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4 Lqwurgxfwlrq

Wkh fkrlfh ehwzhhq �{hg ru  rdwlqj h{fkdqjhv udwhv lq vpdoo rshq hfrqrplhv lv d orqj0

vwdqglqj frqwuryhuvldo lvvxh1 Dprqj wkh dujxphqwv lq idyru ri �{hg h{fkdqjh udwhv duh

wkrvh srlqwlqj wr wkh ehqh�wv ri qrplqdo vwdelolw| shu vh/ dqg wkdw kljk lq dwlrq fdq eh

eurxjkw grzq e| �sljj|0edfnlqj� rq wkh prqhwdu| srolf| ri d �glvflsolqhg� dqfkru frxqwu|

+Jduehu dqg Vyhqvvrq/ 4<<8,1 Vxfk fuhglelolw| jdlqv/ duh w|slfdoo| zhljkwhg djdlqvw wkh orvv

ri  h{lelolw| hphujlqj li wkh shjjlqj frxqwu| qhhgv wr uhvsrqg wr lglrv|qfudwlf vkrfnv1 L1h1/

d fuhglelolw| yv1  h{lelolw| wudgh0r� lv xvxdoo| jxlglqj wkh fkrlfh dv lq dq| frqyhqwlrqdo

�uxohv yhuvxv glvfuhwlrq� ghedwh lq prqhwdu| srolf| ghvljq> fi1 Jhqehuj +4<;<, dqg Shuvvrq

dqg Wdehoolql +5333/ Fkds1 4:,1

Wkh sxusrvh ri wklv qrwh lv wr txdoli| wklv frqyhqwlrqdo zlvgrp lq vhyhudo glphqvlrqv1

Iluvw/ zh lqwurgxfh d vkrfn lq wkh dqfkru frxqwu|/ zklfk vsloov ryhu rqwr wkh shjjlqj

frxqwu|1 Dvvxplqj wkdw wklv vkrfn lv qrw xqfruuhodwhg zlwk d vkrfn lq wkh shjjlqj frxqwu|/

wkh orvv ri  h{lelolw| pd| eh glplqlvkhg1 Dq lpsruwdqw uhvxow lv wkdw d qhjdwlyh fruuhodwlrq

ehwzhhq wkh shjjlqj frxqwu|*v vkrfn dqg wkh vsloo0ryhuv iurp wkh iruhljq vkrfn pdnhv

shjjlqj pruh dwwudfwlyh14 Lq sduwlfxodu/ zh vkrz wkdw wkh h{whuqdo vkrfn lq wkdw fdvh

vhuyhv dv dq lpsruwhg �rxwsxw vwdelol}dwlrq ghylfh� xqghu d shj1 Vhfrqgo|/ zh vkrz wkdw

� ghshqglqj rq wkh fruuhodwlrq ehwzhhq vkrfnv � pruh yrodwloh vkrfnv pd| uhgxfh wkh

orvv ri  h{lelolw| dqg wkxv pdnh wkh fdvh iru shjjlqj vwurqjhu15

Ilqdoo|/ zh h{dplqh d fdvh zkhuh dq h{fkdqjh udwh shj dowhuv wkh vwuxfwxuh lq wkh

shjjlqj frxqwu| e| hqkdqflqj qrplqdo uljlglwlhv1 Wkhq/ lw pd| hyhq eh wkh fdvh wkdw li

vkrfnv duh qrw xqfruuhodwhg/ pdfurhfrqrplf vwdelol}dwlrq lv pruh idyrudeoh zkhq jlylqj

xs prqhwdu| dxwrqrp| frpsduhg wr d vlwxdwlrq ri lqghshqghqw srolf|/ dqg wkxv/  rdwlqj

h{fkdqjh udwhv1 L1h1/ wkh fuhglelolw| yv1  h{lelolw| wudgh0r� ydqlvkhv dqg d shj pd| ehfrph

d �iuhh oxqfk1�

5 Prqhwdu| srolf| xqghu  rdwlqj h{fkdqjh udwhv

Iru rxu sxusrvhv/ lw lv vxlwdeoh wr frqvlghu d vwdqgdug rqh0shulrg prgho ri fuhglelolw|

sureohpv lq prqhwdu| srolf| +fi1 N|godqg dqg Suhvfrww/ 4<::> dqg Eduur dqg Jrugrq/

4<;6,1 Lq d vpdoo rshq hfrqrp|/ orj ri rxwsxw/ +/ lv jlyhq e| d frqyhqwlrqdo Oxfdv vxsso|

vfkhgxoh

+ ' k EZ � Ze� n 0c k : fc +4,

4Wklv/ krzhyhu/ grhv qrw qhfhvvdulo| uhtxluh wkdw exvlqhvv f|fohv duh dv|qfkurqrxv1 Wkh qhjdwlyh
fruuhodwlrq fdq/ dv zloo eh fohdu iurp wkh prgho/ dulvh iurp srvlwlyho| fruuhodwhg vxsso| vkrfnv/ zkhuh wkh
h{whuqdo vkrfn lv ehlqj vwdelol}hg e| prqhwdu| srolf| lq wkh dqfkru frxqwu|1 Wkhq/ lw vsloov ryhu rqwr wkh
shjjlqj frxqwu| dv d prqhwdu| vkrfn zlwk wkh rssrvlwh vljq ri lwv rzq vxsso| vkrfn1

5Uhfhqwo|/ Ehujhu hw do1 +5333, kdyh surylghg hpslulfdo vxssruw iru wklv udwkhu vxusulvlqj suhglfwlrq ri
rxu prgho1 Wkh| �qg iru d sdqho ri 98 qrq0RHFG frxqwulhv wkdw wkh yrodwlolw| ri rxwsxw jurzwk lq erwk
shjjlqj dqg dqfkru frxqwulhv duh +sduwv ri d vhw ri, urexvw suhglfwruv ri h{fkdqjh udwh uhjlph fkrlfh1
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zkhuh Z dqg Ze ghqrwh dfwxdo dqg h{shfwhg lq dwlrq/ uhvshfwlyho|/ dqg k lv d sur{| iru

qrplqdo uljlglwlhv> l1h1/ wkh h{whqw wr zklfk xqdqwlflsdwhg lq dwlrq kdv uhdo h�hfwv1 Lq dwlrq

h{shfwdwlrqv duh iruphg lq wkh ehjlqqlqj ri wkh shulrg dv sulydwh djhqwv vljq qrplqdo

frqwudfwv1 Vxevhtxhqwo|/ wkh hfrqrp| lv klw e| d vkrfn/ 0/ zklfk lv dvvxphg wr kdyh }hur

phdq dqg yduldqfh j2

01 Wkhuhdiwhu/ wkh prqhwdu| dxwkrulw| frqgxfwv prqhwdu| srolf|1 Wr

vlpsoli|/ lw lv dvvxphg wkdw wkh dxwkrulw| frqwurov lq dwlrq gluhfwo|1 Wkh prgho lv forvhg

e| d vwrfkdvwlf yhuvlrq ri wkh sxufkdvlqj srzhu sdulw| frqglwlrq=

Z ' en ZW n �c +5,

zkhuh e lv wkh udwh ri qrplqdo h{fkdqjh udwh ghsuhfldwlrq/ ZW lv wkh iruhljq lq dwlrq udwh/

dqg � lv d phdq0}hur vkrfn zlwk yduldqfh j2

�1 ZW lv nqrzq zkhq Ze vhw/ zkloh � lv qrw1

Wkh vkrfn � fdq eh lqwhusuhwhg lq d qxpehu ri zd|v1 Lw pd| uhsuhvhqw d fkdqjh lq wkh

zruog uhodwlyh ghpdqg iru grphvwlf jrrgv1 Dovr/ lw fdq eh ylhzhg dv d vwrfkdvwlf sduw ri

iruhljq prqhwdu| srolf|/ h1j1/ wkurxjk lwv uhvsrqvh wrzdugv iruhljq vxsso| vkrfnv ihhglqj

lqwr iruhljq lq dwlrq1 Zh lqwhusuhw lw dv d eurdg whup iru iruhljq exvlqhvv f|foh vsloo0ryhuv

rqwr wkh grphvwlf hfrqrp|1 Qr pdwwhu wkh sduwlfxodu udwlrqdol}dwlrq ri wkh vkrfn/ wkhuh

duh qr d sulrul uhdvrqv iru pdnlqj sduwlfxodu dvvxpswlrqv derxw wkh fruuhodwlrq ehwzhhq

0 dqg �1 Lqghhg/ wkh idfw wkdw 0 dqg � qhhg qrw eh xqfruuhodwhg zloo sod| dq lpsruwdqw

uroh iru wkh h{fkdqjh udwh uhjlph fkrlfh1

Wkh dlp ri prqhwdu| srolf| lv wr plqlpl}h ghyldwlrqv ri rxwsxw dqg lq dwlrq iurp

wkhlu wdujhw ohyhov/ +W : f dqg }hur/ uhvshfwlyho|1 Wkh wdujhw ohyho iru rxwsxw lv deryh wkh

qdwxudo udwh uh hfwlqj wkh suhvhqfh ri vrph �{hg glvwruwlrqv lq wkh hfrqrp| +iru h{dpsoh/

wkh ghdgzhljkw orvv ri wd{dwlrq ru oderu pdunhw lqh!flhqflhv,1 Dvvxplqj d }hur rswlpdo

udwh ri lq dwlrq lv zlwkrxw orvv ri jhqhudolw|1 Wkh orvv ixqfwlrq ri wkh dxwkrulw| wkxv wdnhv

wkh idploldu irup=

u ' H
�
b E+ � +W�2 n Z2

�
c b : fc +6,

zkhuh Hd�o lv wkh h{shfwdwlrqv rshudwru1 Wkh wlph0frqvlvwhqw udwlrqdo h{shfwdwlrqv htxlole0

ulxp lv uhdglo| irxqg dv

Z ' bk+W �
bk

� n bk2
0c + '

�

� n bk2
0� +7,

Wklv htxloleulxp ihdwxuhv wkh xvxdo lq dwlrq eldv vlqfh wkh prqhwdu| dxwkrulw| kdv wkh �

xqghu udwlrqdo h{shfwdwlrqv ixwloh lqfhqwlyh � wr frqgxfw h{sdqvlyh prqhwdu| srolf| wr

udlvh rxwsxw16 Pruhryhu/ +7, vkrzv wkdw wkh dxwkrulw| wr vrph h{whqw vwdelol}h wkh hfrqrp|

zkhq dq rxwsxw vkrfn klwv1 Ilqdoo|/ lw lv hylghqw wkdw iruhljq lq dwlrq dqg wkh vsloo0ryhu

vkrfn gr qrw d�hfw wkh grphvwlf hfrqrp|/ dv yduldwlrqv lq wkhvh yduldeohv duh devruehg e|

h{fkdqjh udwh pryhphqwv xqghu  rdwlqj udwhv1

6Uhfhqwo|/ wkh lq dwlrq eldv prgho kdv ehhq vxemhfw wr pxfk fulwltxh/ dv lw lv dujxhg wkdw prqhwdu|
dxwkrulwlhv lq uhdolw| gr qrw wu| wr udlvh rxwsxw deryh wkh qdwxudo udwh +vhh/ h1j1/ Eolqghu/ 4<<;,1 Zkloh wklv
dujxphqw lv wulyldoo| wuxh zkhq ghvfulelqj fuhgleoh/ orz0lq dwlrq dxwkrulwlhv/ zh dsso| wkh frqyhqwlrqdo
vhwwlqj dv d vlpsoh doohjru| iru prqhwdu| srolf| frqgxfw e| dxwkrulwlhv vx�hulqj iurp d fuhglelolw| sureohp1
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Wr idflolwdwh wkh vxevhtxhqw frpsdulvrq ri  rdwlqj dqg �{hg h{fkdqjh udwhv/ zh vwdwh

wkh ydoxh ri wkh dxwkrulw|*v htxloleulxp orvv xqghu  rdwlqj udwhv e| lqvhuwlqj +7, lqwr +6,=

u8u ' b+W2 n Ebk+W�2 n
b

E� n bk2�2
j2

0 n
b2k2

E� n bk2�2
j2

0� +8,

6 Il{hg h{fkdqjh udwhv

Li wkh grphvwlf frxqwu| ghflghv wr shj lwv h{fkdqjh udwh djdlqvw wkh iruhljq fxuuhqf| lw

iroorzv wkdw e ' f1 +Wklv lv dvvxphg wr eh shuihfwo| fuhgleoh1, E| +5,/ zh wkhq kdyh

Z ' ZW n �1 Wkh udwlrqdo h{shfwdwlrqv rxwfrph iru rxwsxw iroorzv wkurxjk frpelqdwlrq ri

+4, dqg wkh h{suhvvlrq iru Z dv + ' k� n 01 Wkxv/ wkh grphvwlf hfrqrp| lv qrz vxemhfw

wr iruhljq lq dwlrq dqg wkh vsloo0ryhu vkrfn dv wkh h{fkdqjh udwh fdq qr orqjhu dgmxvw wr

qhxwudol}h wkhlu lpsdfw1 Wkh dxwkrulw|*v orvv iurp ehlqj lq d �{hg h{fkdqjh udwh uhjlph lv

irxqg dv

u8Uf ' b+W2 n ZW2 n b
�
j2

0 n k2j2

� n 2k40�j0j�
�
n j2

�c +9,

zkhuh 40� lv wkh fruuhodwlrq frh!flhqw ri 0 dqg �1 Qrwh wkdw wklv fruuhodwlrq sod|v d fuxfldo

uroh iru wkh pdjqlwxgh ri wkh orvv dulvlqj iurp rxwsxw yrodwlolw| ^wkh wklug whup lq +9,`1

Iru h{dpsoh/ lq wkh fdvh zkhuh wkh vkrfnv duh shuihfwo| qhjdwlyho| fruuhodwhg +40� ' ��,/

rxwsxw yduldqfh lv jlyhq e| Ekj� � j0�
21 Khqfh/ li j� ' j0*k rqh kdv dq h{dpsoh zkhuh

grphvwlf rxwsxw lv frpsohwho| vwdeoh hyhq wkrxjk wkh frxqwu| kdv jlyhq xs prqhwdu| srolf|

dxwrqrp|1 Dowkrxjk d vshfldo fdvh/ lw ghprqvwudwhv wkdw jlylqj xs srolf| lqghshqghqfh lv

qrw qhfhvvdulo| dvvrfldwhg zlwk glvdvwurxv vwdelol}dwlrq orvvhv1

7 H{fkdqjh udwh uhjlph fkrlfh

Zh qrz frqvlghu wkh rswlpdo fkrlfh ri h{fkdqjh udwh uhjlph1 Il{lqj wkh h{fkdqjh udwh lv

dgydqwdjhrxv li u8Uf 	 u8u1 Xvlqj +9, dqg +8,/ wklv uhtxluhphqw ehfrphv

Ebk+W�2 � ZW2 : b
�
j2

0 n k2j2

� n 2k40�j0j�
�
�

b

E� n bk2�2
j2

0 n j2

� �
b2k2

E� n bk2�2
j2

0� +:,

Wkh ohiw0kdqg vlgh h{klelwv wkh uhjlph gl�huhqfh lq whupv ri orvvhv iurp dyhudjh lq dwlrq1

Wkh �uvw wzr whupv rq wkh uljkw kdqg vlgh ghslfw wkh uhjlph gl�huhqfh lq whupv ri orvvhv

iurp rxwsxw yduldqfh1 Ilqdoo|/ wkh odvw wzr whupv duh wkh uhjlph gl�huhqfh lq whupv ri

lq dwlrq yduldelolw|1

Wkh uljkw0kdqg vlgh lv qrq0qhjdwlyh/ dqg uh hfwv wkh ryhudoo orvv ri  h{lelolw| lq uh0

vsrqglqj wrzdugv vkrfnv e| jlylqj xs prqhwdu| dxwrqrp|17 Khqfh/ iru �{hg h{fkdqjh

7Wr vkrz wkdw wkh uljkw0kdqg vlgh lv qhyhu qhjdwlyh/ qrwh wkdw lw lv prvw olnho| wr eh qhjdwlyh zkhq
�%! @ �41 Lq wkdw fdvh/ wkh ydoxh ri �! wkdw plqlpl}hv wkh uljkw0kdqg vlgh lv �! @

�
��@

�
4 . ��5

��
�%1

Wklv lv reylrxv xqghu wkh lqwhusuhwdwlrq wkdw �! uhsuhvhqwv lpsruwhg iruhljq lq dwlrq yrodwlolw|= zkhq
vkrfnv duh lghqwlfdo lq devroxwh pdjqlwxgh/ wkh prvw idyrudeoh lq dwlrq yrodwlolw| lv lqghhg wkh rqh xqghu
 rdwlqj udwhv/ fi1 +7,1 Zlwk wklv ydoxh ri �!/ wkh uljkw0kdqg vlgh lv }hur iru doo �/ �/ dqg �%/ zkloh iru dq|

rwkhu ydoxh lw lv srvlwlyh1
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udwhv wr eh ghvludeoh dw doo/ lw lv qhfhvvdu| wkdw wkh ohiw0kdqg vlgh ri +:, lv srvlwlyh1 Wklv lv

dvvxphg wkurxjkrxw dqg dprxqwv wr dq dvvxpswlrq ri wkh h{lvwhqfh ri d fuhglelolw| jdlq

iurp �{hg h{fkdqjh udwhv vxfk wkdw dyhudjh lpsruwhg lq dwlrq lv orzhu wkdq wkh grphvwlf

lq dwlrq eldv xqghu  rdwlqj udwhv1 Khqfh/ +:, vwdwhv wkdw d shj lv ehqh�fldo li wkh fuhglelolw|

jdlq rxwzhljkv wkh orvv ri  h{lelolw|1 Wklv lv fohduo| qrw d qhz uhvxow1 Exw zh qrz kljkoljkw

vrph qhz uhvxowv frqfhuqlqj wkh ghwhuplqdqwv ri wklv wudgh0r� zlwk sduwlfxodu hpskdvlv

rq wkh  h{lelolw| orvv1

Wkh fruuhodwlrq ehwzhhq vkrfnv wxuqv rxw wr eh fuxfldo/ dv hylghqw e| wkh iroorzlqj=

Sursrvlwlrq 4 Wkh fdvh iru �{lqj wkh h{fkdqjh udwh lv vwuhqjwkhqhg li wkh fruuhodwlrq

ehwzhhq wkh grphvwlf dqg wkh vsloo0ryhu vkrfnv lv qhjdwlyh/ l1h1/ li 40� 	 f1

Ehklqg wklv uhvxow lv wkh idfw wkdw li 40� 	 f/ wkh vsloo0ryhu vkrfn zloo dfw dv dq dxwrpdwlf

rxwsxw vwdelol}dwlrq ghylfh iru wkh grphvwlf hfrqrp| dv vkrzq lq wkh iruphu vhfwlrq1 Wkh

h{lvwhqfh ri vxfk d ghylfh wkxv fohduo| lqfuhdvhv wkh dwwudfwlyhqhvv ri d �{hg h{fkdqjh udwh

uhjlph/ dv wkh orvv ri  h{lelolw| lv uhgxfhg1

Qh{w/ zh h{dplqh krz wkh uhjlph fkrlfh lv d�hfwhg e| wkh yrodwlolwlhv ri wkh vkrfnv

shu vh1 Lpphgldwho|/ rqh zrxog frqmhfwxuh � zlwk uhihuhqfh wr wkh xvxdo �fuhglelolw| jdlq

yv1 vwdelolw| orvv� fdwfk skudvh � wkdw kljkhu yrodwlolwlhv duh xqdpeljxrxvo| edg xqghu d

shj/ wkhuhe| pdnlqj  rdwlqj h{fkdqjh udwhv pruh ghvludeoh1 Zlwk qrq0}hur fruuhodwlrq ri

vkrfnv wklv pd| qrw eh wkh fdvh=

Sursrvlwlrq 5 Dq lqfuhdvh lq wkh vwdqgdug ghyldwlrq ri wkh grphvwlf ru vsloo0ryhu vkrfnv

xqdpeljxrxvo| zhdnhqv wkh fdvh iru d �{hg h{fkdqjh udwh li dqg rqo| li fruuhodwlrq ri vkrfnv

lv qrq0qhjdwlyh> pruh suhflvho|/

+d, lqfuhdvhg j0 zhdnhqv wkh fdvh iru shjjlqj l� j0 : �

� n bk2

bk
40�j�c

+e, lqfuhdvhg j� zhdnhqv wkh fdvh iru shjjlqj l� j� : �

bk

� n bk2
40�j0�

Surri1 Wdnlqj wkh ghulydwlyh ri wkh ohiw dqg uljkw kdqg vlghv ri lqhtxdolw| +:, zlwk

uhvshfw wr j�c � ' 0c �/ uhvshfwlyho|/ dqg uhyhuvlqj wkh lqhtxdolw| vljq lpphgldwho| ohdgv wr

frqglwlrqv +d, dqg +e,1

Sursrvlwlrq 5 lpsolhv wkdw li wkh fruuhodwlrq ehwzhhq wkh vkrfnv lv qhjdwlyh/ kljkhu

yduldqfhv ri hlwkhu vkrfn pd| qrw zhdnhq wkh fdvh iru d shj1 Lq wkh fdvh ri d kljkhu j0/

wklv rffxuv li j� lv uhodwlyho| kljk dqg lq dwlrq vwdelolw| lv jlyhq kljk sulrulw| +l1h1/ b lv

vpdoo,1 Wklv lv ehfdxvh zkhq lq dwlrq vwdelolw| lv kljko| ydoxhg/ wkh qhjdwlyh h�hfwv ri 0 lv

ri ohvv lpsruwdqfh xqghu hlwkhu uhjlph1 Exw � doo wklqjv htxdo � zlwk d kljk yduldelolw|

ri �/ wkh lpsruwhg rxwsxw vwdelol}dwlrq xqghu d shj zkhq 40� 	 f zloo eh kljk1 Wkhuhiruh/

li j0 lv qrw wrr odujh/ rxwsxw ehfrphv pruh vwdeoh xqghu d shj zkhq j0 lqfuhdvhv1

Lq wkh fdvh ri d kljkhu j�/ wkh fdvh iru shjjlqj lv qrw zhdnhqhg li j0 lv uhodwlyho|

kljk dqg rxwsxw vwdelolw| lv jlyhq kljk zhljkw +l1h1/ b lv odujh,1 Wklv iroorzv ehfdxvh li

lq dwlrq vwdelolw| lv ohvv ydoxdeoh/ wkh lpsruwhg lq dwlrq yduldqfh wkurxjk � lv ri plqru
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lpsruwdqfh1 Lqvwhdg/ wkh rxwsxw vwdelol}lqj lpsdfw ri � pdnhv shjjlqj pruh dwwudfwlyh

zkhq j� lqfuhdvhv/ dqg pruh vr wkh kljkhu lv j0 +surylghg wkdw j� lv qrw wrr odujh,1

8 Vwuxfwxudo fkdqjh diwhu d shj

D ulfkhu hydoxdwlrq ri wkh lpsolfdwlrqv ri dgrswlqj d �{hg h{fkdqjh udwh vkrxog dfnqrzo0

hgjh wkdw sulydwh vhfwru ehkdylru pd| uhvsrqg wr uhjlph fkdqjhv1 Lq wklv prgho/ wkh pdlq

v|vwhpdwlf fkdqjh e| dgrswlqj d shj lv orzhu dyhudjh lq dwlrq1 Uhfhqw wkhruhwlfdo dqg hp0

slulfdo zrun vxjjhvw wkdw wklv d�hfwv wkh ghjuhh ri qrplqdo uljlglw|1 Iru h{dpsoh/ Edoo hw do1

+4<;;,/ Grwvh| hw do1 +4<<<, dqg Kxwfklvrq dqg Zdovk +4<<;,/ suhvhqw ydulrxv wkhruhwlfdo

dujxphqwv vwdwlqj wkdw zlwk orzhu dyhudjh lq dwlrq/ uljlglwlhv ehfrph pruh surirxqg18 Lq

rxu prgho/ wklv fruuhvsrqgv wr d kljkhu ydoxh ri k/ ghqrwhg lq wkh iroorzlqj e| hk : k +wklv

pd| eh lqwhusuhwhg dv d kljkhu vdful�fh udwlr,1 E| dvvxpswlrq/ zkhq dgrswlqj d shj/ wkh

rxwsxw htxdwlrq wkhq fkdqjhv wr wkh iroorzlqj=

+ ' hk EZ � Ze� n 0c hk : k1 +;,

Zkhq +;, dssolhv/ wkh orvv xqghu �{hg h{fkdqjh udwhv ehfrphv u8Uf ' b+W2 n ZW2 n

b
�
j2

0 n hk2j2

� n 2hk40�j0j�
�
n j2

�/ dqg shjjlqj lv wkhuhiruh suhihudeoh li

Ebk+W�2 � ZW2 : b
�
j2

0 n hk2j2

� n 2hk40�j0j�
�
�

b

E� n bk2�2
j2

0 n j2

� �
b2k2

E� n bk2�2
j2

0� +<,

Frpsduhg wr +:,/ zh vhh wkdw lq +<, wkh orvv ri rxwsxw  xfwxdwlrqv xqghu d shj lqyroyhv hk
lqvwhdg ri k1 Wkh lpsolfdwlrq ri wklv lv=

Sursrvlwlrq 6 Zkhq hk : k dqg 40� 	 f wkhuh pd| eh d jdlq lq  h{lelolw| e| dgrswlqj d

�{hg h{fkdqjh udwh1

Surri1 Wr suryh wklv/ zh pxvw hvwdeolvk wkdw wkh uljkw0kdqg vlgh ri +<, fdq eh qhjdwlyh1

Vlqfh 40� ' �� lv prvw frqgxflyh iru wklv/ wkh sursrvlwlrq lv lqydolg li

b
�
j2

0 n hk2j2

� � 2hkj0j�
�
�

b

E� n bk2�2
j2

0 n j2

� �
b2k2

E� n bk2�2
j2

0 	 f

lv ylrodwhg1 Wklv frqglwlrq uhgxfhv wr b Ej0 � hkj��2 n j2

� 	 db* E� n bk2�oj2

01 Wkh ydoxh ri

hk wkdw plqlpl}hv wkh ohiw0kdqg vlgh lv j0*j� : f/ zkloh wkh ydoxh ri k wkdw pd{lpl}hv wkh

uljkw0kdqg vlgh lv f1 Iru wkhvh ydoxhv/ wkh frqglwlrq ehfrphv

j2

� 	 bj2

0c +43,

zklfk fdqqrw eh uxohg rxw1 Khqfh/ d sdudphwhu frq�jxudwlrq h{lvwv zlwk hk : k dqg 40� 	 f

zkhuh wkh uljkw0kdqg vlgh ri +<, lv qhjdwlyh1

8Ilvfkhu +4<<8,/ Kxwfklvrq dqg Zdovk +4<<;, dqg Srvhq +4<<;, suhvhqw hpslulfdo uhvxowv vxssruwlqj
wklv fodlp wr ydulrxv h{whqwv1 Fxnlhupdq +4<<;,/ wkrxjk/ fulwlfl}hv wklv erg| ri hpslulfdo hylghqfh1

8



Wkh lqwxlwlrq iru wklv sursrvlwlrq/ dqg +43,/ lv wkdw li k lv orz/ vrflhw|*v orvv xqghu

 rdwlqj udwhv zloo eh forvh wr bj2

0/ dqg suhgrplqdqwo| fdxvhg e| rxwsxw yrodwlolw| +lq dwlrq

zloo kdugo| uhvsrqg wr 0 dv srolf| lv doprvw lqh�hfwlyh zkhq k lv vpdoo,1 Li 0 dqg � duh forvh

wr shuihfwo| qhjdwlyho| fruuhodwhg/ dqg li d shj hqwdlov dq lqfuhdvh lq k/ rxwsxw vwdelol}dwlrq

lv lpsuryhg1 Wkh rqo| grzqvlgh ri d shj lv wkh lpsruwhg lq dwlrq yrodwlolw| lpso|lqj d

orvv ri j2

�1 Wkhq/ li j
2

� 	 bj2

0/ d shj lv suhihudeoh iurp d sxuh vwdelol}dwlrq srlqw ri ylhz19

Pruhryhu/ dv srolf| lv lpsruwhg iurp deurdg/ dq lqfuhdvh lq k grhv qrw lqfuhdvh dyhudjh

lq dwlrq dv lw zrxog xqghu  rdwlqj h{fkdqjh udwhv/ fi1 +7,1 Wkhuhiruh/ d shj pd| ehfrph

d �iuhh oxqfk� � frqwudu| wr wkh frqyhqwlrqdo zlvgrp dooxghg wr lq wkh Lqwurgxfwlrq �

surylglqj jdlqv lq whupv ri orzhu lq dwlrq dqg ehwwhu pdfurhfrqrplf vwdelol}dwlrq1

9Qrwh wkdw wklv frqglwlrq lv dozd|v ixo�oohg lq wkh vshfldo fdvh ri �! @
�
��@

�
4 . ��5

��
�%/ zklfk iru

shuihfwo| qhjdwlyho| fruuhodwhg vkrfnv lpsolhv qr vwdelol}dwlrq orvv ri shjjlqj iru xqfkdqjhg � +fi1 Irrwqrwh
7,1 Wkhq/ ehwwhu vwdelol}dwlrq srolf| lqgxfhg e| wkh hqylvdjhg lqfuhdvh iurp � wr h� xqghu �{hg h{fkdqjh
udwhv frqvwlwxwhv d zhoiduh jdlq1
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