), (1979), Boyle and Schwartz (1977) and Delbaen (1990) have
presented some results for equity linked insurances. The present analysis is basically an
extension of the two-state model of Persson (1994a).

Motivating example.

To be more specific we specialize the uncontrollable economic factor to be a mutual fund. In
addition, a riskless bond exists, and these securities are traded in a frictionless market. The
values of the bond and the fund at time t are denoted B, and S,. Their price processes are
exogenously given by
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dB, = 8B,dt, (1)
and
dS,=nS,dt + oS dW,.

Here dW, is the increment of a standard Brownian motion, 8, 1 and © are constants to be
interpreted as the risk-free rate of return, the instantaneous drift rate of the stock and the
instantaneous standard deviation rate of the stock, respectively. Neither of the securities pay
dividends.

Imagine a life insurance contract which entitles the insured (or, to be precise, the insured's
inheritors) the value C(t) = Max[S,,G], where G is the non-random guaranteed amount, upon
death at time t within a given time horizon T. This contract is called a unit-linked term
insurance. The single premium of this contract is

T
leu'ﬁ = I{Ge oy h(so,t)}l"l:_t Hxsdt, )
0

where h(S,t) is a known function, which can be interpreted as the option pricing formula for a
European call option (Black and Scholes, 1973) with expiration date t and exercise price G. In

Iy +t

addition to t and G it depends on S, 8 and ¢. The function f,(t) = = Mx+ is the probability
density function of the insured’s remaining life-time which is customarily assumed to only

depend on x, the insured’s age at the point of issue.

If this policy is paid by periodic premium rates p(t), the following equation describes the
evolution of the value V of the policy through time

2
T =8V + B0 — kx4 (CO - V) - {SSS—: + %onzg—sz}. G)

where }, , , is the force of mortality. By letting u, , , = 0 and p(t) = 0, this equation is reduced
to the differential equation which originally was the starting point for the option pricing
formula. It may also be interpreted as the similar equation for an option where the owner of the
option receives a dividend. In that case the terms involving p(t) and W, describe the dividend.
In the actuarial science these types of equations are called Thiele’s differential equations after
the Danish actuary Thorvald N. Thiele.
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These results will appear as special cases in the model presented in this paper.

Many financial, contingent claims have short contract periods, e.g., options usually expire
within a few months of the date of issue. Life insurance contracts on the other hand, typically
have long contract periods. Contracts lasting 40 or more years are not unusual.

In the previous example and in many applications of contingent claim theory, the price of the
risky security is assumed to follow a geometric Brownian motion. We propose a more general
price-model, a geometric Gaussian process, for describing the value of the risky security where
the geometric Brownian motion is a special case. By other specifications of the parameters of
the geometric Gaussian process, we obtain price models having more appealing features
compared to those of the geometric Brownian motion, especially when contingent claims with
long contract periods are concerned.

In the next section we present some elements of the economic model. In Section 3 we
demonstrate how to value a quite general life insurance contract. In Section 4 we deduce
expressions for the prospective premium reserve and the corresponding generalization of
Thiele’s differential equation. In Section 5 we give examples of the geometric Gaussian
process and apply the results to different insurance contracts.
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2. Economic model

In this section we will concentrate on the parts of the present model which differ from the
general theory. For complete treatments of the arbitrage pricing theory or Markov-chains in life
insurance we refer to the works mentioned in the introduction.

The geometric Brownian motion seems to have been accepted as a reasonable model of stock
prices in the financial literature. It is easy to estimate the two parameters included from
observations. Other price models are described in the literature, see, e.g., Merton (1971) or
Aase (1988). Here we use the geometric Gaussian process for describing the value of the risky
security. The mathematical complexity is quite similar to the geometric Brownian motion, but
as opposed to this process, it includes three functions whose mathematical structure must be
determined before any estimation of parameters can take place.

The following price system is exogeneously given:

B, = exp{dt}, 4
S; = Seexp{R(1)}, (&)

where R(t) = j Y(s)ds + g(t) j j(s)dW,.
©4 0.9

Here ¥(t) is a integrable, adapted process, g(t) and j(t) are two non-random square integrable
functions where g(t)-j(t) >0V tand R(0) =0.

Here we list some properties of R forO0 <t <t:

ER®I%) =E‘[ J' y(s)ds], (6)
©.)

VatROI%] = £0? [ j%as,

0.1
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RO = 53R - (1- 23 [ yspds +E{ j'v(s)ds)lft} ™
©.7] (]

and
VarfROU =502 [ i(s)ds.
(t.t]

From It6°s lemma we also get the following representation of this price system,

dB, = 8B dt, (8)
dS, = k(S,,1)S,dt + v())S,dW,, )]
where
() =10+ £ s - | yores}+ g0
and u(t) = g(V)j(v).

For example, by letting g(t) = G, j(t) = 1 and ¥(t) = — 3 0%, Equation (9) is reduced to the
geometric Brownian motion given in Equation (1).

By applying this price system we have the possibility to choose the functions g(t), j(t) and ¥(t)
and thereby obtain a flexibility not inherent in the simple geometric Brownian motion. It allows
us to work with price models where the limiting distributions have finite expectations and
variances and to model non-homogeneous variance.

This price system also has the required martingale representation property, yielding a complete
market so that every claim, contingent on the traded uncontrollable factor denoted S,, may be
duplicated by a dynamic trading strategy of the available securities. The stochastic process S, is
defined on a given probability space (€2, ¥, P), where the sample space 2 is the set of all
possible outcomes, P is a probability measure on which everyone agrees. Here ¥ is a ©-
algebra of measurable subsets of €2, generated by the involved stochastic processes.

The filtration % is defined by & = o{S,: s € [04]}. At time T all the uncertainty is

resolved. :}% is almost trivial, 7> = :7-?- and {}ts : 0 < t <T} satisfy "the usual conditions"
(increasing, right-continuous and augmented).

58



There is an insurance policy and a set J = {0, ..., J} of possible states of the policy. The
policy is issued at time 0 and expires within a given time horizon T. At any time te [0,T] it is
in one unique state in J, commencing in state 0. In some situations more than one payment
may occur at the same time. In such situations we consider the net cashflow. The benefits can
be of two kinds: Net transitions benefits a;h(St,t) which are payable upon transitions from
state g to state h where g, he J. Net annuities a(S,t) are paid to the insured as long as the
policy is staying in state g € J. Premiums from the customer to the insurance company may be
considered as negative annuities. For transitions or sojourns which do not entitle the
policyholder to benefits a°(St,t) =0. Note that the benefits are in general functions of S,.

In addition, the benefits of the insurance contract may include a guarantee.
Some states are absorbing or external, meaning that once entered they are never left.

Endowment insurances are not treated explicitly. The benefit of an endowment insurance
expires if the policy is in a given state or set of states at a given point in time. Therefore, an
endowment insurance may be considered as a special case of an annuity.

The evolvement of the policy through time is modeled by a continuous time non-homogeneous
Markov chain X(t), t 2 0 on the state space J, defined on the same probability space. X(t)
generates a filtration }f( = o(X(s) : s € [0,t]), the c-algebra of all information provided by the
process X(t). Let K= :7—;15 and F= FVP. The Markov property means that for a fixed
present state of the process X(t) its future and past are conditionally independent.

We assume that the processes S, and X(t) are statistically independent under P (this assumption
may seem reasonable, but it is violated, for example, in situations where the insured’s death is
caused by, say heart attach, due to rapid changes at the stock market). The generic element @
of Q contains at least two pieces of information; one describing an outcome of X(T), another
describing an outcome of St.

Furthermore, the insurer is assumed risk-neutral with respect to a policy s transitions between
states during the insurance period. This is an extension of the classical assumption saying that
the insurer is risk-neutral with respect to mortality risk, usually being justified by arguing that
the company is holding a great number of identical contracts and referring to the law of large
numbers. Risk-neutralism with respect to mortality is discussed in Aase (1993). However, by
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increasing the number of states or by other means specializing the contracts according to the
customer’s particular needs, the argument for using the strong law of large numbers is
somewhat weakened. Since we are concerned with valuation, we must be explicit on this

point.
We assume that the insurers are risk neutral with respect to financial risk. We would like to
point this out because the existing financial risk explains why we can not immediately use the
traditional principle of equivalence to calculate premiums. If we, incorrectly, applied the
equivalence principle, the prices the insurer had to pay for the policy would be too high (see
discussion in Persson, 1994a).
Let p;;(s.t) denote the transition probability

py(s.) = P{X(®) =j| X(s) = i}.
We impose the following regularity assumption

13": Pij(s,t) = Iij.

where I; is the Kronecker delta and equals 1 if i = j and zero otherwise.
We assume that the following transition intensities exist. They are the basic entities in the
system and are easily interpretable. They are functions of only one variable, in addition to

certain characteristics of the person or persons being insured at the point of issue, for example
age, sex, health condition etc.

The transition intensity is defined by
(1) = Lim B,
udt
We also have the total transition intensity from state j
B© = Z k).

These intensities depend on t, the time elapsed since issue. They do not depend on other
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factors which may be relevant for practical considerations, e.g., how long or how many times a
certain state has been visited. By carefully constructing the state space J, some factors of that
kind may be included, see Hoem (1968) for details.

If je Jis external, py(t) foralltandk e Jequals zero.

From the Chapman-Kolmogorov equations

pij(s’t) = zpig(sst)pgj(‘t’t)l

gel

for s <t <'t, we may deduce Kolmogorov s forward differential equations

6D - Y b (5,000 - PySOLO (10)
g #)

and Kolmogorov’s backward differential equations

at) _ o O — D g (OPgt). an
g *ij
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3. Valuation

The valuation process consists of two steps. First we use results from the contingent claim
analysis to value each benefit. This valuation is consistent with the risk aversion present in the
market. Then we utilize the Markov-chain set-up (and the risk-neutrality assumption with
respect to transitions) to value the final insurance treaty.

Let Ny, be the function counting transitions from state g to h, that is Ngn(®) = #{te[0,t]: X(T)
= g, X(t) =h}. The random stream of net payments A may be written:

A= _[ Z{l{x(,)= 18 (SDdT + Za;k(s.;,'t)dNﬁ{('t)}. (12)

©.q j€d k#j

Here 1;x¢)=j; is the indicator function which takes the value 1 if X(t) = j and zero otherwise
and A(t) is simply the undiscounted sum of the net payments from time zero to time t.

The existence of a complete market implies the existence of a probability measure Q equivalent
to P so that the market prices, denoted by ©t’s, may be found as (dropping the subscripts on 1
and a’ which only describe under what conditions the benefits are being paid)

(So) = e PEYa’(S,.0), (13)
where EQ[ ] is the expectation with respect to Q.
Here 7'(S,) denotes the market price at time zero of the benefit a°(S,,t) payable at time t, which
is called the expiration date of the benefit. If a guarantee is included, the benefit itself can be
considered as a contingent claim with respect to S,. This process of finding market values takes
both the uncertain value of a°(St,t) and the time dimension into account as well as the attitude
towards financial risk in the market. From Equation (13) we see that the discounting is carried

out by the risk free rate 3, and that the original probability measure P is replaced by Q, the risk
adjusted probability measure.

Equation (13) may equivalently be stated as

7'(Sg) = e ¥E[a " (S,1)E ).
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Here the expectation is taken with respect to the original probability measure P and

®(S 08) - 8 1 (S o8) - 8 )2
E = exp{— J. 6 dwW - 2 J. TG ) ds}
©0.1] 0.t]

an % =&r. We may interpret % as the shadow price of risk per unit P probability.

The market value at time zero of the benefits included in the insurance contract are determined
by Equation (13). To obtain the market value of the complete insurance treaty the probabilities
for the different benefits to expire should also be taken into account. By the markets risk
neutrality with respect to the policy’s transition between the states, the independence between
X(T) and Sy and the given initial state 0, we obtain the following general valuation formula

TI(Sy) = Po;(0,7) 7 (So)+ ujk(t)n}k(so) dr. (14)
J

0,T] jel k#j

In accordance with actuarial terminology we may say that Equation (14) is derived from an
application of the equivalence principle, but under a risk-adjusted probability measure. Here Il
is the market value of the policy at time zero and represents the amount the insured has to pay to
the insurer at time zero. It is tempting to interpret I1 as the single premium of the contract, but
this term is reserved for the case when the policy is paid fully at time zero. In general, a., ge
X for some X< J, with corresponding market price g, may be the periodic premium rate.

The probabilities pg; in Equation (14) must in general be deduced from the Kolmogorov
differential equations and can only in special cases be replaced by explicit formulas.

In the example given in the introduction based on the price system (1), the policys state space
consists of two states; State 0 {policyholder alive} and State 1 {policyholder dead}.
Furthermore, all possible benefits equal zero except az,l(t) = C(t), with a market value at time

ze10 of 1(Sq.t) + €3G, We also have that pgo(0,t) = 5% and jig;(t) = i, S0 that Equation
(14) is reduced to Equation (2).
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4. Premium reserves

The premium reserve or the cash value at time t represents the value of the policy at timet. For
traditional life insurance products it can also be interpreted as the insurer s debt to the insured at
time t or as the necessary funds the insurer should reserve at time t for future net claims.
Another characteristic feature of life insurance policies compared to other contingent, financial
claims is that several payments may take place between the issuer and the buyer before
expiration.

The value at time t € [0,T] of a contingent claim is usually determined as the risk-adjusted net
present value of the future cash flows. In life insurance this is called the prospective premium
reserve. In addition, there is a retrospective premium reserve obtained, at time t, by
considering the cash flows from time zero to t.

At any t € [0,T] a policy s complete payment stream A(T) given by (12) splits into payments
after time t and payments up to and including time t,

A(M) ={A(D-AW}-{-AW®}. (15)

At time t, the terms included in the first bracket on the right hand side may be interpreted as the
future net expenditures for the insurer. The term in the second bracket may similarly be
interpreted as the past net income (due to the minus sign).

4.1 Prospective premium reserves

The market value of the first bracket in (15) is identical with the prospective premium reserve at
time t which is defined as the conditional expected present value of future benefits less
premiums on the policy given its present state. It is derived by the same arguments as we used
to arrive at I'1.

We have the following expression, analogous to Equation (12), for the stream of payments
from time t to time T:

AM-A®)= j 2 { 1ixc = jp%(Setdt + Za;k(st,t)dek(t)}. (16)

(,T) j€J k#j



In order to determine the market values of the future benefits at time t, we have for t <1< T,
7S, =e ¥ 9EYa"(S, 0 | £]. (17)
Notice that '(S,,t) equals a(S,t).

Our next task is to obtain the market value of the stream (16) given the state of the policy at time
t. Let V(1) denote the prospective value given current state g at time t.

From Equation (16) and the valuation formula of Equation (17) it follows that

vio= [ Ypgtto {n}(S,,t)+ z;,ljk(t)n}k(st,t)}dt. (18)

£T)jel k#j

Here V(1) is the market value at time t of the remaining benefits from the policy in the time
interval (t,T] given current state g at time t.

4.2 A generalization of Thiele’s differential equation
We will now derive a differential equation describing the evolution of the value of the policy
through time.

We consider V'; given in Equation (18) as a function of the market prices of the benefits at time
t, in addition to t, and denote it VZ(1.t),

vimo= | pr,-(m){n,h Zu,k(r)n}k}dr. 19)

T iel k#j

We then obtain the following equation for the differential of V|,

dV‘; _ avg:,t) dt+ j 2pgj(t,'t) {dn}+ Zujk(t)dn}k}dt. (20)

wT)jel k#j
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The assumption about complete markets implies that the value of every benefit may be
duplicated by a self-financing trading strategy. Furthermore, the market prices of the benefits at
time t may also be duplicated by self-financing trading strategies, meaning that for all benefits
included in the insurance contract, we have (again dropping the subscripts on dx, & and B)

dr = a()dS, + B(t)dB,, 1)

where o(t) and B(t) are the number of stocks and bonds, respectively, held at time t in the
strategy duplicating the market price at time t of the benefit.

We define

J {,EPg](t,T){ (St Eujk('c) k(S,,t)}} (22)

(T] k#j

and

{JEpg,(m) BH(Sui+ D y(D)B: k(st,t)}}

(Y k#j

Note that V' (t) = a* S, + B*B,, so a* and B* may be interpreted as the trading strategies in the
stock and the bond which duplicates the policy. As we should expect, a* and B* are functions
of the conditional probabilities of future transitions given current state g, the duplicating
strategies of the benefits and the remaining time of the insurance period at time t. The
duplicating trading strategy is not necessarily self-financing due to inflows of premiums and
outflows of benefits during the insurance period. The trading strategy is risk-minimizing in the
following sense: Strategy (22) duplicates the benefit of the policy and by implementing the
reverse strategy in the financial market, the insurer has eliminated the financial risk connected to
the contract.

Now dV; may be expressed as

av? = avgc,t) dt +a* dS, + B*dB,. (23)
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It follows from Equation (19) that

"’—Vs‘%‘-'l = —a,(Syt) - Esugh(t){agh(t) +Vi®-V; o) (24)

Inserting Equation (24) into Equation (23) and by using the price system (8) and (9) and the
identity V(1) = o*S, + B*B,, we obtain:

dVi= a*o®SdW, +

{8V+(t) ag(Spt) - Zugh(t)[ agn(Spt) + Vi (Spt) = Vg (Sut)] + [x(Sp,t) — 3]a™S, }dt (25)

hg

By equating Equation (25) and the expression obtained by It6’s lemma applied to V; in
Equation (18) considered as a function of S, in addition to t, we get

=8V (1) - ay(Spt) -

D b a0 + Vi 0= Vi 0} - {as S8+ 3V (t)ZS%%‘é}. (26)
h#g

This is the multistate generalization of Thiele’s classical equation for this set-up and may be
interpreted as is usual in the actuarial science.

The term SVI (t) represents the capital gain of the premium reserve in the time interval (t,t+dt).
The term a,(S,,t) represents the benefit to the insured in the time interval (t,t+dt).

The terms E u.sh(t)agh(S,,t) represent the expected benefit to be paid in the time interval (t,t +
dt) upon transmons from state g. Payments connected to possible future transitions are
included in the terms 2 p,gh(t){V,l (t) = V; ()} which represent the expected premium reserve
in the state to which thc pohcy arrives in the time interval (t, t+dt), in excess of what is covered
by the premium reserve in state g.

The term g—;'s,a + %u(t)zsza—sz} represents changes in the premium reserve caused by
changes in the value of S, in the time interval (t,t+dt) and is, contrary to the other terms, not
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present in Thiele’s differential equation of traditional life insurance. It is not easy to give a
meaningful interpretation “letter by letter" for this term as we can do with the other terms.

The terms h)‘; gush(t)V{ (t) are added compared to the introductory example. Recall that the
state space of that contract consists of only two states; State 0 {"policyholder is alive"} and
State 1 ("policyholder is dead”), where State 1 is external so that it,4(t) =0 V t. In addition
no further payments occur if the policyholder is dead and the inheritors have received the
benefit, so also V(t) = 0 and the term y,,(t)V,(t) equals zero. Furthermore, V(t) is denoted
V(1), ag;(t) = C(t), V(t) = G for the price system (1) and ag(t) = —p(t). Equation (26) is then
reduced to Equation (3).

In order to give a perhaps more intuitive interpretation of the change of the value of the
premium reserve in the time interval (t,t+dt), we may consider the expre sion in Equation (25).
Disregarding the terms [k(S,t) — 8]a*S, and {Zg'%sts + %u(t)zsf%} in Equation (26), all
the terms in (26) are contained in the dt term of (25). The term [x(S,t) — 8Ja*S, is readily
interpretable as the additional (if x > J) expected gain of the part of the premium reserve
invested in the risky security and the dW term represents the stochastic variation of the same

part. However, as opposed to the Equation (26), the expression in Equation (25) is stochastic.

While the duplicating trading strategy for an insurance contract is not necessarily self-
financing, our approach demonstrates that the valuation formula of Equation (18) depends on
the completeness of the economy. The duplicating trading strategies of the individual benefits,
and consequently those of the market values of the benefits, included in the insurance treaty,
must be self-financing.

4.3 A comment on retrospective premium reserves

In principle, the retrospective premium reserve is the market value of the second set of brackets
of Equation (15), and expressions for this premium reserve are easily established for policies
which expire immediately upon transition from the initial state. There seem to be several ways,
although some appear incompatible, of defining expressions for more complex policies, see
Hoem (1988) and Norberg (1991).

No matter what has happened in the past, it seems reasonable for the insurer to consider the

future net claims when determining the appropriate level of the premium reserve. We do not
make any attempt to deduce expressions for the retrospective premium reserve for our model.
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5. Examples
In this section we show examples of possible price models, market values of different benefits

and possible insurance contracts.

5.1 Examples of price processes
Consider the following Ornstein-Uhlenbeck process

dR,=k{¥y - R }dt + cdW,,

where the parameters s, k and ¢ may be interpreted as the long range mean to which R, tends
to revert, the speed of adjustment and the volatility, respectively.

At time zero E[R] = ¥(1 — e " and Var[R,] = -:—:(1 —e 2 for t > 0. The variance
increases with time, which may seem reasonable when modeling uncertain events. This is also
the case for the Browman motion, but contrary to this process, with probability one, E[R,] —
y and Var[R,] = 5o 2k » 80 R, converges in dlstnbutwn to a well-defined normally distributed
random variable with expectation ¥ and variance 5 2k This property may be advantageous
when long-lived securities are concerned.

From Equation (5) we get
dS, = k{y - InS,}S,dt + 6S dW,, 1))
where y = + InSy + —02

Here vy, which is connected to the long range mean of the process, depends on the price of the
security at time zero. The analyst may express his beliefs of the future price via the constant {.
This price process follows immediately from Equation (7) by letting ¥(t) = k{re™ k st)=ce®
andj(t) = eX. We also see that v(t) = g(t)j(t) = 0. Notice that the volatility term in Equation
(27) equals the volatility term in Equation (1), so formulas that only involve the volatility term
will be the same for the geometric Brownian motion and the geometric Omstein-Uhlenbeck
process. The famous option pricing formula is one example of this.

Since the logarithm of S, is a well-defined normally distributed random variable, it follows that
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S, is an equally well-behaved lognormally distributed random variable and has the same
appealing features compared to the geometric Brownian motion as those mentioned above.

We obtain a price model having non-homogeneous variance by letting g(t) = ¢ and j(t) = e,
where 0 is a constant. From Equation (9) we get

ds, = {'y(t) + %oeet}sldt + 0e¥s,dw,. (28)

The variation term exponentially increases with time. For this price model the limiting
distribution does not have finite variance. The varizance for the corresponding normally
distributed variable from Equation (5) is Var [R,] = ‘2’—6[ezet — 1], which does not converge.
The limiting distribution may or may not have finite expectation depending on y(t) For
example by letting y(t) = a¢ "™, E[R]] = %[1 — ¢~ ™), which converges to -:; as t gets large.

5.2 Examples of market values of benefits
Some examples of possible benefits and their corresponding market values given price system

(27)/(1) and (28) are given in Table 1.

Table 1. Market value at time 0 for different benefits.

no a'(S,t) n(Sp) 7(Sp)
(dS by (27)) (dS by (28))
1 K (a constant) P e K
2 S, So So
3 Max[S,G,] h(Sp.t) + G, h(Se.t) + €3G,

Here
h(Sp,t) = Se®(d;) — Ge ~ ¥d(d,),

1"%2 +8t+-;-pt2 ln%+8t—%pf
t - t
dl= pt » d2— pt ’

@ -) is the cumulative distribution function of the standard normal distribution, and
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2
P = j v(1)%dt = 55 (2% - 1). (29)
©4

See for example Corollary 1 of Theorem 5 of Aase (1988). By letting v(t) = 0, p, equals o%t
and h(S,t) equals h(S.t), the standard European call option pricing formula.

5.3 Examples of insurance contracts

First we consider a term insurance paid by leveled premiums including a premium waiver if the
policy-holder becomes disabled. The premium rate is p (a constant) when the customer is
active and changes to Ap, where 0 < A < 1, upon disability. The insurance benefit is C(t) =
Max[S,,G,]. The policy's state space is described in Figure 1.

Figure 1. Premium waiver.

State 0 State 1

e
- —

X 4

State 2

State 0. Policyholder active.
State 1. Policyholder disabled.
State 2. Policyholder dead.

State 2 is external. By disregarding the possibility of recovery, the state space becomes
hierarchical, i.e., it is not possible to return to a state once it is left. We will here consider both

cases.

Case 1. Recovery impossible. ‘
Even though people recover in real life, this assumption is common in many actuarial models.

Here ag = =P, a; = —AD, a; =0 and ag, = 0, agy = 312 = C(t) = max[S,,G,]. The non-zero
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transition intensities are pg;(t), Hga(t) and H4,(t) and are indicated by solid arrows in Figure 1.

From Equation (14) we obtain the following market value at time zero

o= [ {7 TPoo00Ha® + Por(0 M0 - € *5lpo0.0) + Apos 001},
©.T1)

where t' = h(Sp,t) + e~ S‘Gt for the price system (27) and &' = h(Sq,t) + e~ S‘Gt for the price
system (28).

From the Kolmogorov forward equations it follows that

Poo(0.t) = GXP{ - j uo(s)ds}

0.t]

and

Po1(0,) = I p.m(s)exp{ - I uo(s)ds}cxp{ - I u.l(s)ds}ds.

0.1] (0,s] (s.t]

When a policy has a hierarchical state space it is possible to get closed form solutions for the
transition probabilities. This is not the case in general.

If this policy is being paid only by the periodic premium rates (no initial lump-sum payment), p
is determined by equating I(Sy) to zero.

Here V3(t) =0 and Thiele's differential equations for State 0 and State 1 become

aalf = {8+ 1o(H}Vo(® + P — Ho1 (D V1) — e (NC() - {%}'59 S5+ %u(t)zs?aa—?}}
and 2L = {5+ 1,0IVI0 + A5 - a)C(O) - {%‘;— S+ %n(t)ZS%%’r‘}-
Case 2. Recovery possible.

In this case we allow for transitions between state 1 and 0, so pyo(t) > O (indicated by the
dotted arrow in Figure 1). Therefore we do not have a hierarchical state space and do not get
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any closed form solution for pyo(0,t) and pg,(0,t) as we did in the previous case. Apart from
that, the expression for II(S;) is the same. There are no changes in Thiele's differential
equation for State 0, but a new term is added for State 1,

BL = {8+ mOIVIO) + 25 - mg®VE© - {‘w‘ + oS }

The next example is an orphan insurance where the child receives a benefit of Type 3 in Table
1 upon death of the last of the parents within a given time horizon T. The contract is paid by a
premium rate P as long as at least one of the parents is alive. The premium rate is of the Type 1
from the table above. See Figure 2 for a description of this policy.

Figure 2. Orphan insurance.
State 0 State 1

Khs A3

1\ g

>0
State 4
i $ X
State 2 State 3

State 0. Father, mother and child alive.
State 1. Mother and child alive.

State 2. Father and child alive.

State 3. Only child alive.

State 4. Child dead.

States 3 and 4 are external. The child becomes an orphan and the benefit expires upon
transition into state 3. The policy moves into state 4 if the child dies, and no further premiums
are to be paid. For this insurance ag=a; =2, =—, a3 =2, =0, and a;; =0 for all transitions
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except ay = a3 = C(t) = Max[S,,G,].

The non-zero transition intensities are pg, (t), Hoa(t), Hoa(t), Hiz(t), Ky4(t),Ho3(t) and po4(t) and
are given and indicated by arrows in the figure. Notice that for this insurance the transition
probabilities and consequently the transition intensities depend on the state of several
individuals.

From Equation (14) we obtain the following market value at time zero for this contract

I(Sg) = I (7 [Po1(0, T 13(T) + Poa(0.0H23()] — € B[1 — poy(0,7)1}d,
(0.T]
where ' = h(Sg,t) + € ~8G, for the price system (28) and =* = h(Sg.t) + e~ lstGt for the price
system (29). Also for this policy the state space is hierarchical so the expressions for the
probabilities will be on the same form as for Case 1 of the previous policy.

For this contract V3(t) = V4(t) = 0. Thiele’s differential equations (23) for the other states
become

N[5+ uo®FVE ©) +P - Hor OV O = HoaV5 () - { NS B+ 5v(1)’S? aasv °}
and

AL - 5+ wOIVF O +D— pa®OCEH) - {a"‘sa+— (t)zsﬂ:"} =12

The benefit is not payable immediately upon transition from State 0, therefore C(t) is not
included in the equation for this state. From State 1 or State 2 the policy can move only to
external states. Thiele’s equations for these states do not depend on the premium reserve in any
other states. In contrast, for State 0 clc S equatxon dcpcnd; on Vl (t) and V2 (). All the

expressions include a term on the form S O+3 u(t)zsf gsv
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Chapter 4

INTEREST RATE RISK IN LIFE
INSURANCE

‘We derive an economic valuation theory for life insurance contracts in a model with random
interest rates. Here we deduce a partial differential equation for the market values of the
assurances, which corresponds to the traditional Thiele equation of classical actuarial
sciences, but contains some interesting new terms. By using various models of the term
structure, we derive some new farmulas for the market value of life insurance contracts.

The interpretation of the principle of equivalence may be revisited in this framework; the
principle still holds but under a new risk adjusted probability measure, equivalent to - but
different from - the originally given probability measure. This risk adjustment comes from
the economics of uncertainty.

Key words: Financial Risk, Arbitrage Pricing Theory, Thiele’s Differential Equation,
Principle of Equivalence, Stochastic Interest Rate.

1. Introduction

1.1 Focus

In life insurance two major sources of uncertainty prevail, one related to the future development
of the return on the financial investments, the other related to the future flow of payments,
which again typically is connected to the development of the population of life insurance
customers' health. We refer to the first source as financial risk and to the second source as

transition risk. The term transition risk is more general and corresponds better to the model we
use than the term mortality risk which is seen in other treatments.

In traditional actuarial models the rate of return on the financial investments is modeled by a
constant or at most, a deterministic function of time. In this paper we allow for a stochastic
development of the rate of return. We address the question whether the traditional principle of
equivalence can be used as basis for valuation in this stochastic model. After introducing a
simple model of a financial market, it turns out that the answer to this question is no. To obtain
values for the insurance contracts which are consistent with the economic model we have to use
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a new pricing principle. Still the insurance premiums are found as expectations, but now under
an equivalent probability measure which is constructed by the use of economic theory.

The equivalent martingale measure, also called a pricing measure, is the topic of Section 2. We
take as primitives a theory for the pricing of certain financial assets and a theory for pricing
mortality risk. We show how these theories can be combined to give consistent prices for life
insurance contracts. To be more specific we assume there exist theories such that market prices
are given as expectations under pricing measures. A pricing measure is formally a probability
measure equivalent to the one given in the model, but does not necessarily represent
probabilities of any future events in the model. Examples of such theories from financial
economics are included. We assume that the financial market is independent of the state of the
policy and in this situation we obtain a nice representation of the pricing measure, represented
by the Radon-Nikodym derivative of the pricing measure with respect to the originally given
probability measure. To simplify further, we assume risk neutrality with respect to transition
risk. This assumption is implicit in the traditional principle of equivalence.

In Section 3 we derive expressions for the single premiums and premium reserves for some
policies based on the independence between the state of the policy and the financial market.

One notable difference between these formulas and the corresponding traditional ones is that the
traditional discount function is replaced by an expression for the market value of a unit discount
bond. The unit discount bond is a financial security which is traded in the financial market. The
expression for its market value will generally depend on the term structure model being used.

A model of the term structure is described in Section 4.

In Section 5 we obtain the differential equations governing the evolution of the market value of
the insurance contract. These equations also depend on the underlying term structure model
and may be considered as a combination of the partial differential equations based on the no-
arbitrage condition known from the theory of financial economics and Thiele's differential
equations encountered in the actuarial sciences. Our equation differs from a corresponding
equation derived by Norberg and Mgller (1993) in a model without a financial market. An
explanation for this is presented. We also give explicit examples of pricing formulas by
specializing to term structure models known from the financial literature.

Section 6 contains some concluding remarks.

78



Differential equations similar to the one described above is also the topic of Persson (1994a)
and Persson (1994b). These papers consider a special kind of life insurance called unit-linked
or equity-linked contracts where the interest rate is assumed to be constant, i.e., deterministic.
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2. Pricing in the presence of two independent sources of risk

2.1 Two sources of risk

Here we present one way to formalize the situation when two independent sources of risk are
present. We have in mind a continuous time model with finite time horizon T. However, in
this section the time dimension will not be given special attention. In the next section we
introduce filtrations to incorporate the dynamic aspects of the model.

We assume there are two independent sources of uncertainty. In this paper one source
represents the financial market and the other source the state of the insurance policy. One way
to model this is by using two separate probability spaces and model each source of uncertainty
on its own space. .In this section we will focus on the use of a Radon-Nikodym derivative to
construct a pricing measure, i.e., a probability measure which does not represent the agents'
beliefs, but is constructed solely for the purpose of pricing and in addition happens to satisfy
the formal requirements of a probability measure.

We take as primitives the probability spaces (Q,, G, P;) and (5, #f, P,), the first used for
modeling the financial market, the second for the state of the policy.

In several continuous time models from financial economics we have a result like this (Harrison
and Kreps (1979)):

Subject to some technical conditions, no arbitrage opportunities implies the existence of an
equivalentmartingalemeasure Q, such that, after a change of numeraire, the price of a financial
security may be found as an expectation under Q;. We denote by &; the Radon-Nikodym
derivative of Q; with respect to P;.

The models we have chosen to work with will be presented later, but we now give two
examples. Example 2.4 will be further explained and generalized later in the paper. First we
define a quantity called the money market account or the savings account which represents the
value at time t of one unit currency invested at time zero where interest is accrued according to
the short term interest rate.

Definition 2.1
Let r, denote the short term interest rate prevailing at time t, t € [0,T]. Formally, r, is a
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stochastic process defined on (Q2;, G, P,). We define the money market account as

B = cpr(:r,ds). ¢))

This means that d, = r,8,dt, with the initial condition g = 1.

Definition 2.2

A unit discount bond is a financial asset that entitles its owner to one unit currency at maturity
without any intermediate coupon payments. There is a continuum of such bonds maturing at all
times s € [0,T]. We denote by B,(s) the market price at time t for a bond maturing at a fixed
date s 2 t. From the definition B,(s) = 1 (assuming no default risk).

Example 2.3 (Black and Scholes (1973))
This model we use for pricing derivative securities. The underlying risky security is a stock
with price process

dS,=nS,dt + oS dW,,

where r, | and o are positive constants and W, a Brownian motion on (Q2;, G, P;). In addition
there is a constant short term interest rate so the money market account is given by B, =¢".

The Radon-Nikodym derivative of Q; with respect to P, is

g = exp(— -;—(“—;—r )ZT - 11;rW-l-).

Let C denote the payoff at time T of a derivative security with finite variance. We use By as
numeraire and the market value at time zero of C is given as the expectation of —BC—T under Q,,

i.e.,

—rPl Cr |_gQi €
e {ge]sefg)

Example 2.4 (Vacisek (1977))
A set of unit discount bonds maturing at all times s € [0,T] is given. The objective is to find
expressions for the market values of the bonds. The short term interest rate is the only factor in
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addition to time which explains the price development of the bonds and is modeled by the
stochastic differential equation

dr, = q(m —r)dt + vdW,,

where m, q and v are positive constants and can be interpreted as the long-range mean to which
1, tends to revert, the speed of adjustment and the volatility factor, respectively. Assuming no
arbitrage possibilities, there exists a function called the market price of risk A(r,t). This
function does not depend on time to maturity, its importance stems from the fact that the Radon-
Nikodym derivative of Q; with respect to P, is expressed by A(r,.t) as

( T T
&, =exp| - -[0 A(r, )W, -J; l(rt,t)zdt),
\

assuming that A(r,t) is well-behaved so that the above expression exists and &; has unit
expectation and finite variance. Also here we use the money market account as numeraire,
where r, is given by the above stochastic differential equation. Recall that By(s) denotes the
market value at time 0 of a unit discount bond expiring at time s. Then

By(s) =EQ ‘[ﬁ] =EQ l[exp(— J:rudu)]. Q0

Assume there is some probability measure Q, such that the price of a policy may be found as
the expectation under Q,. Let &, denote the Radon-Nikodym derivative of Q, with respect to
P,.

Now we proceed to construct a product space based on the two described spaces. The objective
is to characterize the Radon-Nikodym derivative of Q with respect to P, where P and Q are the
product measures on the product space.

The cartesian product between Q; and Q, is defined as {(®,,®,) : € Q,, W Q,}, ie,
the set of all ordered pairs from Q, and €,, and is denoted Q, x Q,. Any set on the form A x
B = {(0,,0) : ®,€ A c Q;, W€ B c Q,lis called a rectangle. A rectangle A x B is
measurableif Ae G and B € #LDefine Q =Q,; x Q, and let Fbe the c-algebra generated by
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the measurable rectangles. Now we consider the product space (2, %).
From, e.g., Theorem 18.2 in Billingsley (1986) it follows that the measure P on ¥ defined by
P(E) = P1(A)Py(B), (2)

for measurable E = A Xx B, is well-defined and the unique probability measure with the
property described in relation (2).

The same result also holds for the equivalent measures given by the previous lemmas such that
Q defined by
QEE) = Q,(A)Qy(B). 3

for ameasurable rectangle E= A x B, is well-defined and the unique probability measure with
the property described in relation (3).

We now want to find an expression for the Radon-Nikodym derivative of Q with respect to P.
We can then show the following proposition.

Proposition 2.5
The Radon-Nikodym derivative £(®,,w,) such that

Q® = [ Eon0)P@09), @

where E = A x B is a measurable rectangle,

is given by
E(w1,02) = §1(01)E2(wy),

for m,€ Ql and 101 %.

Proof:
One way to calculate Q for a measurable set E= A xB is

83



Q(E)=L1Qz(B)1A(0)1)dQ1(0)1).

for e Q, and wye Q, (see, e.g., expression 18.1 in Billingsley (1986), see expression 18.2
for an alternative way). Observe that the relations (2) and (3) follow immediately from this
expression.

By the definition of &; we can write this as

Q(E)=jQ QB)1A @) @R

for € Q,, w,e Q, and E= A x B, a measurable rectangle.

Notice that Q,(B) = Lzéz(o)z) 15(w,)dP,(,), so we can write

e®=] | Eip@epy1a@E @) @),

By observing that 13(wy)15(®,) = 1g(®,,0y) and by the Fubini theorem, expression (4)
follows. It is easy to verify that &(w,,w) is strictly positive P-almost surely and

jni(ml,mz)dP(ml,mz) = 1. Q
In the case of two independent sources of uncertainty the Radon-Nikodym derivative of the

product space splits nicely into the product of the two Radon-Nikodym derivatives
corresponding to the pricing rules from the given probability spaces.

2.2 The principle of equivalence under Q _
In this paragraph we explain the principle we will use to price life insurance contracts in the
remainder of the paper. First we impose an assumption:
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Assumption 2.6
In this paper we assume risk neutrality with respect to transition risk. Then the measures Q,
and P, are the same, hence &, =1.

Risk neutrality with respect to the state of the policy is implicit in the traditional principle of
equivalence in the actuarial sciences.

As a consequence of Proposition 2.5 and Assumption 2.6 it follows that the pricing measure Q
is represented by
§(01,09) = §;(01)1q (@)

That is, the Radon-Nikodym derivative of Q with respect to P is given by the Radon-Nikodym
derivative from the finance model times one. The market price of an insurance contract will
accordingly be found as the expectation with respect to this measure. This pricing principle will
be referred to as the principle of equivalence under Q.
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3. The market value of a payment stream

3.1 The introduction of a financial market

In this paper we present an alternative approach to the use of the so called discount function
encountered in actuarial works. We introduce a financial market and the discount function is
replaced by market-based discounting using unit discount bonds. By using economic theory
we derive expressions for the market value of the unit discount bonds. These expressions will
depend on the chosen model of the financial market. There is a number of so called term
structure models in the financial literature. In the next section we present an example which
include many of the most popular models. In this section we demonstrate how our approach is
based on the use of economic theory and hence differs from the classical discount function
approach, whether the discount function is stochastic or not.

3.2 Insurance factors

To model the insurance contract we use the multi-state Markov model which seems to be
standard in the actuarial sciences. See Hoem (1968), (1969) and (1988) and Norberg (1991)
for details.

The state of the contract is assumed to evolve according to the right continuous stochastic
process X, defined on (Qy %, P, with left limits. Here X, is a continuous time,
inhomogenous Markov-chain with finite state space § = {1,...,J}. The transition probabilities
are denoted by p;(s,t) = P(X; = |Xs =1). The intensities p;(s) = 13‘:22"%' i # j, are assumed

to exist for i, je 4.

To model the flow of information in the time period [0,T] we use the filtration % = {4, :
te [0,T]}. Here we let #; = 6(X;: 0 <s <t) augmented by the sets of probability zero, so the
process X is adapted to 4L Generally, a filtration is a right-continuous collection of increasing o-
algebras, i.e., H; C Hyc H fort 2s. In addition we let #Hp = 7

We work with general deterministic insurance benefits. At any time t < T the policy is in one of
the states, commencing in state 0. There are two types of benefits, a general life insurance
a(t) payable upon transition from state j to state k at time t and a general annuity rate a;(t) the
insurer receives in state j at time t. Payments from the insured to the insurer, such as
premiums paid during the term of the contract, are considered as negative benefits.
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3.3 The financial market

The financial uncertainty is generated by a d-dimensional standard Brownian motion W ={W/:
te [0,T]) on (Q,, G, P;). Let G, be the filtration generated by W and the collection of P;-null
sets of €y, i.e., an increasing and right-continuous filtration. We take Gr=G.

All trade is assumed to take place in a frictionless market (no transaction cost or taxes and short-
sale allowed) with continuous trading opportunities.

The total information available is given by %, = G, v 7, the smallest 6-algebra containing G,
and . By construction G, and # are independent. We assume #; is completed, i.e., contains
all the sets of P-measure zero.

To fit the ideas presented here into the framework of the last section we assume that the market
values of unit discount bonds can be represented in the following way.

Assumption 3.1
We assume that B,(s) for fixed s > t is an Itd-process on (Q;, G, P,) and that there exists some

probability measure Q; equivalent to P; so that
R YOR B?‘[’sl‘.]'
where B, is given by (1), or

B(s) = EQ '[exp(-frudu)], (5

where EQ'[-] denotes the expectation conditional upon G,. This is a fairly general description,
since most term structure models allow this representation. One example will be given in the
following section. The above relations may be interpreted as follows: After both the market
value at time t and the payoff at time s are divided by the numeraire, B, and B,, respectively, the
market value at time t is equal to the conditional expectation under Q, of the payoff.

As is common in the financial literature, we refer to B (s), as a function of s, as the term

structure of interest rate at time t. In this section we will frame our results in terms of B(s) and
postpone a discussion of term structure models to the following section.
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3.4 Pricing principles
The random payment stream in the period [0,T] of this general insurance policy can be

described by
Ar= J:)Z{l{x ) y(S)ds+ J~,‘(s)de,g(s)},
k+#j

where 1;x _;, is the indicator function taking the value 1if X, = j and zero otherwise and Nj,(t)
counts the number of transitions from state j to state k by time t.

We denote by V, the present value of the payments in the period [0,T] after discounting by the
money market account. Then

T 1
! ;j;{l(x Fi*ai‘s>ds+2ask<s>dek<s>},

k#j

Let ny denote the market value at time zero of the payments in the period [0,T]. From the
principle of equivalence under Q from the last section we get that ;= EQ[VO]. This is different
from the traditional principle of equivalence which states that the price of the policy is equal to
the present value under the original probability measure, i.e., EP[VOI. By using Proposition
25,

7o =E'[§; Vol,
where &, denotes the Radon-Nikodym derivative of Q, with respect to P,, implied by the

representation in expression (5). By using the independence of the financial market and the
state of the policy and the expression (5) we get that

Ty = _[ Zpoj(o s)Bo(s){a O+ Hp(o)a k(s)}ds ©6)

je s k#j

The above expression represents our valuation principle for insurance contracts in our model.
One notable difference between this expression and the corresponding classical one is that the
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discount function is replaced by an expression for the market value of a unit discount bond.

By the same arguments it follows that the premium reserve at time t, given that the policy is in
state g is

T
né =J: ZPgi(t,s)Bt(S){aj(s)+lejk(s)ajk(s)}ds a.s. )

jes k#j

Example 3.2

A) Pure endowment insurance

Let TR, denote the single premium of a contract with benefit Cy if the insured is alive at time T
and O if not. This contract is an important building block, for example in pension plans.

By the above principle it follows that
TRx = Bo(T)Cr 195,
where Tp, represents the probability for an x-year old insured to be alive at time T. In the
deterministic case By(t) = ¢~ ™ and the above expression is reduced to the familiar classical
formula for the pure endowment insurance contract.
B) Term insurance
1

By this contract the insured receives the benefit C; upon death before time T. LetR_+ | denote
the single premium. By the same arguments as above we get that

T
Riﬂ_' | = -[0 BO(t)Ct tPxMx + ldt’

where p,H, ., ,is common actuarial notation for the probability density function of an x-year
old insurance customer's remaining life time. By assuming deterministic interest rate and
constant benefit, also this expression is reduced to the classical formula for term insurance.
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4., A term structure model

4.1 Term structure models
The following model is a d-factor model of the term structure, i.c., the value of a unit discount
bond depends on d factors in addition to time. Examples of these factors are the short term
interest rate, inflation and various long term interest rates. In this section we describe a model
which is related to the models by Vacisek (1977), Richard (1978), Brennan and Schwartz
(1979), Hull and White (1990).

4.2 State variables
We assume that the economy is described by n state variables of which one is the short term
interest rate. The short term interest rate is given by the stochastic differential equation

t t
nR=rp+ Jo‘n(r,,s)ds + J;c(r,,s)dw, a.s, ®)

where 1 is a constant to be interpreted as the short interest rate prevailing at time zero. The
continuous function 1] and the (dx1) vector G, are assumed to satisfy technical conditions so
that equation (8) is a well-defined It6-process and a solution exists.

In addition to r, there is an (n — 1)-dimensional Itd-process Z of state variables. The n-

dimensional vector of state variables is given by Z = ( ; ) or

t t
Z,=2Zy+ J;ﬂzds + J;czdw, a.s, )

where Nz = Nz(Z,,t), an n-dimensional vector and 67 = 64(Z,,t) an (nxd) dimensional matrix.
Z, is an n-dimensional vector of constants interpretable as the initial values of the state
variables.

4.3 The Securities

In this paper the security market consists only of unit discount bonds. We assume that B,(s) is
a sufficiently smooth function of Z, and t for fixed s. From It8's lemma it follows that B (s)
can be represented as
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t t
B(s) = By(s) + J; Np(u,s)B,(s)du + J; B,(s)of(u,s)dW, as., (10)

where Np(t.s) = B’(,)[afz z+ 3; tr[olc{ ]]
and op(ts) = B:(s)[ 3B

where 2 represents the (n X 1)-vector of first order derivatives of the bond price with respect
to the state variables and tr{ A] denotes the trace, i.c., the sum of the diagonal elements, of the
square matrix A. We impose the boundary condition By(s) = 1.

The following lemma describes the local no-arbitrage condition from the theory of financial
economics.

Lemma 4.1

Let A4(Z,.t), i = 1,...,d, be a function of current time and the state variables and A the (d x 1)
vector of such functions. No arbitrage opportunities implies the existence of a vector A such
that

Np(t.s) — 1, = ATop(L,s). (11)

Remarks

Each function A;(Z,t) is independent of the expiration date s and can be interpreted as the
market price of risk related to the i'th source of uncertainty at time t. Observe that the market
prices of risk are related to the d sources of uncertainty, i.e., the d Brownian motions and not to
the n factors characterizing the economy. The arbitrage pricing theory used here does not give
any insight into the mathematical structure of A;(Z,t). The quantity on the left hand side jn
relation (11) is sometimes called the instantaneous excess expected return of the bond. The
product on the right hand side may be interpreted as the market price of risk (which may be
negative) connected to source of uncertainty i multiplied by the amount of risk related to source
of uncertainty i, added up for all sources, so relation (11) relates the instantaneous excess
expected return to the market value of the risk associated with a bond with given maturity. The
functions A;(Z,,t) sometimes occur with the opposite sign in other treatments.
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Proof:
We refer to, e.g., Vasicek (1977) and Richard (1978) for an arbitrage setting and Cox,
Ingersoll, Ross (1985) for a general equilibrium formulation for a proof. Here is a proof in our
model:

We form a portfolio of (d + 1) bonds with distinct maturities. This portfolio can be written
dP = Px™dt + PxTodW, (12)

where x is a (d + 1) x 1 vector of portfolio weights, nis a (d + 1) x 1 vector of drift processes
of the (d + 1) bonds and ¢ is a (d + 1) x d matrix of diffusion processes representing d
diffusion coefficients for the (d + 1) bonds. Now, find a portfolio X so that

1=1
and

T =0,
where 1isa (d + 1) x 1 vector of the real number 1 and 0 is a 1xd vector of zeros.
We assume a solution to this problem exists, which imposes conditions on 6. The portfolio X
has the property that the term involving dW in relation (12) vanishes so no risk is present.
Hence the portfolio is (locally) risk-free and the instantaneous expected drift rate of this
portfolio must equal the risk free rate, otherwise there is an arbitrage opportunity, i.e.,

fn=r.
Consider now the following linear programming problem:

X

: 17 1
subject to (O'T} = ( 0 ) P)

and no sign restrictions on the elements of the vector X. We recognize the constraints in this
problem as the constraints described above. The object function is artificial in the sense that it
does not have any economic interpretation, but is constructed solely for the purpose of studying
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the equivalent dual problem. First we observe that from the no-arbitrage condition, the value of
the object function is r and a solution to the problem exists (by the previous assumption on G).
The dual problem is

max
v v

subject to yl+ol=1, D)

where  is the dual variable corresponding to the first constraint in (P) and A is a (d x 1) vector
of unconstrained dual variables corresponding to the d remainder constraints. By strong duality
the value of the objective function of problem (P), which is identical to r, must take the same
value as the objective function of problem (D) so y = r. By substituting for y in the
constraints in the dual problem, expression (11) is obtained. Q

Assumption 4.1
We assume that the vector A does not depend on properties, such as the expiration dates, of the

particular d+1 bonds in the portfolio constructed in the proof above.

In the case of a 1-dimensional Brownian motion this assumption will automatically be satisfied,
but it is not apparent from the above proof that this also is the case for multi-dimensional
Brownian motions.

Inserting the above expressions for 1|z and o into relation (11) leads to
B BT 1 3’8
3+ —az—(nz —OzA) + EU[GZGIEE] -1,B,=0. (13)

This equation together with the boundary condition B(s) = 1, is a version of the Cauchy-
problem.

Now we impose an assumption of technical nature.

Assumption 4.2

T
We assume that E¥ 1[exp(—;-J; lTl)] < oo. This condition is known as Novikov's condition.
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Lemma 4.3
The solution of the problem described above has the following probabilistic representation

B,(s) = E{exp(— J:srudu)exp(— J:sleWu - %J‘:Xrldu)] a.s.,

where E|[-] denotes the conditional P;-expectation with respect to G;.

Proof:

We define A(u) = - f(rv + %lTl)dv - J':')dev and Y(u) = By(s)e™™. A simple
calculation shows that Y(u), u € [t,s] is a martingale, so E[Y(s)] = Y(t). The result follows by

observing that Y(t) = B,(s) and that Y(s) = exp( - J:srudu)exp(— fldwu - %fﬂldu).

Q

t t
We now define &, = exp(— LleWu - % J:) lTA.du). Here &, is a strictly positive random

variable on (Q, G,P;) Novikov's condition is sufficient to ensure that &, has unit
expectation. We then define the probability measure Q, by Q,(D) =E[1p&]l forD e 6.

Lemma 4.4
The market price at time t for a bond maturing at time s, 0 St < s < T, is given by

B(s) = E?‘[exp(- J‘:rudu):l . (14)

Proof:
] ]

Firstlet§ ;= exp(— I ATdw, - %I lTldu) and observe that B, €.rl=1forallt <T. The
t t

following result is standard:
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3 3 1
=P - —_—
E? 1[exp(— ft rudu)] =E 1[exp( J: rudu)E',o'-r] - Eon] .
Now,
Ef '[Eo.1) = Eo.Er '[Eur) = &0

and by the law of iterated expectations

EP ‘[exp( - J: sr‘,du )&03] =Ef ‘[exP( - J; srudU)E..o.,Ef ‘[§s:r]] = éo,;[CXP( - J: sfudu)iu}

so the result now follows from Lemma 4.3. Q

From Girsanov's theorem it follows that under Q
t t
Z,=Zy+ _’;[ﬂz - oz\]du + J;o}dw“ as. (15)
and
t t
B,(s) = By(s) + J; r,B,(s)du + J;B“(s)of;dwu a.s., (16)

where W; is a standard Brownian motion under Q. We note that under Q the drift process of
the bond is r,B(s). The variation processes under Q are the same as under P. Observe that

%’)—, where B, is defined in (1) is a martingale under Q.
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5. A partial differential equation for the market value of the
insurance contract

5.1 Thiele's equation

The equations describing the evolution of the premium reserve through time are called Thiele's
differential equations in the actuarial sciences. These kind of equations date back to 1875 and
are also the topic of current work, such as Linneman (1993), Mgller (1993), Norberg (1992),
Norberg and Mgller (1993) or Ramlau-Hansen (1991).

In this section we use the term structure model of the previous paragraph, we would expect that
different term structure models would give rise to other differential equations.

We derive a partial differential equation describing the evolution of the market value of the
policy. The idea is as follows: We know one representation of B(s) under Q from (16). Then
we derive another expression for B (s) from the corresponding expression for the premium
reserves given by the relation (7). By equating the expressions for B (s) we derive one
differential equation for the market value of the contract.

We now obtain the partial differential equation for the market value of the insurance contract as
follows:

T
From (7) we may write ¢ =‘[ nté(u)du, where né(u) = B,(u)P$ and

P =Zpgj(t,u) {aj(u)+2ujk(u)aﬁ(u)}.
j

k#j

We notice that

T
J: B gy = 2 L)+ hZlug,,(t)a,;,,(t).
*8

For fixed u we calculate B (u) = Pl!ns(u) and want to find an expression for dB, under the
probability measure Q. By using Kolmogorov's backward differential equation,

Spglt) _ hzush(t)[p&j(t,u) - pyi(t)l,
*g
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we get that

8 - 7 £ M OIR(w) — nE(w)] + 25 )
#8

Recall that B,(u) for fixed u is a function of Z, the vector of state variables, and t. From It6's
lemma it follows that the drift process for dB, under Q is

pp(a""“’ (g - 070) +3 1 020 3 [+ D pppOe(e) - ] + 52 )

hzg

From expression (16) and since B,(u) = = n‘(u) we may also write this drift process as
—l—ns(u)r
P§ r

By equating the above two expressions we get that

T (- o0+ u[ozozaz""“’] Y B Ol - w8 @] + 2 _ sy, =

hzg

By integrating this expression with respect to u from t to T we get the following differential
equation:

b b, 0 D M (Dlagy(t) + o — xf] - [ 22t Gzl)kﬂ[cﬁazn’]].(ﬂ)

h#g

We may interpret equation (17) as the counterpart to Thiele's differential equation in the
actuarial sciences. However, our equation (17) also deals with economic risk. This is not the
case for the standard Thiele's equation. All the terms have reasonable and intuitive
interpretations(see, e.g., Hoem, 1969) except the terms in the brackets on the right hand side.
These terms stem from the economic theory of uncertainty. The above equation therefore
incorporates financial risk also in the context of life insurance.
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Mgller and Norberg (1993) have derived an equation similar to our equation (17) in a model
with stochastic interest rate. Their model did not include an economic model of a bond market
and t_Peir uation did consequently not contain the term involving the market price of risk
(% ozA |. The major difference between the two models is the valuation principle being
used. Mgller and Norberg use the classical principle of equivalence, i.e., the single premium is
calculated as expectations under the originally given probability measure P which implies risk
neutrality with respect to financial risk. We argue that in the context of a financial market this
principle must be replaced by the principle of equivalence under an equivalent probability
measure Q which is constructed by imposing the no-arbitrage condition on the financial market.
This means in particular that the principle of equivalence under Q involves equating market
values of premiums to market values of benefits. Below we compare the two pricing principles

in a single state variable model.

It is common in life insurance to split the periodic premium rate into a mortality risk premium
rate and savings premium rate. For the multi-state contract we denote the savings premium rate
ag(t) and the transition risk premium rate ag(t) given that the policy is in state g at time t. For
this policy we get

B0 = D MepOlag 0+ - 78]

heg

and
sy oxb o [onpT ) 41 Pk
ag(t)= 3 —nnt +| 5z~ Mz-0z )+§“[°z°irjir]

From (17) it follows that — a (t) = ag(t) + a,(t), i.e., net income equals the sum of the savings
and the transition risk premium. The new terms are related to the savings premiums and can be
traced back to the stochastic financial environment. Both financial risk and risk connected to
the state of the policy are present in this model. We therefore find it natural to refer to what is
usually called only risk premium as transition risk premium.
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5.2 Examples
A) Vasicek (1977)-model
In this case n =d = 1 and the only state variable is the short-term interest rate.

First we specialize (8) by choosing Nn(r,t) = q(m — r,) and o(r,t) = v, where ¢, m and v are
positive constants.

This Ornstein-Uhlenbeck process is described in Example 2.4 and the following short-hand
notation is common

dr, = q(m - r)dt + vdW,. (18)

This model is stated in nominal terms so one disadvantage by using this process is that negative
values of r, are possible, a fact which implies arbitrage opportunities in the bond market.

Now we assume that the market price of risk A(r,,t) = A, a constant.

It follows that

t
By(t) = E{exp(— Iorsds)J =G, e Hrero, (19)

where H, = 227 and G, = exp{(m - 2 - 12" - 0- 2(5)°).

This result is from Vasicek (1977) (in his paper the market price of risk is defined with the
opposite sign). Observe that the formula depends on the market price of risk.

The fundamental differential equation of the market value of a term insurance now becomes:

3 = d 1 23?2
§%=(ux+l+r|)nl+ Pt 'Cdix+t-[3§(Q(m“r)-Vl)+'2'V2‘a_r;

The single premiums of a pure endowment insurance and a term insurance follows from
expression (19) and Example 3.2:

TRx= 1PxGre HT™
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and

T
R)I(:"I_' | = J:) Gse-H 0 PxHxqsds. (20)

B) A comparison of our model with Norberg and Mgller's model in the Vacisek-setting

In Norberg and Mgller's model the short interest rate is the only state variable and is given by
(18). They also assume that the financial market is independent of the state of the policy, but
calculate the premium as expectations under the originally given probability measure P. In
particular this implies that the valuation equation corresponding to our equation (6) will be

T
Ty = J; ZPo,'(O,s)Zo(s){aj(s)+zuﬂ‘(s)aﬁ‘(s)}ds’

jeJs k#j

where
Zo(t) = G(t) c—H ;-ro’
2 2
G = exp((m -3:(3))m-v-<(32) ) and H, is as previously defined.

We observe that Z(t) has the similar role in Norberg and Mgller's model as B(t) in our and
would now like to compare the two pricing principles. From expression (19) we can write

A
By(t) = Zo(t)exp( -2, - t)).
Since 1 — x Sexp( - x) for x 2 0, it follows that (H;—-t)<0forq20andt20.

By the arguments in Hull (1989) the market price of risk, when the underlying state variable is
an interest rate, is negative, so A <0. Then exp(— %(H, - t)) < 1, hence By(t) < Zy(t).

With this result in mind and by comparing our valuation principle given in expression (6) with
the one above, it should be clear that our principle implies lower prices for insurance than the
principle of equivalence. In a world where all our idealized assumptions of frictionless markets
were satisfied all the customers would buy insurance from our company and still our company
would not go bankrupt. The company of Norberg and Mgller would then go out of business.
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C) CIR-model

This model of the term structure was developed in an equilibrium setting by Cox, Ingersoll and
Ross (1985) and in an arbitrage free economy by Richard (1978). The short-term interest rate
is the only state variable and is given by

dr, = q(d - rpdt + vy/r, dW,

under Q. Compared to the previous model this one has the advantage that the interest rate can
not take negative values. The price at time zero of a unit discount bond maturing at time t is

B,(®) = Gfme‘“ Fm-ro’

where 'i—d,q
GCR | 2877
U T qroet-1+2y ’
HCIR_ 2(31‘_1)
i U7 et +2y°
an

Y=(q*+ 227,

The market prices for the two single life contracts will take the same form as in the Vasicek-
model:

TRy = 1p,GfReH o

and

T
Rer| =_L GERH %0 p 11 ds.
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6. Concluding remarks

We have derived pricing formulas for a general life insurance contract in a model with random
interest rates based on the assumption that the state of the policy is independent of the financial
markets and that no arbitrage opportunities exists in the financial market. The market price was
found as an expectation under a different probability measure following from economic theory.
Furthermore, our differential equation of the market value of the insurance contract in this
model formally resemble the traditional Thiele's equation, but contains some new interesting
terms dealing with economic risk. By specializing to term structure models we have also
presented some new formulas for the market value of various life insurance contracts.

In a companion paper Persson (1994d) these results are generalized to a situation where also the
amount of benefit is random and linked to the value of a financial asset. This situation is
relevant for unit-linked insurance.
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Chapter 5

RANDOM BENEFITS AND
STOCHASTIC INTEREST RATES
IN LIFE INSURANCE

Unit-linked or equity-linked contracts are examples of life insurance contracts where the
amount of benefit is contingent on the market value of some financial asset. Using
contingent claims theory and traditional actuarial theory, we derive an economic valuation
theory for such contracts in a model with random interest rates. We derive partial differential
equations for the market values of the assurances, which may be considered as
generalizations of both the traditional Thiele equation of classical actuarial sciences and well
known differential equations from the theory of financial economics based on no arbitrage
opportunities. Compared to the classical Thiele equation our equations contain some
interesting new terms which depend on the choice of model of the term structure. Here we
generalize the similar equation from Persson (1994c) to the case of a random benefit. We
deduce similar equations based on the Heath, Jarrow and Morton (1992) term structure model
both for deterministic and random benefits.

Key words: Life Insurance, Contingent Claims Analysis, Arbitrage Pricing Theory, Thieles
Differential Equation, Principle of Equivalence, Term Structure Models.

1. Introduction

1.1 Focus

In this paper we are concerned with pricing of life insurance contracts in the presence of interest
rate risk. In particular we consider insurance policies where the amount of benefit is random
and linked to a financial asset. The principle of equivalence, which traditionally has been the
basis of the pricing of life insurance policies, neither deals with stochastic interest rates nor
stochastic amounts of benefits.

In an economic model where risky investment opportunities are present and also the return on
so-called riskfree investments is random, care must be taken regarding the valuation issue and
in our model the traditional principle of equivalence cannot be applied. The philosophy behind
this principle is that, abstracting from administrative expenses, a company's income
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(premiums), and expenses (paid benefits) should balance in the long run. Traditionally the
discount factor used for the valuation purpose is interpreted as the company's return on its
investments. In the described financial environment this return will depend on the chosen
investment strategy, which again depends on the company's attitude towards financial risk.
Here we adopt a conservative point of view, i.e., we assume that the company does not want o
accept more financial risk than it is forced to. This corresponds to the common opinion that the
insurance companies should not "play with other people’s money”, in most countries
manifested by legislation restricting the insurance industry's investments possibilities. We do
not address the important question whether an insurance company should accept more financial
risk and, if yes, how much more. However, we should expect that companies which choose
more risky strategies on average will get a higher yield on their investments and hence could
offer cheaper insurance than the conservative companies. At the same time risky investment
strategies increase the probability of bankruptcy of the insurance company.

Equity-linked or unit-linked insurance contracts link the amount of benefit to a financial asset,
usually a mutual fund. For the insurance industry, one of the reasons for introducing these
products is to take advantage of the higher yields in the financial markets and therefore offer
products more competitive compared to alternative ways of saving. These products also offer
the customers some flexibility in that they may choose more or less freely to which mutual fund
to link the benefit.

We assume that the policy at each point in time is in one of a finite number of states and moves
between the states according to a time inhomogenous Markov process. An important
assumption we maintain throughout the paper is that the insurance company is risk neutral with
respect to transition risk. The term transition risk is more general and corresponds better to the
Markov-model than the term mortality risk which is seen in other treatments. This assumption
is also implicit in the traditional principle of equivalence. Another important, though maybe
more reasonable assumption is that the financial market is independent of the state of the policy.

In addition to the pricing issue of unit-linked contracts we develop a partial differential equation
for the market value of the premium reserve which can be viewed as a generalization of the
Thiele equation of the actuarial sciences. The traditional Thiele equation was first discovered by
the Danish actuary Thorvald N. Thiele in 1875 and has been generalized and developed further
in more recent works such as Hoem (1968), Hoem (1969), Mgller (1993), Norberg (1992) and
Norberg and Mgller (1993) and Persson (1994a).
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The current paper is basically an extension of a companion paper Persson (1994c) in two ways.
First, we develop partial differential equations for the market value of the premium reserve
based on the Heath, Jarrow and Morton (1992)-model (henceforth referred to as the HIM-
model) of the term structure. We compare this equation with the con'espgnding'-eq-uation from
Persson (1994c) which is based on another term structure model. Second, we expléin a pricing
principle and develop the similar equations when the amounts of benefits are allowed to be
random. '

In Section 2 we describe two term structure models and investigate the consequences for a
generalization of the traditional Thiele equation in Section 3. To focus on this difference we first
assume only one dimensional uncertainty (i.e., the model is driven by a one-dimensional
Brownian motion).and a deterministic benefit.

In the first bond pricing models (Vacisek (1977), Richard (1978), Brennan and Schwartz
(1979¢)) in financial economics, the bond price is assumed to depend on certain state variables
of which one is the short interest rate. The HIM-model assumes that the development of the
forward rates and the initial term structure are given. By assuming that no arbitrage
opportunities exist, the drift term of the forward rate is restricted in a way so that pricing can be
done from knowledge of only the volatility processes of the forward rate and the initial term
structure. '

In Section 4 we introduce risky assets, we have in mind the modemn life insurance products
mentioned above where the benefit is linked to the market value of some financial a#sets. Here
itis natural to include multi-dimensional uncertainty modeled by a multi-dimexisional Brownian
motion. We develop pricing principles consistent with economic theory and, in Section 5,
differential equations describing the evolution of the market value of the policies - similar to the
ones described above. These equations are more complex than the ones developed in, Section 2
because of the multi-dimensional uncertainty and the random benefits. :

Examples are included in Section 6 which compare the pricing of a typical unit-linked benefit in
the two term structure models. Here we also present some formulas for the unit-linked

versions of some insurance contracts. Some concluding remarks are given in Section 7.

The mathematical presentation is not completely rigorous in that conditions of technical nature
often are described very briefly, if mentioned at all. Technical conditions are required, e.g., on
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the drift and volatility processes of the It6-processes (such as measurability, adaptedness, and
integrability-conditions) to ensure that these are well-defined. Smoothness conditions are
required to apply Itd's lemma, for example growth conditions are required to ensure that
stochastic differential equations have solutions. However, we have tried to mention any
condition of economic nature and to cite references where technical conditions can be looked
up. Also all relations involving random variables are understood to hold almost surely.
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2. Two term structure models

2.1 The financial market

This section presents a brief description of two different term structure models. In this section
we limit the discussion to one factor models meaning that only one source of uncertainty is
present. The generalization to several sources of uncertainty, which we will refer to as multi-
factor models, is straight-forward and will be shown in Section 5.

A time horizon T is fixed and the financial uncertainty is generated by a 1-dimensional standard
Brownian motion W defined on a probability space (€2, ¥ ,P). All trade is assumed to take place
in a frictionless market (no transaction cost or taxes and short-sale allowed) with continuous
trading opportunities.

Definition 2.1

A unit discount bond is a financial asset that entitles its owner to one unit currency at maturity
without any intermediate coupon payments. There is a continuum of such bonds maturing at all
times s € [0,T]. We denote by B,(s) the market price at time t for a bond maturing at a fixed
date s 2 t. From the definition B,(s) = 1 (assuming no default risk).

2.2 The state variable model
Now we describe what we call the state variable model. In this model the bond price is
assumed to only depend on one state variable, the interest rate, in addition to time.

The short-term interest rate is given by the Itd-process

t t
=ry+ .[)n,(r,,s)ds + Lo,(rs,s)dws.

We refer to the functions 1, and o, as the as the drift process and the volatility process of the
interest rate, respectively. These processes satisfy technical conditions so that there exists a
solution to the stochastic differential equation above. The parametric form of these processes
together with the constant r are our primitives, so the dynamics governing the evolution of the
underlying state variable (for the moment only one) is known.

For fixed s £ T, we assume that B(s) is a function of r, and t. The functional relationship
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between B (s) and r, and t is at this step not known. By assuming that B (s) is sufficiently
smooth we obtain from It6's lemma,

t t
B,(s) = By(s) + J:)‘nB(u,s)Bu(s)du + J;O'B(u,s)Bu(s)qu. 1)
2
Here np(t,s) = Bl( ) aal: l 2 B02+ ] and op(t,s)= Bl( ) aal: G,. The value of the unit

discount bond is 1 at matunty, SO 1t is reasonable to expect that the volatility of the bond should
decrease as time approaches maturity. This is not generally the case for the above price

process.

From the theory of financial economics (see, e.g., Vacisek (1977)) we have that no arbitrage
opportunities imply that there exists a function A(t) such that

Np = I = A()0p. 2

In the case of a single state variable the function A(t) is called the market price of risk of the
interest rate, though it really is related to the underlying Brownian motion. A generalization of
this result is presented in Section 4. The above relation requires that the bond price is an Ito-
process on the form in expression (1), but does not require that the drift and the volatility
processes are on the particular forms implied by the state variable model given in expression
(1). However, by assuming the state variable model and substituting the expressions for Mg
and op in relation (2), we obtain the so-called fundamental partial differential equation
governing the value of the bond.

Assuming that A(t) satisfies some technical conditions, we define

t t
E, = cxp(— jox(u)dwu - %Lx(u)zdu) 3)
and a probability measure Q by
QW= | 1u@Er@.

It can be shown that the market value at time t of a unit discount bond is
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-] rudu
B(s) = EJe I 1. 4

s
We see that the quantity — j rdu serves a special role. If for example, this is normally
t

s
distributed under Q, exp(— J‘ rudu] is lognormally distributed and B,(s) follows from known
t

properties of these distributions. This is the case, e.g., for the model by Vacisek (1977),
where B,(s) can easily be calculated from the above formula (see Section 6) and where the
resulting formula depends on the parameters of the drift and the volatility processes of the state
variable, the expiration date (s) and the market price of risk (A(t)). It also follows that

t t
B,(s) = By(s) + J;ruBu(s)du + J:)(SB(u,s)Bu(s)qu (5)
and

t t
=19+ jo[n,(r,,s) — A(s)o,(rs,s)]ds + J:)(s,(rs,s)d\7~ls 6)

under Q, where W is a standard Brownian motion under Q. We observe that the drift process
of r, under Q depends on the market price of interest rate risk. To calculate the bond prices
from formula (4) we need knowledge of A(t) to be able to use expression (6).

2.3 The HJM model
The starting point for the term structure model of Heath, Jarrow and Morton (1992) is the
relationship between the instantaneous forward rates and the bond price,

B(s)= exp(— J: ft(u)du). @

Here f,(u) is the instantaneous forward rate for time u prevailing at time t. The forward rates
are modeled by It6-processes on the form,
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t t
ft(u)=fo(u)+J;av(u)dv+foov(u)dwv. @®

ue [0,T]. Here fy(u) is given for all u < T. The function «, is called the drift process and the
function o, is called the volatility process of the instantaneous forward rate, respectively. Both
these processes are assumed to satisfy technical conditions so that expression (8) is a well-
defined Itd-process. From (7) we see that also By(s) for s € [0,T] is given, so the whole initial
term structure is taken as a primitive. We will refer to the collection {o,(u):u € [0,T]) as the
volatility structure. In particular, the short interest is given by

r, = f(t).
From expression (7) it follows that

Bt(s) = ex ‘(S)’
where

t t
X (s) = In(Bq(s)) + folrv +0(v,5)]dv + j;a(v,s)dwv, ©)

v(v,s)= — rav(u)du,

and

a(v,s)= — J‘ o, (u)du.

v

The process X (s), represents minus the integrals of the forward rates from time t to time s.
We assume that this process is a well-defined It6-process which imposes some additional
constraints on the drift and the volatility processes of the forward rates (see, e.g., Heath,
Jarrow and Morton (1992)).

It follows from It6's lemma that
t t
B,(s) = By(s) + .[)[rv + b(v,s)]B,(s)dv + J:)a(v,s)B,,(s)dW,,, (10)

where b(v.s) = 0(t,5) + 3 [a(t.)]%
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This stochastic differential equation does not involve any first or second order partial
derivatives of the (unknown) function B as the corresponding equation (1) does. Instead the
dynamics of B are given in terms of the primitives, i.e., the drift and the volatility processes of
the forward rates. This model of the bond price also has the theoretical advantage that the
volatility process tends to zero as time approaches maturity.

The no-arbitrage condition corresponding to the condition (2) above is usually written as
(substitute ng =1, + b(t,s), O = a(t,s) and differentiate with respect to s)

0 (s) = G()MD) — a(t,9)]. (11)
This condition is called the forward rate restriction. We now define the measure Q exactly as in

expression (3). By using the no-arbitrage condition (11) it follows that the forward rate
process under Q becomes

t u t
f(u) = fo(u) + J;o,,(u)J‘ o,(s)dsdv + J;o,,(u)dW,, (12)
and the short interest rate under Q becomes
t t t
I, = fo(t) + jo o,(t) j o,(s)dsdv + J;o,,(t)dw,,

We see that the instantaneous forward rates processes as well as the short term interest rate
under Q are completely determined by the volatility structure and the initial term structure. As
opposed to the previous model, we do not need knowledge of the function A(t) to value bonds
by equation (4).

By using the no-arbitrage condition (2) the process in expression (9) becomes
t
X(s) = In(By(s)) + J:[ v = %a(v,s)z]dv + J;a(v.s)dW,,, (13)

and the expression for the bond price may be written
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t

t
B,(s) = By(s) + J:)r,,Bv(s)dv + J:)a(v,s)Bv(s)dWw (14)

i.e., the same form as the corresponding expression (5) in the state variable model.

The state variable model takes the short-rate interest process and the market price of risk as
primitives, while the HIM-model takes the initial term structure, volatility structure and the
market price of risk as primitives. The bond prices depend on the parameters of the drift and
volatility factors and the market price of risk in the state variable model whereas they depend on
the initial term structure and the volatility structure in the HTM-model. The HIM-model has the
advantage that it does not require direct knowledge of the market price of risk. Still A(t) must
satisfy some technical conditions, an issue we have not addressed here, to ensure that the
measure Q is well-defined (that A(t) is uniformly bounded is a sufficient condition). For a more
extensive comparison of these models we refer to Jamshidian (1991).
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3.Partial differential equations for the market value of the
insurance contract based on the one-factor models

3.1 The premium reserve

The premium reserve of a policy at time t can be considered as the insurer’s debt to the insured
at time t. In this section we only deal with deterministic benefits and the one-factor models.
We derive a stochastic differential equation under the equivalent martingale measure Q for the
market value of the premium reserve. This equation is based on the assumption that the
instantaneous expected return of the bond price equals the short interest rate under Q, which is
the case for both the state variable model and the HIM-model. The economy in the state
variable model is characterized by a finite number of state variables and considering the market
price of the premium reserve as a function of the state variables naturally leads to another
stochastic differential equation under Q also describing the market value of the premium
reserve. By equating the drift terms of these two processes we obtain a deterministic
differential equation that must be satisfied by the market value of the premium reserve. In the
HIM-model the forward rate processes serve the same purpose as the state variables.
However, there is not a finite number of these, but we suggest two ways to go around this
problem and present the resulting deterministic differential equations.

3.2 The insurance contract
To model the insurance contract we use the multi-state Markov model, by now standard in the
actuarial sciences. See Hoem (1968), (1969) and (1988) and Norberg (1991) for details.

The state of the contract is assumed to evolve according to a right continuous stochastic
process X, with left limits defined on a given probability space (Q2,¥ ,P). Here X, is a
continuous time, inhomogenous Markov-chain with finite state space 5 = {1,...,J}. The
transition probabilities are denoted by p;(sit) = P(X, = j|Xs = i). The intensities p;i(s) =
hm?:y?,i’, i # j, are assumed to exist for i, je 5. Furthermore, we assume that X, is independent
ofall the processes describing the financial assets, which we refer to as the state of the policy is

independent of the financial market.

In this section we work with general deterministic insurance benefits. At any time t < T the
policy is in one of the states, commencing in state 0. There are two types of benefits, a general
life insurance a(t) payable upon transition from state j to state k at time t and a general annuity
rate a,-(t) the insurer receives in state j at time t. Payments from the insured to the insurer, such
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as premiums paid during the term of the contract, are considered as negative benefits.

3.3 Partial differential equations for the market value of the insurance
contracts

The Thiele equation of the actuarial sciences can be viewed as a description of how the value of
an —in a certain sense— average insurance contract develops over time. The study of this
equation is therefore important both from theoretical and practical points of view. By
introducing models including financial uncertainty the Thiele equation based on the Markov-
chain model developed by Hoem (1968) has been extended by Norberg and Mgller (1993),
Persson (1994b) and Persson (1994c). In Hoem's equation all terms have reasonable and
intuitive interpretations. The corresponding equations in the papers mentioned all contain
additional terms stemming from the financial risk. These terms can not be interpreted in a
similar straight-forward and intuitive manner as the terms in Hoem's original equation.

The following lemma presents a formula for the market value of the premium reserve of an
insurance contract and is a special case of the results in Section 4 of this chapter.

Lemma 2.1

Consider a life insurance contract as described in Section 3.2 with deterministic benefits.
Assume that the financial market is independent of the state of the policy and that the insurer is
risk neutral with respect to transition risk. The market value of the prospective premium
reserve for the insurance contract at time t given that the policy is in state g, is given by

T
I = _[ ngj(t,u)Bt(u){a,-(u)+2ujk(u)ajk(u)}du, (15)

jes k#j

where B,(u) represents the market value at time t of a default-free unit-discount bond expiring at
time u.

Proqf:
See Section 4 of this chapter. Q

Observe that I depends on the market values of the bonds.
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It is convenient to rewrite expression (15) in a different notation. Let

F§(u) = B,(u)P§,
where

k#j

P =Zpg,-(t,u){a,-(u)+Zu,-k(u)a,-k(u)}.
j

By using Kolmogorov's backward differential equation,

Spgl) hzush(t)[p&i(t,u) — pytW],
#g

we get that
ZE =Y ng(00e - P2

h#g

From expression (15) the prospective premium reserve may be written as

T
e =J: F(u)du.

We now focus on the quantity F(u), but first observe that

FED = 2,0+ ) Hyy(®agy(0).

hzg

(16)

Here as(t)dt represents the benefit the insured is eligible to in the interval (t,t + dt) in state g at
time t, .y (t)dt represents the conditional probability that the policy will jump to state h in the
interval (t,t + dt) given that it is in state g at time t and a,;,(t) is the amount the insured receives
upon a transition from g to h. In this sense FE(t)dt represents the benefits the insurer on

average has to pay in the time interval (t,t+dt).

Now we use property that the dynamics of the bond under Q is dB f{u) = rB(u)dt +
cg(t,u)B l(u)dWt (in the HIM-model Gy(t,u) was labeled a(t,u), but this is just a notational
issue). The critical property is that the instantaneous expected return of the bond equals r,

under Q.
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From expression (16) and It6's lemma follow that

t t A
F&(u) = Fj(u) + J;(rst(u) + Z Hgn(s)[Fg(u) — F',‘(u)])ds + LFf(u)O’B(s,u)dWs.

h#g

We integrate this expression with respect to u from t to T, interchange the order of integration
and add and subtract some terms to obtain

T
J: Ff(u)du =

J; TFB(u)du +J:(rsLTF§(u)du +}§8ugh(S)J:T[F§(U) - F‘s'(u)]du}i: + J: J; TFf(u)OB(s,u)dudWs -

hzg

t t tpt
[jo[Fg(u)du + r,J; F&(u)du + Zp.gh(s)js [F8(u) — F‘,‘(u)]du]ds + J;J; Ff(u)oB(s,u)dudW,}

From the definition of I1§ and by interchanging the order of integration in the second line, we
get

t t T
I = 11§ + J;(r,ng £ ) P ()T - n‘;])ds + J;J; Fé(u)op(s,u)dudW, —

hzg

J:l:Fﬁ(u) + J; (rng(u)du + lg:g;,l.gh(s)[Fﬂu) - ljs?(u)])ds + Io F§(u)oB(s,u)dW,:|du

We recognize the term in the square brackets inside the last integral above as F&(u) and write

t t oT
T8 =TI1§ +_’; (r,ng —a,(s) - Zpgh(s)[agh(s) + I - I18] )ds +J;J; F(u)og(s,u)dudW,.(17)

hzg
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This is our first stochastic differential equation describing the dynamics of the market value of
the premium reserve under Q. The derivation is only based on the assumption that the expected
instantaneous return of the bond price is r, under Q, hence the equation is valid for both the
state variable model and the HIM-model. The volatility process is not expressed in terms of
IT¢, but as soon will become apparent this fact does not matter. Observe that the drift process
of this equation contains exactly the same terms as the traditional Thiele equation.

For the state variable model another stochastic differential equation can easily be derived. We
derive this equation under Q by noticing from (15) that Il¢ is a function of B(s), s €[t,T],
which in the case of a single state is a function of r, and t for s €[t,T]. By considering I'l§ as a
function of r, and t it follows immediately from It6's lemma and the dynamics of r, under Q
given by equation (6) that

=TI§ + J' (ag'(n, oMs) + 3022 ')d _[ &t .aW,. (18)

The stochastic differential equations in (17) and (18) represent the same quantity, hence their
drift and volatility terms must be the equal. By equating the drift terms we obtain

a—“!=r,n8 2,(t) — ) Men(Dlagn (V) + ITF — I18] - irl!(ﬂ, o) +2a2SSE L 9)
gh\*/1%g 271 or

h=g

Here we observe that expression (19) depends on A the market price of risk. From two
stochastic differential equations under Q representing the same quantity we have derived one
partial differential equation for the market value of the policy. The measure Q serves as a
technical tool in the derivation of a deterministic partial equation which the market value of the
insurance contract must satisfy. The above equation is a special case of an equation derived jn
Persson (1994c) using a somewhat different approach. We may interpret equation (17) as the
counterpart to Thiele's differential equation of the actuarial sciences. However, our equation
also deals with financial risk, which is not the case for the traditional Thiele equation.

As seen in Section 2, equations involving first and second order derivatives occur naturally in

the state variable model. A similar equation for the HHM-model would necessarily involve the
first and second order derivatives of I1f with respect to a quantity corresponding to the state
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variables. The collection {f,(u): ue [t,T]} are the primitives at time t of the HIM-model and, in
many respects, serves the same purpose as the state variables in the state variable model.
However, the number of these variables are not finite. One way to proceed is to represent this
continuum of processes through one state variable. We suggest to consider

T
X, = —J‘ fi(u)du.
t

This quantity represents minus the integral from t to T over the instantaneous forward rates
prevailing at time t. The only motivation for the use of the minus sign is the relation X, =
X(T), where X (T) is defined in expression (9) and where we already know the dynamics for
X,(T) under Q from expression (13). Another possibility is to use B(T) which essentially
contains the same information as X, (this is obvious from the definition of X, (T)). We also
know the dynamics of B,(T) under Q from expression (14). Maybe one advantage of using
B,(T) instead of X is that B(T) represents a well-defined economic quantity, the market price
of a bond, whereas the economic interpretation of X, is somewhat lose. The deterministic
partial differential equations corresponding to equation (19) for these two cases are

0 =18 - 2,0~ D gy Olagy () + T = TT5] - {aali'r: 3] 55 am]} @0)

hzg

and

2E = - 50~ D Ol + T - T - { 31,0+ st B Pt | 21
hzg

These equations are derived exactly as equation (19), by equation the drift terms of two
stochastic differential equations under Q. They may be considered as generalizations of the
Thiele equation in the case of the HIM term structure model and deterministic benefits. The
terms involving the first and second order derivatives are different from the similar terms from
the state variable model. The equations involve the volatility structure of the forward rates
through a(t,T) but do not depend on the market price of risk as the corresponding equation (19)
of the state variable model do. Setting all the partial derivatives of equations (19), (20) and (21)
equal to zero leads to the traditional Thiele equation which does not deal with financial risk.

Setting the insurance specific factors, represented by a,, a,y, (the benefits) and gy, (transition
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intensities), in equation (19) equal to zero leads to a well-known so-called fundamental,
differential equation from financial economics governing the value of, e.g., bonds in the state
variable model. We are not aware of any similar "fundamental” differential equations for the
HIM-model.
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4. The market value of an insurance contract with random benefits

4.1 Unit-linked insurance

The set-up in this section is applicable for unit-linked or equity-linked insurance (called
variable life insurance in USA). The distinguishing property of unit-linked insurance is that the
value of the benefit is linked to the value of a certain number of units in a mutual fund or
another financial asset. Earlier work on this type of insurance may be found in Boyle and
Schwartz (1977), Brennan and Schwartz (1976), (1979a), (1979b), Delbaen (1980),
Baccinello and Ortu (1993), Nielsen (1993), Persson (1994a) and Persson (1994b). Some of
these works are reviewed in Persson (1994a). The current model generalizes the models of
Persson (1994a) and Persson (1994b) by introducing multiple sources of uncertainty including
a stochastic interest rate.

First we describe the extended financial market and explain the pricing principles, which are
common for both the term structure models. In Section 5 we look at the particular properties of
the two term structure models. There are now several sources of uncertainty modeled by a
multi-dimensional Brownian motion. The model of the financial market is from Amin and
Jarrow (1992).

4.2 The financial market

The time horizon T is fixed and the financial uncertainty is now generated by a (d + e)
dimensional standard Brownian motion W ={W; t € [0,T]} on a complete probability space
(€, 7, P) together with a filtration {#,:t € [0,T]}, representing the flow of information. All
the martingales encountered throughout will be martingales with respect to this filtration.

All trade is assumed to take place in a frictionless market (no transaction costs or taxes and
short-sale allowed) with continuous trading opportunities.

Definition 4.1
Let r, denote the short term interest rate prevailing at time t, t € [0,T]. Formally, r, is a

stochastic process defined on (2, ¥, P) and will be described later. We define the money
market account as

t
B,= epror,ds), (22)
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i.e., the value at time t of one unit currency invested at time zero accruing interest according to
the short term interest rate.

As before there is a continuum of unit discount bond maturing at all times s € [0,T]. We
assume that the market value of the unit discount bonds can be represented as ItG-processes on
the following form,

t d t . .
B,(s) = Bgy(s) + J;‘nB(u,s)Bu(s)du + ZJ;B“(s)o"B(u,s)dw:l , (23)
i=1

As indicated in Section 2, the drift process Mg and the volatility processes o will depend on the
model of the term structure.

In addition to the bonds there are m risky securitics. Neither of them pay dividends, which is
not an unreasonable assumption in the current insurance setting. They are modeled by It6-
processes on the form

d+e

. . t - t - » -
si=sh+ J;‘nsj(u)S{,du + ZLc‘sj(u)S{,dW{,, j=1.2,...m. 4)
i=1

We assume that m 2 ¢ and will sometimes refer to the (mx1) vector of security prices at time t
as S,. The last ¢ Brownian motions are reserved for modeling uncertainty related to the risky
assets.

Our next task is to describe the concept of the market prices of risk corresponding to the d+e
sources of uncertainty.

First fix d bonds with expiration dates (T}, ..., Ty), where 0 < T; <... < T¢ < T and fix e risky
assets referred to by (S,,..., S,). The inclusion of the bonds is not strictly required (as long as
at least d + ¢ risky assets exist), but allow us to relate this analysis to the restricted term
structure economy (i.e., no risky assets) used in Heath, Jarrow and Morton (1992) (see also
Persson (1994c) for a similar insurance setting). We define
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Here A, is an (d+e)-vector representing the expected instantaneous return in excess of the
short-term interest rate on the d bonds and the e risky securities. The rows in the (d+e)x(d+e)
matrix A, represent the (d+e) volatility processes of the d bonds and the e risky assets.

We seek a (d+e)-vector A so that
Al = Azl. (25)

The following condition imposes restrictions on the volatility processes of the bonds and the
risky assets and is sufficient to ensure that the inverse of A, is well-defined and hence that a
solution to equation (25) exists.

Assumption 4.2
A, is non-singular (almost surely and almost everywhere).

EachAl, i = 1,...,d+e, can be interpreted as the market price of risk of related to the i‘th source
of uncertainty at time t. In addition to t, the vector A will depend on (T}, ..., Ty) and the e risky
securities (Sy,...,S,), so we may write A(t,Ty, ..., Tg,Sy,...,S.). Each row in the matrix on the
right hand side of equation (25) may be interpreted as the market price of risk (which may be
negative) connected to uncertainty source i multiplied by the amount of risk of source i, added
up for all sources, so this expression relates the instantaneous excess expected return to the
market value of the risk associated with a specific asset. The Al 's sometimes occur with the
opposite sign in other treatments. '

Amin and Jarrow (1992) show that, assuming that the l.} 's are uniformly bounded, there exists
a unique equivalent martingale measure for the d bonds and the e risky securities so that the
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price processes of these asset discounted by the money market account are martingales.
However, we would like to find an equivalent measure so that the discounted price process of
any bond and any risky asset are martingales. A sufficient condition for this now follows.

Assumption 4.3
We assume that A(t,T, ..., Tg,5;,...,5.) = A(t) for all choices of (T}, ..., Tg) and (S;s...,S,)-

That is, we assume that the A-vector in equation (25) does not depend on the expiration dates of
the bonds or the particular e risky assets involved.

In particular, for a bond with expiration date s we can write

Np(ts) —1,= ) Ch(LHAL (26)
i=1

We notice that the expected instantaneous excess return of the bonds are not related to ).it fori=
d+1,...,d +e. Similarly we can write for any risky asset j

d+e
N5 -1,= D04 (0K @n
i=1
These M 's will be the basis of the construction of the equivalent martingale measure Q. To

ensure that Q is well-defined we impose some conditions of technical nature.

Assumption 4.4

We assume that ex;{ Z I ().l)zds) < oo. This condition is known as Novikov's

d+e d+e
condition. We also assume that V:n{exp( ZL KudW}, Z J; ()‘“)2duJ] < oo,

A price system that satisfying Assumption 4.2 and 4.4 is said to be L2%reducible by Duffie
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(1992). A sufficient condition is that the li 's are uniformly bounded (an economic
interpretation of this assumption is that the agents are not allowed to be infinitely risk averse
with respect to any of the d+e sources of uncertainty).

We define an equivalent probability measure by
d+e T d+e T
. . l s
% =exp| — Z;J; A dwW, - EZ{J;) A)2du (28)
i= 1=

and show the following lemma.

Lemma 4.5
Si  Bys)
The discounted price processes -B— and T, for j= 1,....m and s € [0,T], are martingales
t t
with respect to %, under Q.
Proof:

From Girsanov's theorem
- - t »
Wi=Wi+ jol{ds, i=1,..d+e
are independent Brownian motions under Q. Substituting for dWit in (23) and (24) and using
(26) and (27) shows that the instantaneous expected rates of returns of the assets equal the
short-term rate under Q,

t d t . .
B,(s) = By(s) + J;r“Bu(s)du + Z’J:)B\,(s)cs"m(u,s)d\?»':I , (29)
i=1

d+e

t t ] . .
Si=Sh+ J;r“S{,du + ZJ;O"S (@SIAW;, j=12,...m.
i=1

The result follows by dividing the price processes by the money market account using Itd's
lemma. Then the drift terms vanish. ' Q
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We have constructed an equivalent martingale measure in our economy, so no arbitrage
opportunities are present (see, e.g., Duffie (1992)). Furthermore, it can be shown (see Amin
and Jarrow (1992)) that Q is the unique measure with the property described in Lemma 4.5.

4.3 The insurance benefits

We allow the benefit to be linked to the market value of the risky securities. This means that the
benefit is either a traded asset or can be duplicated by a portfolio of a finite number of traded
assets. Note that also the payoff of deterministic benefits can be duplicated by portfolios of
unit-discount bonds. As before there are two types of benefits, now denoted by aﬁ‘(St) for the
general life insurance contract and by a,(S,) for the general annuity rate. The benefits are
allowed to be general (measurable) functions of the m risky securities, which in particular
means that they may include guarantees.

Thus the insurance benefits can be viewed as contingent claims, in the usual sense known from
financial economics. The contingent claim theory based on the works by Harrison and Kreps
(1979) and Harrison and Pliska (1981) can then be applied for valuation. The uniqueness of
the measure Q implies that the market is complete, i.e., there exists a market price for every
contingent claim with finite variance. Let 1,(u) denote the market value of the benefit a(S,), for
the moment dropping the subscript of a(S,) (and the corresponding superscript of 7 (u))
describing upon which event the benefit expires. In the financial model where all uncertainty is
modeled by It6-processes, the market prices will also be Ité-processes on the form

d+e

t t . .
7t,(u) = wp(u) + J:)nn(s,u)us(u)ds + 2 Lo}t(s,u)us(u)dW‘s, (30)
i=1

for some processes M, and 0. To determine this market price we again use a result of
Harrison and Kreps (1979) stating that the market price of a contingent claim can be found as
the conditional expectation of the payoff under the equivalent martingale measure Q after a

change of numeraire, or
W) _ g ASw
o E:{——B“ ] (31)

using the money market account as numeraire. Observe thatfort<s<u,
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hence also the discounted market prices of the benefits are martingales under Q. The economic
intuition for this is as follows: The price processes of the bonds and the risky assets are
martingales under Q and the benefit can be considered as a portfolio consisting of a combination
of these assets. If the price processes of the contingent claim is not a martingale, arbitrage
opportunities would be present and riskless profit could be made by taking opposite positions
in the duplicating portfolio and the contingent claim.

By the arguments used in the proof of Lemma 4.5 it is easy to show that the drift processes of
n,(u) also satisfies

d+e

Ng—1y= Y OO (32)
i=1
and that the process for any nt (before discounting) under Q is

d+e

t t
m(u) = To(u) + J;r,n,(u)ds + ZJ;oi,(s,u)n,(u)dwi,. (33)
i=1

4.4 Pricing principles
The random payment stream in the period [0,T] of this general insurance policy can be

described by
T
AT = J; Z{ 1 X “=j]aj(Su)du+Zajk(Su)dN jk(u)}’
jes

k#j

where 1y | =) is the indicator function taking the value 1 if X; = j and zero otherwise and N4 (t)
counts the number of transitions from state j to state k by time t.

We denote by V|, the present value of the payments in the period [0,T] after discounting by the
money market account. Then

T
Vo= | 31—2{1 x Fj]aj(Su)du+Zajk(Su)dek(u)}.
jes

k#j
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Let I, denote the market value at time zero of the payments in the period [0,T]. In this model
there are two independent sources of uncertainty, one related to the financial market, the other
related to the transition between states. Formally we may model each source on its own
probability space and consider (2, #,P) as a product space. The Radon-Nikodym derivative %
in expression (28) can be considered as a pricing rule on the probability space describing
financial risk. Risk neutrality with respect to transition risk implies that the corresponding
pricing rule for that risk is identical to one on the other probability space. The independence
between the two sources of risk then implies that the pricing rule on the product space is equal
to % times one on (£,%.P). This idea is explained in Persson (1994c). The market value of
the policy is found as Ily = EQ[V(,], where Q is defined by -‘3 in expression (28). This is
different from the traditional principle of equivalence which states that the price of the policy is
equal to the present value under the original probability measure, i.c., EP[V(,]. Therefore,

Ty = E"[%VO].

By using expression (31) we obtain

T .
1, = J; D po0.) {n{,(u)+2ujk(u)n8‘(u)}du. (34)

jeys k#j

The above expression represents our valuation principle for insurance contracts in our model.
By the same arguments it follows that the premium reserve at time t, given that the policy is in
state g is

T .
I§ =J: Zpg(t.u){n{(uﬂzujx(u)ﬂ’?‘(u)}du - (35

jes k#j

In the special case of a deterministic benefit equation (35) is reduced to equation (15). This can

be seen from expression (31), w,(u) = a,(u)B, t = a,(u)B,(u) for a deterministic benefit.
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5.Partial differential equations for the market value of the
insurance contracts

5.1 The one-factor models generalized

In this section we first generalize the one-factor models described in Section 2 to multi-factor
models. We assume that the uncertainty related to the term structure is generated by a d-
dimensional Brownian motion. After a short description of the general state variable model and
HIM-model, we develop partial differential equations for the market value of the insurance
contract. These equations are similar to the ones derived in section 3, but generalize these in
two respects. First we use multi-factor models of the term structure and, second, the benefits
are allowed to be random.

5.2 The general state variable model
Now we present an extension of the model with one state variable described in Section 2. In
the general state variable model the economy is described by n state variables of which one is

the short-term interest rate. The short term interest rate is given by the stochastic differential
equation

t d
r,=rp+ J;Tl(rs,s)ds + J:zoi(rs,s)dw; , (36)
i=1

where 1y is a constant to be interpreted as the short interest rate prevailing at time zero.

In addition to r,, we assume there are (n — 1) ItG-process Z of state variables. We refer to the

. . . r . .
n-dimensional vector of state variables by Z = ( Z) For notational convenience we do not

distinguish between the short interest rate and the other state variables and refer to the processes
describing the state variables as

d
Zi=7j+ _‘:ngds + ﬂzo*'zjdwi, Jj=1,m 37)
i=1
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where Zj) can be interpreted as the initial values of the state variable j. Most popular term
structure models in the current financial literature use one or two state variables.

For this model it is important to emphasize that the market prices of risk are related to the d
sources of uncertainty, i.e., the Brownian motions, and not to the n state variables.

We assume that B,(s) is a sufficiently smooth function of the state variables in addition to t. We
can now determine Ny(t,s) and Gg(t,s) from equation (23) for the state variable model, but first
we introduce a more compact notation.

We define
] 1 9B 3’8 3%
nz Sz, 1 ) zt 3Z13Z o
3B 2’8 .
Ngz= Gz= P bz = ¢ |and ZI= : :
n . 9B a8 .. 3B
Nz Oz} % Za AZo3Z 1 a?

Immediately from It6's lemma it follows that

Mp(ts) = Bl(s)[ .'?z gt g+ 2“{"2"E ]]

and Oh(t9) = 2= (S)ZG‘ZMZ, i=1,..4,

where tr{A] denotes the trace, i.e., the sum of the diagonal elements of the square matrix A and
AT denotes the transposed of the matrix A.

Now we want to determine T(t,s) and Oi(t,s) from expression (30) in a similar way. We
assume that the market price of a benefit is a function of Z, S and t for fixed expiration date u.

We let

131



1 1
ns,St og,S
Nsg= : Og = :
Ns St Os St
n ’n
0S8 i 38—?
am _f . | _ |
s = * pas? :
o s
oS m 0S m0S |
% 9%
08 10Z 1 0S 10Z
| . .
3SaZ :
9%x 92n
S mdZ1 39S mdZn

O‘Slreﬁ E sz_f 82132..
on _ . ' _ . .
. az - . az — 2. 2."
. +eqm an °n 9
%.."S: Zn AZ9Z 1 7]
n F i I &
0S 198 ;m 0Z 1981 0Z 108 m
. % . .
35 = : : and
9% 92 9%
381:; 32.381 aznasm

Directly from It5's lemma it now follows that

1 I-an an’T

u,(u)l_ az Nzt 55 Tls'*' 3

and ol (tu) =

ok(t,u) =

Our next task is to derive another fundamental differential equation. The starting point for this
equation is expression (32) and the above expressions for 1, and 0";;. By also using expression

(27), we obtain

n 1(‘0)

3 1(\))

nn(t’u) =

-+ tr[ozo{ + 0,03 asaz] u[oso§ 52+ oso} 3795 ]]

o‘Z +2—o" S ,fori=1,....d,

o‘s t,for1—d+l ~d+e.
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l Ts a"
z (“Z OZM) + 55 S+ 5 +

3% 3
u[ozo{ 72+ 00} asaz] + n{cscg 57+ csc{ﬁ] -, (u) =0. (38)

This equation is the pure financial counterpart to the equation we deduce in the next section.

From Girsanov's theorem follows that the processes of the state variables under Q are given by

d d
¢
Z{=Z{)+J; qi—z;olzjx; +LZO‘Zde; Jj= L. (39)
1= i=
These equations now depend on the market prices of risk and will be used in the derivation of

the similar partial differential equation of the insurance contract.

5.3 The HJM-model
The following family of It6-processes describing the instantaneous forward rate is given,

l d t . .
)=o) + [ ovidv + Y. | ch@awi,
i=1

The processes o, (u) and oiv(u) are adapted and measurable, @, (u) integrable and oiv(u) square
integrable. The only economic restrictions imposed are that the forward rates have continuous
sample paths and depend on a finite number of Brownian motions.

Additional technical assumptions (see Heath, Jarrow and Morton (1992)) are required to assure
that the money market account and the value of the bonds are finite.

We determine g and Gl in expression (23) as
ng(t,u) = r, + b(t,u)

and oh(t.u) = a;(t,u),
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where

a(tu) = —J: oi(s)ds,

d
btw) = V() + 5 P ay(tu)?

i=1

and v(t,u) represents minus the integral of the drift rate process of the forward rate as defined in
Section 2.

We have that B,(s) = exp(X,(s)), where
t d et )
X (s) = In(By(s)) + _[0 [T, + V(v,8)ldv + ;J‘oai(v,s)dwz,

i.e., the only difference from Section 2 is the multi-dimensional Brownian motion. The multi-
dimensional version of the forward rate restriction given in (11) is

d
() = D Gi)[AL - a(t9)]

i=1

By using this expression under the equivalent martingale measure Q we obtain that
d t . u . d t 3 .
£,(u) = fo(u) + ZJ;c;(u)L o (s)dsdv + ZLG‘V(u)dM,
i=1 i=1

d d
X, (s) =In(By(s)) + J; I, — %Zai(v,s)2 v+ Z.Lai(v,s)dWi
i=1 i=1

and

d d
1 t t .
b= e Dok pncsties- 2 et |
i=1 i=1

The above processes represent the forward rates, minus the integral of the forward rates and
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the money market account, respectively, under Q. Observe that these processes are determined
by the initial term structure (fy(t), By(t)) and the volatility structure (ci(s),a;(t,s)).

5.4 Partial differential equations of the market value of the insurance contract
We now derive the generalized versions of the differential equations developed in the one-factor
models for deterministic benefits in Section 3 using basically the same approach.

T
From expression (35) we may write TP = I E FP(u)du, where
| Sy
j

Fiiu) =pg,-(t,u){uku»}:u,k(u)n’;“(u)}. “0)

k#j

We make the following observations,

a_F;T@ = 2 pgh(t)[thj(u) — Fli(u)]

h+g

and FEO=a,0+ D np®ag®.
h#g

From (33) we know that the expected instantaneous return of any & under Q is r,, so by using
expression (40) and It6's lemma we obtain

. . t . . N t N A
Ff(u) = Fj(u) + J;(rstg’(u) + Eugh(s)[F‘,”(u) - F‘L"(u)])ds + J;oﬁv'(s,u)dws,

hzg

where

oﬁj(t,u) = pyi(t,u) {ou j11:’;(u) + 2},111‘(11)6,t jku{k(u)}.

k#j

By adding together this equation for all j and repeating the steps leading to expression (17) in
Section 3, we obtain
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I = 11§ +J' (rs —ay(8) = ) ugn(s)lag(s) + It - TTE] )a; +J: J; " stis.u)dudW, (41)
j

h=g

This equation corresponds to equation (17) from Section 3 and describes the dynamics of the
market value of the premium reserve under Q. Also here the drift process contains exactly the
same terms as the traditional Thiele equation.

Now we proceed as in Section 3, obtaining deterministic differential equations by equating two
drift terms of stochastic differential equations under Q representing the same quantity. The
volatility processes are not important in this exercise and will not be shown. For the state
variable model we consider the market value of the premium reserve to be a function of Z, S
and t. From It's lemma, expression (39) and the dynamics of S given in the previous section
we obtain the drift process as

an’ an’ au
5z Mz—0z) +55Sq+ 57 +

7 on 19%m 1 19
U[ sz—f + G705 asaz] + tl[cscsss—f + GSGEGZBS (42)

For the HIM-model we again use the state variables X, and B(T), in addition to the risky
assets. Define

al (t’T)
G, = :
ay(t.T)

The drift process under Q by considering I as a function of X,, S, and t is
aIe 1 amg  amgT g ks a’mg
X [rt oTo]+ o+t a5 S+ °°Iax2 +0,0l35x + 3 u[ so} ]
and the drift process under Q by considering I'® as a function of B(T), S, and t is
an! ame  ameT 1 7§ I g 1 ke
B(Tr,+ S5 + 55— S&+ 30.0.B(T)* S Spz 0108555 B(D + 5n{oso§ 352 ]

We now derive our differential equation for the state variable model by equating the drift
process of equation (41) by the drift process in expression (42),
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h#g
T 2 2 Y 2
Lt SR t+—:r[<sz<s;" UL g;;; } u[osog—-ras‘”wso}——gz‘;s’ . (43)

In this section there are two sources of uncertainty, first the state variables, then the risky
securities. Compared to equation (19) which also is based on a factor model, we now have
two more (dot-products of) terms stemming from the risky securities and additional two
representing the covariation between the state variables and the risky securities. By letting the
insurance specific factors, represented by a, ag, and gy, equal zero this equation is reduced to
equation (37) which is the fundamental partial differential equation from the theory of financial
economics. In the case of a deterministic interest rate (and no other state variables) and only one
risky security this equation is reduced to the similar expression found in Persson (1994b).

The similar equations of the to variations of the HYM-model are

Ql‘l_f = 11§ — a,(t) —z Hgn(tagn(t) + It - 18] -

hzg
oIg 1 T ang’ 1 pa*mg ¢ ya*ng u{ Tazm]
{ax 2°°]+ s S+ 300 537 + 010855y + 31 0508 557 (44)

and

E I8 - 2,0~ D g(Olagy() + I} — TIF] -

h#g
ong ang’ 1 o%rig 9%n 79§
{ BB (D + 3L 51, + 10,018, 20E + oTol 3 B(T) + u[osos . ]} (45)

respectively. These equations are our counterpart to the Thiele equations of the actuarial
sciences, but contrary to the classical equation these deal with financial risk. We see that the
terms stemming from the financial risk are on different forms for the two different term
structure models and also differ with respect to how we choose the state variable in the HIM-
model. All three equations (43), (44) and (45) involve the terms from the classical Thiele
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T 2
equation and, in addition, the terms a_l;:__strt and %i:scg%s%!] which are related to the

risky assets. The terms involving the first and second order derivatives with respect to the state
variables are of different form in the three equations. All equations involve terms representing
the covariation between the risky assets and the state variables.

These equations may be of importance in the construction of certain complex insurance
products, see, e.g., Ramlau-Hansen (1990). In cases where closed form solutions of these
equations are not available, numerical solutions may be obtained from the Feyman-Kac
formula.
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6. Examples

6.1 The state variable model

First we describe a special case of the model presented in Section 4. Then we give an example
of the pricing in the financial market before we also incorporate mortality factors. In this
example there is one factor, the short-term interest rate, and one risky security, so the bond
price is a function of the interest rate and time.

The short interest rate is given by an Ornstein-Uhlenbeck process

t t
=ro+ J:)q(m -ry)du+ LvdW&,

where 1y, q ,v and m are constants. The price process for the risky security is assumed to be a
geometric Brownian motion:

t t t
S, =Sy + J;nsudu + Jos,,o,dwf, + J;Suozdwﬁ, (46)

where Sg, M, 6; and o, are constants and W! and W2 are independent Brownian motions
under P. Observe that the value of the risky asset depends on one more source of uncertainty
than the bond.

Now we turn to the construction of the equivalent martingale measure. We assume that the
market price of risk related to the first Brownian motion is a constant, i.c., A} =A!, and let

M= ;1_2[71 -1,—oA].

Here A.f can be interpreted as the market price of risk at time t corresponding to the second
Brownian motion Wf.

Define Q by
xR
P

Tl 1 T221T12 232
oxp| - [ Mawi - [ 22aw2 - 1 [ (b2 +adM ). @1

139



One can verify that %] =1 and Vm‘[%] < oo and that %,2- is strictly positive almost surely

so that Q is well-defined. The processes for the interest rate, for the risky security and for the
bonds under Q are

t t
=19+ Joq(d -r)du+ J;vdwlll ,

1
where d=m ~ ;vll,

t t t
S, = Sp+ J;ruSudu + _[)sucs,d\tv}l + os,,ode§ ,

where W! and W2 are independent Brownian motions under Q and

t t
By(s) = By + J;ruBu(s)du + J; v%';’-dw,‘, fort<s<T,

respectively. We observe that the instantaneous expected return of the risky asset and the
bonds equal the short rate r,. By taking S, r, and A! as primitives we have constructed an
equivalent martingale measure Q.

The solutions of the stochastic differential equations for r, and S, are

t
,=d+ @—de "+ J;ve'q("’)dW:,

and

t t t
S.= SocprOrudu - %(cﬁ + o)t + J;cldwlll + J;czd\ﬁ).

This can easily be verified using It6's lemma. Now we want to derive some properties of the
money market account. First we introduce a more compact notation by letting

1-e~ ¢ 1

ndl, = ‘2( -H, - —Hz)
a t";f t™ 2970t )

t
Re=[rdn, Ac=dtr {01 -e~%, 1=
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Observe that B, = eR*, so the quantity R, contains the same information as the money market
account. It follows that

t
R,= A+ jo (1 - NaW! (48)

so R, ~ N(AI'), where Z ~ N(i1,6%) denotes a normally distributed random variable Z with

expectation Y and variance ¢ 2

Now we turn to the pricing of unit discount bonds. The price at time zero of a discount bond
with maturity at t is

Bo(t) =EQle R =e A+ 2T, (49)

The above formula is from Vacisek (1977) in a slightly different notation. We notice that this
formula depends on the market price of risk of the first factor A! through A, which depends on
d.

We consider the benefit payable at time t given by a(S) = S, v G,, where G, is a deterministic
function of t. This may be a realistic contract of a unit-linked insurance. Also the benefit is a
function of a traded asset so contingent claims theory applies. We let 7t,(T) denote the market

value at time t of the benefit a(St) = St v Gt payable at time T. From the pricing formula (31)
and the definition of R, we obtain the market price at time zero for a benefit expiring at time t,

#io(t) = EQle R (G, v 8)]. (50)

By noticing that S,e ~ R and Ge “Regre lognormally distributed the above expression can be
written as

1
&0(t)=E8[GF—A;+x v Soe-7(0f+o§)t+y]’

where x and y are bivariate normally distributed with covariance matrix
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2

1 c
ff(t-Hc- 'quzz) V—q’(H;—t) (T ¥,
Zy= =lg A | (63))
S~y (cf+odr C
In terms of the latter definition the problem can be restated as follows
. —A+x - 3Ai+y
o) = EJGe A * v Sge 1. (52)

The rest is simply a matter of algebra and properties of the bivariate normal distribution and we
present the result below in Lemma 6.1.

6.2 The HJM-model
The instantaneous forward rates are given by a family of It6-processes on the following form

t t
f(s) = fo(s) + J;au(s)du + J;cu(s)dW,l,,

for u € [0,T], where G,(s) is a deterministic and bounded function. The price processes for the
bonds are

t t
B,(u) = By(u) + J;[r, + b(s,u)]B,(u)ds + Joa(s,u)Bs(u)dW,l,,

where b(t,u) and a(t,u) are defined in Section 2.

The price process of the risky security is also here given in expression (46).

We assume that the market price of risk related to the first source of uncertainty lf is an
arbitrary bounded process. In practical applications A} can be estimated from the forward drift

rate restriction in expression (11) since both o, (u) and 6,(u) for u 2 t are observable. It follows
that the market price of risk related to the second source of uncertainty is given by

l% = ;l;[ﬂ - 0'12.}].
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Then we define the measure Q by an expression similar to expression (47).

Our next task is to derive the dynamics for the money market account. Also here we do that
through the quantity R,, defined previously. It follows that

1 t t
R, = In[By(1)] + EJ;a(s,t)zds - J; a(s,t)dW,1 .

This quantity is also for this model normally distributed.

We consider the same benefit payable at time t given by a(S;) = S, v G, where G, is a
deterministic function of t. By the same arguments as for the state variable model it follows that
t

3 J' a(s.0) s + x

7o(t) = EJIGBo()e °° vSee~ Fot+odr+ n,

where x and y are bivariate normally distributed with covariance matrix

t t
2

J;a(s,t) ds GIJ;a(s,t)ds r, ¥,
Ta=| =lg 4 I (53)

o J; as)ds (02 + od v

In terms of the latter definition the problem can be restated as follows

1 1

fo()=EQGe ™t vse T4 (54)

6.3 A formula for an asset expiring at time t
We present the solution of the described valuation problem in the following lemma.

Lemma 6.1

Consider the problem (52) and the described state variable model and the problem (54) in the
described HIM-model. The market price at time zero of the claim a(S,) = S, v G, is for both
models given by the expression

To(t) = Se®(d}) + GBy(HD(~d?), (55)
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where

1_1(1 So
d = 9;(2934‘1“(30(()0.))’

dt2=d}"@v
0,=+/T,+A,-2¥,,

where B(t) is given in (49) for the state variable model and follows from the initial term
structure in the HJIM-model and & denotes the standard normal distribution function.
Furthermore, ©, is given by (53) and (53) for the two models, respectively.

Proof:
Formula (55) follows by straight-forward calculations involving properties of bivariate normal
random variables. Q

The resulting formula depends on 10 parameters for the state variable model and 9 for the HIM-
model. These are: 4 parameters of the interest rate process (v, ro,q,m), 3 parameters of the
stock price process (Sg, Gy, O,), the market price of risk (A!), the guarantee (G,) and time to
expiration (t). The parameter A! does not enter in the HIM-model. We also note that it does not
depend on n, the instantaneous expected return of the risky security. In particular, it is worth
noticing that it depends on A, through By(t) in the state variable model. After the bond prices
are determined, a process which requires knowledge of A,, the contingent claim pricing is done
in terms of the bond prices and consequently introduces dependence between A; and the price
of the contingent claim.

Rabinovitch (1989) values the contingent claim (S, — G,) v 0 in a similar setting. His formula
is Sod>(d}) - GtBo(t)d>(df). This corresponds to the relationship between the value of (S, v
Gy and [(S, — G) v 0] when the interest rate is deterministic given by the Black and Scholes
formula (1973) and the results in Persson (1994a). We refer to the last reference for a
discussion.
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6.4 Market prices of insurance contracts

Let 7C, denote the single premium of a contract with benefit a(St) = Sy v Gy if the insured is
alive at time T and 0 if not. This contract is a unit-linked version of the traditional pure
endowment insurance.

By the independence between the financial market and the state of the policy, risk neutrality
with respect to transition risk and the expression (55) it follows that

1Cx = 1P:Se®@D + TPGrBo(TIS(—d). (56)
where p, represents the probability for an x-year old insured to be alive at time T.

We now consider a unit-linked version of a term insurance which entitles the insured to the
benefita(S) = S, v G, upon death before time T. Let C}‘:.f | denote the single premium. By the
same arguments as above we get that

T
Cor| =J:, [Se®(d}) + GBo()D(~d)] Pyhiy + dt, (57)

where p,H, ; is common actuarial notation for the probability density function of an x-year
old insurance customer’s remaining life time.

Simple calculations show that formula (56) and (57) in the case where the interest rate is
constant are identical to Theorem 1 and 2 from Aase and Persson (1994).

6.5 Introduction of another risky asset

The model described depends on the market price of risk A}, which some places in the literature
is called a utility dependent parameter meaning that it will depend on the agents' attitude
towards financial risk. It is interesting to note that by introducing another risky asset without
increasing the number of sources of uncertainty, we would be able to also determine Alin
terms of the parameters of the model. For example if we let the second risky asset also be
given by a geometric Brownian motion,

145



t t t
N,=Np+ LyNudu + J;Nusldwg + J;Nuszdwg,

where ¥, Ny, s; and s, are constants, the market prices of risk are

Al = s2(M-r)—-o2y—r9
t 5201-5102

and
32 = S10=r)=s1(n =19
t $261—5102

for the two sources of risk, respectively. This topic is discussed in Brennan and Schwartz
(1979c).
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7. Concluding remarks

This paper deals with pricing of life insurance contracts in a model with stochastic interest rates
and generalizes the results of Persson (1994c¢) in two ways. First, generalizations of the Thiele
equation based on the HIM-model are presented and then, a pricing principle for insurance
contracts and versions of the Thiele equation are presented for random benefits. The derivations
are based on the assumption that the state of the policy is independent of the financial market
and that no arbitrage opportunities exist in the financial market. The market price was found as
an expectation under a probability measure, derived by the use of economic theory, and
different from the originally given probability measure.
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