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Abstract 

Advancements in optimization solvers lead to an increased use of complex bi-level problems 

(BLP) in operations research (OR). For electricity market modelling, BLPs are applied to 

simulate physical pool-based markets which include transmission constraints. Equilibrium 

problems with equilibrium constraints (EPEC) are thereby a specific form of BLPs which 

allow to incorporate several strategically operating market participants in one model. 

However, there is an inherent risk involved with BLP optimization techniques in general. 

Irrelevant constraints (IC) can negate the optimality of the solution and thus void the 

equilibrium. Even though EPECs are used in academia and industry, research on this 

mathematical phenomena called independency of irrelevant constraints (IIC) is limited and we 

have no knowledge about the impact of ICs on complex electricity market EPECs. 

The aim of this thesis is to verify if such EPECs are IIC and gain insight on how ICs could 

affect electricity market equilibria. A specifically developed process, based on the 

mathematical principles of the phenomena, is used to numerically identify ICs. In order to 

verify how ICs impact optimality under different market settings, several scenarios are applied 

in a test environment. Focus is put on the impact of objective functions, subsets of ICs, 

strategic bidding and the effect of ICs on producer bidding behaviour in day-ahead auctions.  

It could by shown that the implemented EPEC model is not IIC and that the equilibrium 

changed, once an IC was rendered active. The introduced three step process proved as reliable 

approach and four factors were recognised as relevant for the effect on the voided equilibrium. 

To emphasize practical significance, the thesis also provides a numerical scenario that 

demonstrates the implications of ICs for electricity market applications and OR. 

Consequently, the findings of this thesis add to the general understanding of ICs and build a 

solid foundation for future research on the IIC property. 
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Abbreviations 

AC Alternating Current 

BLP Bi-Level Program 

CM Complementary Modelling 

DC Direct Current 

EPEC Equilibrium Problem with Equilibrium Constraints 

GenCo Generating Company 

GNE Generalized Nash Equilibrium 

IC Irrelevant Constraint 

IIC Independent of Irrelevant Constraints 

KKT Karush-Kuhn-Tucker 

LLC Lower-Level Constraint 

LLP Lower-Level Problem 

LMP Locational Marginal Price 

LP Linear Programs 

MILP Mixed Integer Linear Programming 

MO Market Operator 

MPEC Mathematical Problem with Equilibrium Constraint 

NPS Nord Pool Spot 

OPF Optimal Power Flow 

OR Operations Research 

SOC Stepwise Offer Curve 

SW Social Welfare 

TP Total Profit 

TSO Transmission System Operator 

ULC Upper-Level Constraint 

ULP Upper-Level Problem 

VBA Visual Basic for Applications 
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2. Literature  and therory 

Literature directly related to the problem as formulated above is limited. The IIC property on 

BLPs was first introduced by [6] but an explicit connection to electricity market modelling 

was only drawn by [7]. Thus, to understand the approach and the model used to answer the 

research question, it is required to provide a solid understanding on electricity market 

modelling and mathematical programming. Electricity markets in general are quite extensive 

and can be viewed from a variety of different angles. The literature section is therefore limited 

to subjects relevant for the thesis. The same is true for the OR part and the specifics of 

electricity market modelling. Consequently, this subsection focuses on OR techniques as 

applied in the EPEC model and the mathematical concepts required to derive a linear model, 

which in turn can be solved using modern optimization solvers. 

2.1 Electriciy market fundamentals 

Electricity as a tradable product is unique in terms of its physical properties. It can be 

considered as a bundled commodity of energy [Watt/hours] and the associated transportation. 

Electricity has to be consumed and produced equally as it is non-storable. Furthermore, it 

depends on a grid where electricity can flow continuously [3]. Hence, it is essential that 

markets are built around those characteristics, to maintain stability of the electrical system 

[12]. Considering power production as a supply chain, the primary components required to 

supply electricity are: generation, transmission, distribution and retail supply. Historically, 

these components were vertically integrated in electric utilities and thus the markets evolved 

as strictly regulated monopolies [13]. Throughout the last three decades technological 

development enabled functional specialisation and liberalization of the markets. In many cases 

liberalized markets took the shape of a pool-based wholesale market [13],[14]. The Nordic 

power market is thereby often cited as one of the most successful examples for a restructuring 

process [1], [15], [16]. In the context of this Nordic wholesale market, generating units no 

longer depend on state or utility-based centralized producers but on decentralized generation 

firms. Furthermore the transmission (delivery between areas of supply/demand) and 

distribution (delivery to end customers) parts of the system are separated from generation and 

retail supply. To enable this unbundling of historically connected functions, a pool-based 

wholesale market has to incorporate specific functions in its design.  
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The displayed scenario explains how bidding curves in two separate areas, a surplus and a 

deficit area, are aggregated by means of transmission lines between the areas. Consequently, 

the MO derives an equilibrium where the generated prices are subject to transmission 

constraints, so that the highest SW can be found. Eventually, both areas will have different 

prices and once those are found, market participants are invoiced accordingly. The 

performance of such unbundled markets is highly depending on the auction principle applied 

by the MO. Since auction principles influence bidding behaviour and revenue distribution 

among market participants, they have been subject to several studies [25],[26]. Auctions with 

short-lived bids, where bids are only valid for the respective period, and where available 

transmission capacity is implicitly included in the auction, are commonly used in both 

academia and praxis. The auction principles applied by NPS, as well as in [5] and [7], build 

on such short-lived bid implicit auctions and thus other auction forms are not further discussed. 

2.1.2 Transmission and congestion management 

In general, the objective of a deregulated electricity market is short and long run efficiency. 

Short run is thereby the best possible utilization of existing resources and long run relates to 

grid extensions, to reduce congestion and market inefficiencies. Efficiency can be evaluated 

as to what extent the theoretically possible optimal power flow (OPF), also called economic 

dispatch, can be realized. This benchmark refers to the uncongested single period maximal 

SW equilibrium, given the existing supply and demand curve, subject to thermal and capacity 

constraints. In praxis, structural differences in networks, by means of marginal generation cost 

or marginal consumer utility but also by means of available generation capacity in comparison 

to demand, influence how prices are derived. Sufficient transmission networks are thus a 

crucial part of efficient electricity market design, as transmission capacity is decisive for 

calculating area prices [11]. If transmission capacity is limited and the OPF between areas 

exceeds physical transmission capacities, a network is congested. This opportunity cost of 

transmission constraints is defined as congestion rent [27]. Thus, MOs seek to reduce network 

congestion by means of several congestion management mechanisms [12], [17].  

For the day ahead market, the MO takes transmission capacities into consideration when 

defining price areas. These bidding areas are set up so that a uniform price can be derived 

within the area. Consequently, areas are mostly locations of uniform structures, connected by 

long lasting high capacity lines. The price derived at such an area is referred to as LMP and 

reflects the marginal cost of supplying the next increment of demand in this area. 
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Objective Function Actor Definition 

Maximize Profit:  

Producer (1-J) 

ULP (1-J) 
Subject To: 

ULC (1-J)  Capacity constraints 
 Operational and cost limitations 
 Maximize Social Welfare: 

Market 
Operator (1) 

LLP (1) 
 Subject To: 

LLC (1)   Offer limits 
  Energy balance equations 
  Transmission flow constraints 

Table 2: Bi-level nature of pool based electricity markets. 

Such problems can thus be formulated as bi-level program (BLP). Briefly explained, a BLP is 

a problem where the decision variables of an LLP constitute constraints in an ULP. Table 2 

schematically represents how this bi-level structure can be set up. As shown, the two problems 

are interrelated: producers determine in their ULP the optimal offer curve to submit to the MO, 

whereas the LMPs, which are derived based on those offers and other lower-level constraints 

(LLC) of the LLP, have a direct impact on the producer profit of the ULP. Thus, the LMPs, a 

decision variable in the LLP, constitute an upper-level constraint (ULC) of the ULP [1],[5]. 

The complexity of this BLP is further augmented as several producers (1-J) bid in such a pool, 

which is operated by one MO. Consequently, all producers share the same LLP whereas they 

have their individual ULP (except for the LLP ULC). In this formulation, the problem can be 

interpreted as a multi-leader-common-follower game and modeled as GNE [40]. 

Mathematical Problems with Equilibrium Constraints (MPEC) 
Solving this problem requires to formulate it as MPEC. A MPEC is thereby an optimization 

problem whose constraints include equilibrium conditions [41]. MPECs are hence related to 

Stackelberg games, where a leader (producer) anticipates the reaction of one or several 

followers (MO) [35]. Equilibrium conditions, in the case of electricity market modelling, are 

found in the LLP, where the MO derives equilibrium LMPs. In order to transform the BLP 

into a single-level problem, the LLP needs to be replaced by its first order necessary optimality 

conditions (KKT). In this case, the LLP is non-convex and thus, the KKT conditions are also 

conditions for optimality. LMPs are thereby a good example how the duality theory is applied 

in complementary modelling. In the LLP, LMPs are represented as decision variables. Since 

the LLP is linear, the LMP primal variable (LLP) can be replaced by its dual variable in the 

ULP formulation. Consequently, if this procedure is applied on all relevant LLP variables, the 

model is transformed to a single-level problem as the ULP only includes dual variables [5].  
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5. Numerical results and analysis 

As the objective of this thesis is twofold, several numerical runs and analysis on different 

scenarios have to be undertaken. First, in order to verify if a complex EPEC model like 

introduced in Section 4 is subject to the IIC property, the three step process introduced in 

Section 3.1 is applied on the oligopoly scenario. Step 1 of the process requires a solid 

understanding of the uncongested equilibria. Thus, the analysis begins with the uncongested 

solution for all scenarios (oligopoly & triopoly) and settings used in the further course of the 

thesis. Second, in case the model is found to be not IIC, insight on the impact of this 

mathematical phenomenon on electricity market models should be gained. Hence, numerous 

tests on different transmission lines, using a variety of capacity parameters, need to be 

conducted. To cover a greater range of possible impact factors, the IIC analysis is applied to 

both scenarios using the two different objective functions of maximizing SW, equation (3a1), 

and maximizing TP, equation (3a2), respectively. Due to the large amount of data, the analysis 

only highlights results. For further details, please refer to the Appendix. 

5.1 Uncongested network 

The uncongested solution provides a reference point, because it sets a benchmark for the 

income distribution according to consumer and producer surplus as well as grid revenue 

(congestion rent). Results for the oligopoly and triopoly scenarios are presented in Table 7 and 

split according to the selected objective function SW or TP. Grid revenue is in all cases zero, 

since power can flow freely and the surplus of other parties is not reduced. In general, findings 

of both [5] and [7] regarding income distribution for uncongested cases could be confirmed. 

More competitive markets lead to a surplus redistribution from producers to consumers. But 

it is to add that this observation depends on the applied objective function.  

Scenario Oligopoly   Triopoly  
                 Objective function 
Distribution SW TP   SW TP 
Consumer 5150 2900  5150 750 
Producer 830 3050  830 4860 
Grid 0 0  0 0 
Social Welfare 5980 5950   5980 5610 
Line   
1-2 5.0 11.7  5.0 1.7 
2-3 20.0 16.7  20.0 21.7 
1-3 25.0 28.3   25.0 23.3 

Table 7: Unconstrained solutions for all scenarios. 
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The specifics of this setting prove a final conclusion challenging, as some equilibria were 

found in saddles or local optima. This confirms the general perception that EPEC models are 

characterized by the multiplicity of their optima [5],[35]. Consequently, it can be concluded 

that this EPEC model, as applied, is not IIC; subject to the setting in which the model is 

implemented. Nonetheless, according to [6] it is more than likely that all forms of electricity 

market EPECs are subject to ICs. From a critical perspective, this conclusion only partially 

answers the research question. However, the value of this thesis reveals with the insight gained 

while identifying if the model is IIC. It could be proven that the three step procedure can be 

utilized as a valid approach to verify if a model is depending on ICs. Once the procedure is 

applied, as described in Subsection 3.1, the four influence factors identified above need to be 

taken into consideration. This method is recommended for all electricity market BLPs as such 

models are subject to an inherent risk involving the IIC property. Consequently, and as shown 

in this thesis, ICs can for the observer unknowingly constrain the optimum, and the derived 

equilibrium does not reflect the true, non IC influenced, optimal solution. A hands-on 

approach is then to apply a variety of scenarios, each with modified parameters, market 

settings and, if applicable, different objective functions.  

6.2 Implications 

As indicated above, the implications of this thesis are relevant for OR models used in industrial 

backgrounds or in an academic environments. Only few papers and articles were devoted to 

the property in general [6], [10], [53]. This numerical analysis hence adds academic value by 

highlighting the importance of this unexplored topic. More importantly, BLPs developed in 

academia are often adopted by business. The findings of this thesis are thus particularly 

significant for OR and electricity market modelling. As shown in the scenario of subsection 

5.5, the implications of ICs are wide reaching. This case roughly reassembles the procedure a 

centralized planner or a TSO would apply when identifying the potential for new transmission 

lines. In this example, the new interconnector represented an active IC and altered the optimal 

solution. This could have two implications: the planned interconnector would not be 

implemented, even though the non-IC optimal solution would benefit the equilibrium. Or, the 

interconnector would be built based on the positive non-IC solution but the actual real market 

equilibrium would then strengthen the positions of producers, instead of relieving congestion. 

The point is, the solution to a model that is not IIC is not necessarily wrong, the additional 

constraint yet results in unintended consequences.  
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