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Abstract

We study optimal insider control problems, i.e. optimal control problems of stochas-
tic systems where the controller at any time ¢, in addition to knowledge about the
history of the system up to this time, also has additional information related to a
future value of the system. Since this puts the associated controlled systems outside
the context of semimartingales, we apply anticipative white noise analysis, including
forward integration and Hida-Malliavin calculus to study the problem. Combining this
with Donsker delta functionals we transform the insider control problem into a classi-
cal (but parametrised) adapted control system, albeit with a non-classical performance
functional. We establish a sufficient and a necessary maximum principle for such sys-
tems. Then we apply the results to obtain explicit solutions for some optimal insider
portfolio problems in financial markets described by Itd-Lévy processes. Finally, in the
Appendix we give a brief survey of the concepts and results we need from the theory
of white noise, forward integrals and Hida-Malliavin calculus.
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1 Introduction

In this paper we present a general method for solving optimal insider control problems, i.e.
optimal stochastic control problems where the controller has access to some future infor-
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mation about the system. This inside information in the control process puts the problem
outside the context of semimartingale theory, and we therefore apply general anticipating
white noise calculus, including forward integrals and Hida-Malliavin calculus. Combining
this with the Donsker delta functional for the random variable Y which represents the inside
information, we are able to prove both a sufficient and a necessary maximum principle for
the optimal control of such systems.

We then apply this machinery to the problem of optimal portfolio for an insider in a jump-
diffusion financial market, and we obtain explicit expressions for the optimal insider portfolio
in several cases, extending results that have been obtained earlier (by other methods) in [PK],
[BOJ], [DM@P2] and [OR1].

We now explain this in more detail:

The system we consider, is described by a stochastic differential equation driven by a
Brownian motion B(t) and an independent compensated Poisson random measure N (dt, d¢),
jointly defined on a filtered probability space (Q,F = {F; }1>0, P) satisfying the usual condi-
tions. We assume that the inside information is of initial enlargement type. Specifically, we
assume that the inside filtration H has the form

H = {%t}tzo, where Ht = Ft VY (11)

for all ¢, where Y is a given Fr-measurable random variable, for some 7, > T (both
constants). Here and in the following we choose the right-continuous version of H, i.e. we
put Hy = Her = (), Hs. We assume that the value at time ¢ of our insider control process
u(t) is allowed to depend on both Y and F;. In other words, u is assumed to be H-adapted.
Therefore it has the form

u(t,w) =uy(t,Y,w) (1.2)

for some function uy : [0, 7] x R x Q@ — R such that wu;(¢,y) is F-adapted for each y € R.
For simplicity (albeit with some abuse of notation) we will in the following write u in stead
of uy. Consider a controlled stochastic process X (t) = X*(¢) of the form

dX(t) =b(t, X(t),u(t),Y)dt +o(t, X(t),u(t),Y)dB(t)

+ o (X (1), u(t), Y, QN (dE, dC); t>0 (1.3)

X(0) =2z, zeR,

where u(t) = u(t,y),—y is our insider control and the (anticipating) stochastic integrals
are interpreted as forward integrals, as introduced in [RV] (Brownian motion case) and in
[DMOP1] (Poisson random measure case). A motivation for using forward integrals in the
modelling of insider control is given in [BO]. We assume that the functions

b(t,x,u,y) = b(t,z,u,y,w) : [0,T)] x RxR xR x Q—R
o(t,z,u,y) =o(t,z,u,y,w): [0,TH)] x RxR xR x Q— R
vtz u,y, () =yt xu,y, Gw) [0, T)] X RXxRXRXRXx Q—R
(1.4)

{eql.1}

{eql.2}

{eq1.3}



are given bounded C! functions with respect to x and u and adapted processes in (¢,w) for
each given x,y, u, ¢, and that the forward integrals are well-defined. Let A be a given family
of admissible H—adapted controls u. The performance functional J(u) of a control process
u € A is defined by

J(u) = E[/O ft, X(t),u(t),Y)dt + g(X(T),Y)], (1.5)

where

ft,z,u,y) : [0; T x RxUxR—R
gxz,y) :RxR—R (1.6)

are given bounded functions, C* with respect to x and u. The function f and g is called the
profit rate and terminal payoff, respectively. For completeness of the presentation we allow
these functions to depend explicitly on the future value Y also, although this would not be
the typical case in applications. But it could be that f and g are influenced by the future
value Y directly through the action of an insider, in addition to being influenced indirectly
through the control process u and the corresponding state process x.

We consider the problem to find u* € A such that

sup J(u) = J(u*). (1.7)
ueA
We use the Donsker delta functional of Y to transform this anticipating system into a classi-
cal (albeit parametrised) adapted system with a non-classical performance functional. Then
we solve this transformed system by using modified maximum principles.

Here is an outline of the content of the paper:

e In Section 2 we discuss properties of the Donsker delta functional and its conditional
expectation and Hida-Malliavin derivatives.

e In Section 3 we present the general insider control problem and its transformation to
a more classical problem.

e In Sections 4 and 5 we present a sufficient and a necessary maximum principle, respec-
tively, for the transformed problem.

e Then in Section 6 we illustrate our results by applying them to optimal portfolio
problems for an insider in a financial market.

e Finally, in the Appendix (Sections 7 and 8) we give a brief survey of the concepts and
results we are using from white noise theory, forward integration and Hida-Malliavin
calculus.

{eql.4}

{eql.5}



2 The Donsker delta functional

Definition 2.1 Let Z : Q0 — R be a random wvariable which also belongs to the Hida space
(S)* of stochastic distributions. Then a continuous functional

5,() R = (S)* (2.1)

is called a Donsker delta functional of Z if it has the property that

/g(z)éz(z)dz =g(Z) a.s. (2.2)
R
for all (measurable) g : R — R such that the integral converges.

The Donsker delta functional is related to the reqular conditional distribution. The con-
nection is the following:

As in Chapter VI in the book by Protter [P], we define the regular conditional distribution
with respect to F; of a given real random variable Y, denoted by Q;(dy) = Q¢(w, dy), by the
following properties:

e For any Borel set A C R, Qy(-,A) is a version of E[1ycx|F]
e For each fixed w, Q;(w, dy) is a probability measure on the Borel subsets of R

It is well-known that such a regular conditional distribution always exists. See e. g. [B],
page 79.
From the required properties of Q;(w, dy) we get the following formula

/R F(0)Qulw, dy) = E[f(V)|F] (2.3)

Comparing with the definition of the Donsker delta functional, we obtain the following
representation of the regular conditional distribution:

Proposition 2.2 Suppose Qi(w, dy) is absolutely continuous with respect to Lebesque mea-
sure on R. Then the Donsker delta functional of Y, dy (y), exists and we have

Qt (wv dy)

2~ Elby ()| ) 24)

A general expression, in terms of Wick calculus, for the Donsker delta functional of an Ito
diffusion with non-degenerate diffusion coefficient can be found in the amazing paper [LP].
See also [MP]. In the following we present more explicit formulas the Donsker delta functional
and its conditional expectation and Hida-Malliavin derivatives, for [to-Lévy processes:

{donsker}

{donsker p:



2.1 The Donsker delta functional for a class of Ito - Lévy processes

Consider the special case when Y is a first order chaos random variable of the form

Y = Y(Tp); where Y(t / B(s)dB(s / / W(s,ON(ds,dC), for t € [0,Ty]  (2.5)

for some deterministic functions 3 # 0, v satisfying

{BQ /w (t,Q)v(d¢) }dt < oo aus. (2.6)
We also assume that the growth condition (8.4) holds throughout this paper.

In this case it is well known (see e.g. [MOP], [D@], Theorem 3.5, and [DOP],[DO]) that
the Donsker delta functional exists in (S)* and is given by

) = o= [ e / [0 —ns.ao) + / " iw8(s)dB(s)
/0 ( /IR (emw(s@—1—m¢(s,g))y(dg)—%x%%s)}ds—m;y}dx. (2.7)

We will need an expression for the conditional expectation

E[oy (y)| 7]

To this end, we proceed as follows:
Using the Wick rule when taking conditional expectation, using the martingale properties
of the processes fot Jp(e™¥9) — 1)N(ds, d¢) and fotﬁ(s)dB(s), we get:

{eq2.5}

{eq2.7}



Eloy(n)1F] = — [ Elexp® / [~ )N @s,aq) + [ ims(s)ants
+ / {/ (e 1 —jzh(s, ¢))v(d¢) — %xQBQ(S)}ds — ixy]|F] dx

~ 5 oo /TO / iw(s0) _ 1) N (ds, d¢) + /OToz'x@(s)dB(s)

4 / {/ (709 1 —imp(s, QWAAC) — 5a8%(s)}ds — iwy| ]

= eXp / / (e¥(=0) _ 1)N(ds, dC) + / izf(s)dB(s)

n / i / (769 — 1 — iy, <>>u<d<>—1x2ﬁ2<s>}ds—z‘xy]dm

_ L / {exp® / / (759 — 1)K (ds, d¢)] } o {exp® | /Otmms)dB(s)}}

o fexp’ | /TO{ 09 =1 — (s, O)w(de) - 5a*B(5)}s ] o

- 5 [ew / / (s, O\ N (ds, dC) + /Otix,é’(s)dB(s) (2.8) {eq2.9}
; / / (7909 — 1 (s, ) )(dC)ds — /TO%xW(s)ds—wy]dI

Here we have used that (see e.g. [DQ],Lemma 3.1)

exp® [/0 0 izf(s)dB(s)] = exp [/0 0 izf(s)dB(s) + %/0 0 2* % (s)ds] (2.9)

exp® / / (=) — 1)N(ds, d¢)]
= exp [ /To/mp N(ds,d¢) — / / (V=0 — 1 —day(s, ))v(dC)] (2.10)

We proceed to find

and

]E[Dt,z5Y<y> ’Ft] )

where D, . denotes the Hida-Malliavin derivative at (¢,¢) € [0,7] x R with respect to the
Poisson random measure NV:



First, note that
D) = o [ Dieew[ | ! [0 — N as.a + | " i28(s)dB(s)

+ /0 TO{ /R (™) — 1 — imy(s, ¢))v(dC) — %xQBQ(s)}ds — izy]dx
_ % [t | /0 " /R (0 _ 1)K (ds, dC) + /0 " 12B(s)dB(s)
b [ 9 1 it Q) - 6 ds — i
o Dy /0 " /R (90 1) N (ds, dC) + /0 " eB(s)dB(s)
b [0 1 (e, a0) - Ja s iy
= % | exp’ [ /O : /R (€9 —1)N(ds, d¢) + /O : iz(s)dB(s)

To ) 1
wY(s,C) 1 v — 2R — 1
£ [0 <1 (s, Qi) - 5t} s — iy

Here we have used that

D,. / B(s)dB(s) = 0,

which follows from our assumption that B and N are independent, so for D, ., the random
variable B(s) is like a constant.



Using equation (2.11) and the Wick chain rule we get

ED,.bv ()| Fi] = o [ [ (009 < )tas.ac) + [ ias(oyats

" /0 { /R (=60 —1—@'w(s,g))y(do—%m?(s)}ds—iw}
X (iw“z — )dx|]:t}da:

- E[ exp® /T° / iw(s9) _ 1) N (ds, d¢) + /0 " i2B()dB()

+ /0 {/R(e”W(S’C — 1 —iz(s,Q))v(dC) — %xQﬁQ(s)}ds — izy]|F]

% (imp(tz . )d.’ﬂ

_ / exp / / (s, )N (ds, d) + /0 ieB(s)dB(s)

; / [0 — 1~ (s, )ty - /Toém%s)ds—z‘wy}
y mptz — 1)dx. (2.12) {eq2.13}

Next we want to find
E[D:dy (y)|F],

where D; denotes the Hida-Malliavin drivative at ¢ with respect to Brownian motion B:
Note that:

Divs) = 5= [ Do’ / o0 —1Fids,ao + /OTOixﬂ<s>dB<s>

+ / {/ (e _ 1 —jzp(s, ¢))v(dC) — %1’262(8)}618 - my} dx

— exp / / (e¥(0) — 1)N(ds, dC) + /OTOi:pﬁ(s)dB(s)

+ / {/ (e 1 —izp(s, €))v(dC) — %xQBQ(s)}ds — zxy}

o Dt/ / (e¥(50) — 1)N(ds, d¢) + /OToixﬁ(s)dB(s)

+ / {/ (V0 1 — jxi(s, O))r(dC) — 1x262(s)}ds — izy|dax

- 5 [ //“W—l (ds,d¢) + /wﬁ() B(s)

" /0 { /R (09 1 — (s, QWAdC) — 20 (s)}ds — iny)
X ixf(t)dz (2.13) {eq2.14}



Here we have used that

To ~
D, / / (e _ 1)N(ds,d¢) = 0,
0 R

which follows from the assumption that B and N are independent, so for D, the random
variable N (s, () is like a constant.
Using equation (2.13) and the Wick chain rule we get

B0 IR = o [Blew [ [ @09 - )as.a)+ [ st

+ /0 { /R (e — 1 —iay(s, ¢))v(d C)——xW( )}ds — ixy]
X ixﬁ(t)dm\ft]da:

_ 1 N N R "
- 5 | Elew [/0 /R(e 1)N(ds,d§)+/0 iB(s)dB(s)

= [ <1 (s, Qi) = a5} s = i) 7]
X m:ﬁ()

- 5 [ew / / (s, O\ N (ds, dC) + /tixﬁ(s)dB(s)

. / / (€09 1=, W)t [ 32 0)ts — ]
izp(t) (2.14) {2.15}

2.2 The Donsker delta functional for a (Gaussian process

Consider the special case when Y is a Gaussian random variable of the form
Y = Y(Ty): where Y (t / B(s)dB(s), for t € [0,Ty] (2.15) {eqs.47}

for some deterministic function 8 € L2[0, Ty] with

T
HBH%LT] = / B(s)*ds > 0 for all t € [0, 7). (2.16)
t
In this case it is well known that the Donsker delta functional is given by
Y — o2
by () = (2m0) expt - (217)

where we have put v := ||B||[20 - See e.g. [AaQU], Proposition 3.2. Using the Wick rule
when taking conditional expectation, using the martingale property of the process Y'(t) and

9



applying Lemma 3.7 in [Aa@U] we get

(¥ (Ty) — )
)

Y(@) - y)oz]

2(1811% 1

Y(t) —y)°
2118117 1y

Similarly, by the Wick chain rule and Lemma 3.8 in [Aa@U] we get, for ¢ € [0, T,

Eldy (y)|F] = (2rv)7% exp®[~E]
= (27| Bl 7)) "% exp®[—

= (27| Bl 7)) 2 exp|— ] (2.18)

e YD) =) YO~y o

E[Dioy (y)|F] = —E[(2mv)”2 exp®[— 2v ]

V() =) V() -y,
2v v
(Y'(t) - )Q]Y(t)
2181,z 1181175

= —(2%@)_% exp’[—

p(t)
“8(2). (2.19)

_1
= — (2718l 7)) "2 exp[-

2.3 The Donsker delta functional for a Brownian-Poisson process
Next, assume that Y = Y (Tp), with
Y(t)=BB(t)+ N(t); 0<t<T, (2.20)

where § # 0 is a constant. Here N(t) = N(t) — At, where N(t) is a Poisson process with
intensity A > 0. In this case the Lévy measure is v(d() = Ad1(d() since the jumps are of size
1. Comparing with (2.7) and by taking ¢ = 1, we obtain

i/exp<> [(em—I)N(To)—i-i:vﬂB(To)—I—/\To(e“—l—ix)—%xQBQTO—ia:y]dx (2.21)

5Y(y) = o Ju

By using the general expressions (2.8) and (2.12) in Section 2.1, we get:

Bl5y ()17 = [ Flt.a)de (2.22)

where

F(t,x) = % exp [sz(t) +izBB(t) + MTy —t) (™ — 1 —ix) — %:BQBQ(TO —t) —izy]. (2.23)

This gives
E[D:oy (y)|F:] = /RF(t,ac)ixﬁdx (2.24)
and
E[Dy10y (y)|F:] = /R F(t,z)(e” — 1)dz. (2.25)

10
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3 The general insider optimal control problem

We now present a general method, based on the Donsker delta functional, for solving op-
timal insider control problems when the inside information is of initial enlargement type.
Specifically, let us from now on assume that the inside filtration H has the form

H = {Ht}tzo, where Ht = Ft vY (31)

for all ¢, where Y € L?(P) is a given Fp,-measurable random variable, for some Ty > T. We
also assume that Y has a Donsker delta functional dy (y) € (S)*. We consider the situation
when the value at time ¢ of our insider control process u(t) is allowed to depend on both Y
and F;. In other words, u is assumed to be H-adapted. Therefore it has the form

u(t,w) =uy(t,Y,w) (3.2)

for some function uy : [0, 7] x R x Q@ — R such that wu;(¢,y) is F-adapted for each y € R.
For simplicity (albeit with some abuse of notation) we will in the following write u in stead
of u;. Consider a controlled stochastic process X () = X*(¢) of the form

dX(t) = b(t, X (), u(t), Y)dt + o(t, X(t), u(t),Y)dB(t)

+ Jp vt X(8),u(t), Y, (N (dt, dC);  t >0 (3.3)
X(0)==z, xR,

with coeflicients as in (1.3), and where u(t) = u(t,y),—y is our insider control. As pointed
out in the Introduction we interpret the stochastic integrals as forward integrals.

Then X (t) is H-adapted, and hence using the definition of the Donsker delta functional dy (y)
of Y we get

X() = 2(t,Y) = o)y = [ 2(t.0)8r () (3.4)

for some y-parametrized process z(t,y) which is F-adapted for each y. Then, again by the
definition of the Donsker delta functional and the properties of forward integration (see

11
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{eq6}



Lemma 7.20 and Lemma 8.12), we can write

X(t) —x—i-/ b(s, X(s),u(s), Y)ds—l—/ o(s, X(s),u(s),Y)dB(s)

0

// (s, X(s),u(s),Y, ()N (ds, d¢)

/Ob(s (5, V), u(s, Y),Y)ds+/0 o (s, 2(s,Y), u(s,Y), Y)dB(s)

+ /Rﬁy(s,ac(s,Y),u( Y),Y,()N(ds, d)

v [ Wsas. ) ulsn)yovds+ [ atsa(s.0).uls )., -vdB
[ [ st uts9)..0, v s, 0
:x—i-/ /b s,x(s,y),u(s,y),y)oy (y dyds+/ /a(s,x(s,y),u(s,y),y)éy(y)dydB(s)

/// (s, (s,) uls, )y, Ody (y)N(ds, dC)

—x+/vﬁwdsw< >>w+A o(s, (s, ). u(s, ), y)dB(s)
//’sxsy (5,). 5. N (ds, dC) ]y (y)dy (35) {eq7)

Comparing (3.4) and (3.5) we see that (3.4) holds if we choose z(t,y) for each y as the
solution of the classical SDE

dz(t,y) = b(t, z(t,y), u(t, y),y)dt + o(t, z(t,y), u(t, y),y)dB()
+ [yt 2t y),ult,y),y, ON(dt,dC); ¢ >0 (3.6) {eq8}
z(0,y) ==z, wzekR,

Let A be a given family of admissible H—adapted controls u. The performance functional
J(u) of a control process u € A is defined by

J(u) = / f(t, X(t),u(t))dt + g(X(T))] (3.7) {performanc

= E[/R{/ ft,x(t,y), ult,y), Y)EDy ()| Fldt + g(x(T, y), v)Eldy (y)| Fr]}dy]
0
We consider the problem to find u* € A such that

sup J(u) = J(u*). (3.8) {problem}
ucA

12



4 A sufficient maximum principle

The problem (3.8) is a stochastic control problem with a standard (albeit parametrized)
stochastic differential equation (3.6) for the state process x(t,y), but with a non-standard
performance functional given by (3.7). We can solve this problem by a modified maximum
principle approach, as follows:

Define the Hamiltonian H : [0,T] x Rx R XU xR xR xR x 2 — R by

H(t,z,y,u,p,q,7) = H(t,z,y,u,p,q,7,w)

= E[oy (y)|F) f(t, z,u,y) +b(t,x,wy)erO(t,m,u,y)q+47(t,x,uy y)r(y,Qv(dC). (4.1)

Here R denotes the set of all functions r(y,.) : R — R such that the last integral above
converges, and p,q,r(.) are called the adjoint variables. We define the adjoint processes
p(t,y),q(t,y),r(t,y,() as the solution of the y-parametrized BSDE

{ dp(t,y) = =2 (t,y)dt + q(t,y)dB(t) + [ r(t.y,O)N(dt,d¢); 0<t<T (4.2)
p(T,y) = g'(x(T,y), y)E[oy (y)| Fr] '

Let J(u(.,y)) be defined by

ﬂ%w»ZMAfﬁw@ww@wmeﬂMﬂw+Mﬂﬂ@wﬁ@@ﬁﬁﬂ (4.3)

Then, comparing with (3.7) we see that

Iw = [ Jutg)dy (4.4)
R
Thus it suffices to maximise J(u,y) over u for each given parameter y. Hence we have

transformed the original problem (3.8) to the following:

Problem 4.1 For each given y € R, find u*(-,y) € A such that

sup J(u(-,y)) = J(W (- y)) (4.5)
u(.,y)€EA

This is a classical (but y-parametrised) stochastic control problem, except for a non-standard
performance functional (4.3).
To study this problem we present two maximum principles. The first is the following:

Theorem 4.2 [Sufficient mazimum principle]
Let u € A with associated solution T(t,y),p(t,y),4(t,y),7(t,y,C) of (3.6) and (4.2). Assume
that the following hold:

1. x — g(x) is concave

13
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2. (z,u) = H(t,z,y,u,p(t, y),q(t, y), 7(t,y,()) is concave for all t,y,(

3. supey H (¢, Z(t, y), w, p(t,y),q(t, y),7(t, y,C)) = H (¢, Z(t,y),u(t,y), p(t, v),q(t, v), 7(t,y,Q))
for all t,y,(.

Then u(.,y) is an optimal insider control for problem (4.5).

Proof. By considering an increasing sequence of stopping times 7,, converging to T', we
may assume that all local integrals appearing in the computations below are martingales
and have expectation 0. See [¥S2]. We omit the details.

Choose arbitrary u(.,y) € A, and let the corresponding solution of (3.6) and (4.2) be z(t,y),

p(t,y), q(t,y). For simplicity of notation we write f(t,y) = f(t,z(t,y),u(t,y)), f(t,y) =
f(t,z(t,y),ut,y)) and similarly with b(t,y)Lb(t, y), o(t,y), o(t,y) and so on.

Moreover, we write f(t,y) = f(t,y)—f(t,y), b(t,y) = b(t,y)—b(t,y), z(t,y) = z(t,y)—Z(t, y).
Consider
J(u(,y) = J(u(,y) = L + I,

where

/{fM/ 7t 9)YEGy (4)| FJdt], I = E[{g(x(T, ) — g(3(T, 9))YElby (9)| Fr].

(4.6) {1_11_2}
By the definition of H we have

/{th F(t,y) — Pt y)b(t. ) — At 9)F (1, y) (A7) (111}
- Aﬂmmwm%ow«»m.

Since g is concave we have by (4.2)

I, < Elg'(R(T, ) Efsy ()| F)(x(T, ) — F(T.y))] = EB(T. )E(T. y)] (48) {11.2)
/ ty@ty+lfww@ww+ldu@]
/' (b(t, y)dt + (1, y)dB(t) + /”uyo~de

— E|
/%_ ty)dt—l—/Tq(ty) (t,y)dB(t) // Z(t, )P (t,y, Q)N (dt, dC)
o[

i [ [ 500 onaas [ [ 360080080
—s([ s [ Pagsepas [ soanas [ [ e 0m o
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Adding (4.7) - (4.8) we get, by concavity of H,
J(u(7y)) - ‘](a(7y)) < E[/O {H(t7y) - f—\l(t?y) - aa_lj(tv y>g(t7 y)}dt]
< B[ Gyt

< 0,

since u(.,y) = u(., y) maximizes fl(.,y) at t. O

5 A necessary maximum principle

We proceed to establish a corresponding necessary maximum principle. For this, we do not
need concavity conditions, but in stead we need the following assumptions about the set of
admissible control values:

e Ay. For all ty € [0,7] and all bounded H;,-measurable random variables a(y,w), the
control §(t,y,w) := 1, 7)(t)a(y,w) belongs to A.

e A,. For all u; By € A with By(t,y) < K < oo for all ¢,y define
1
it,y) = ﬁdist((u(t, y),0U)A1>0 (5.1) {delta}

and put
Bt,y) = 6(t,y)Po(t, y). (5.2) {betalt,y)]
Then the control
u(t,y) =u(t,y) +ap(t,y); t€0,7]
belongs to A for all a € (—1,1).

e A3. For all § as in (5.2) the derivative process

Q.
o2
B
SIENS
P
Al
Ny
N~— /N
X \‘N
s
@ <
~— /N
\.H
<@
IS
/\—i_
~
o
—
\.H
<@
SN—
=
—
“@#
<
—
Q.
~
4

(5.3) {d chi}
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Theorem 5.1 [Necessary mazimum principle/
Let u € A. Then the following are equivalent:

1. LJ((a+ aB)(.,y))|a=o = 0 for all bounded B € A of the form (5.2).

2. YL(t,y)yeq =0 for all t € [0,T).

Proof.  For simplicity of notation we write u instead of @ in the following.

By considering an increasing sequence of stopping times 7,, converging to 7', we may assume
that all local integrals appearing in the computations below are martingales and have ex-
pectation 0. See [DS2]. We omit the details.

We can write J

%J((U +aB)(;y))la=0 = N + I
where
d r u+af
B SB[ ) u(t9) + 0B, ) BBy () o
and p
Iy = 2 Elg(x" (T, y), y)E[by (1) Fr]lla=o.

By our assumptions on f and g and by (4.2) we have

h= L[ (GEE ) + G0 0) VBl ()| Flar (5.4) {1111}

I, = Elg"(2(T,y), y)x(T, y)E[oy (y)|Fr]] = E[p(T, y)x(T, y)] (5.5) {iii2}
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By the Ito formula

b= T =B i)+ [ b+ [ a6
— E[/OTp(t, y){?(t, y)x(t,y) + %(t,y)ﬁ(t y)}dt
+ / "t y){g (t.y)x(t, yH%(t,y)ﬁ(t,y)}dB(t)
b [ o Ot + S, C)pt0.00) Va0
~ /Ox(ty)%H(ty)dH/oTx o(t,y)dB(D) // (t, y)r(t,y, Q)N (dt, dC)
n /Tq(t y){g (t,y)x(t,y) + g—u(ty)@(t,y)}dt
' / JHGH Ot + G0, O (e vl

= Bl X, y>§b<t D alt G 60) = G o)+ [ 5 Orte Qv

[ B 56 b GHtn) + [ G Orlty. vl
— Bl [ (ol Be IR [ (G 60 - S 0B WIS
— 1B S

Summing (5.4) and (5.6) we get

%J((U + aﬁ)('a y))|a:0 = Il + [2 = E[/O %_]j(tvy)ﬁ(ta y)dt]

we conclude that

T aB)()lamo = 0

if and only if E[fOT %—Ij(t, y)B(t,y)dt] = 0 for all bounded g € A of the form (5.2).

In particular, applying this to S(t,y) = 0(t,y) as in Al, we get that this is again equivalent

to
oOH

5 —(t,y) =0 for all t € [0, 7.

17
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6 Applications

In the following we assume that
T
EM{H&%@VW+/M&JAMH%W%M<%- (6.1)
0 R

6.1 Utility maximization for an insider, part 1 (N=0)
Consider a financial market where the unit price Sy(t) of the risk free asset is
So(t)=1, tel0,T] (6.2)

and the unit price process S(t) of the risky asset has no jumps and is given by

(6.3)

dS(t) = S@t)[bo(t,Y)dt + oo(t,Y)dB(t)]; te€[0,T]
S0) >0.

Then the wealth process X (t) = X'(¢) associated to a portfolio u(t) = II(t), interpreted
as the fraction of the wealth invested in the risky asset at time ¢, is given by

dX(t) =T()X(t)bo(t,Y)dt + oo(t,Y)dB(t)]; t€0,T] (6.4)
X(0) =ux5>0. '
Let U be a given utility function. We want to find IT* € A such that
J(IT*) = sup J(II), (6.5)
IleA
where
J(I) := E[UX™(T))). (6.6)
Note that, in terms of our process z(¢,y) we have
dx(t,y) = m(t, y)z(t,y)[bo(t, y)dt + oo(t, y)dB(t)]; ¢t € [0,T] 67
x(0,y) =x¢ >0 '

and the performance functional gets the form
J(m) = E[U(z(T, y))E[oy (y)|F]].

This is a problem of the type investigated in the previous sections (in the special case with
no jumps) and we can apply the results there to solve it, as follows:
The Hamiltonian gets the form, with u = ,

H(t,z,y,m,p,q) = mx[bo(t, y)p + oo(t, y)q] (6.8)
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while the BSDE for the adjoint processes becomes

{dp(t,y) = —n(t,y)[bo(t, y)p(t,y) + oo(t,y)q(t,y)ldt + q(t,y)dB(t); t€[0,T] (6.9)

p(Tyy) = U'(x(T,y))EDy (y)| Fr]
Since the Hamiltonian H is a linear function of 7, it can have a finite maximum over all
m only if
z(t,y)[bo(t, y)p(t,y) + oo(t, y)a(t, y)] = 0 (6.10)
Substituted into (6.9) this gives

p(T,y)  =U'(x(T))Edy (y)|Fr]
If we assume that, for all ¢, y,
x(t,y) >0, (6.12)
then we get from (6.10) that
bO(tay)
ty) = — t,y). 6.13
q(t, y) Uo(t’y)p( y) (6.13)
Substituting this into (6.11), we get the equation
dp(t,y) = —2lv t
p(t,y) : (L, y)dB(t) (6.14)
p(T,y) —U( (T, y))Eldy (y)| F7]
Thus we obtain that
t t
bo(s,¥) 1/ bo(8,Y) \a
t,y) =p(0,y)ex —/ dB(s) — = ——)%ds), 6.15
p(t,y) = p(0,y) exp(  oo1) (5) =5 i (UO(S’y)) ) (6.15)

for some, not yet determined, constant p(0,y). In particular, if we put ¢ = T and use (6.14)
we get

T bo(s,y)
oo(s,y)

dB(s) — /0 (Lol 250 (6.16)

U'((T, y))E[oy (y)|Fr] = p(0,y) exp(—/o 2 oo(s,y)

To make this more explicit, we proceed as follows:

Define
M(t,y) == E[dy (y)|F] (6.17)

Then by the generalized Clark-Ocone theorem

{dM(t,y)zE[Dt5Y( Y)|FdB(t) = @(t,y) M(t, y)dB(t) (6.18)

M(0,y) =1
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where

E[D:dy (y)| Ft]

O(t,y) = 6.19
0 E A o1
Solving this SDE for M (t) we get
t 1 t
M(t) = exp( / (s, y)dB(s) ~ / 52 (s, y)ds). (6.20)
0 0
Substituting this into (6.16) we get
/ ! bo (s,
U () = 0. exp (~ [ (0G0 + 2y
00('57 y)
/ (#(5.0) = 28D ds) =5 (0,2, (6.21)
ie.,
o(T,y) = I(eT(T, ) (6.22)
where
I=U)"and c=p(0,y). (6.23)
It remains to find ¢. We can write the differential stochastic equation of x(¢,y) as
ﬂTwzf@Wﬂw)
If we define
then equation (6.24) becomes the linear BSDE
z(t,y)bo (t,y)
da(t,y) = =2p o dt + 2(t,y)dB(t) (6.26)
2(Tyy) = 1(cI(T,y))
in the unknown (z(t,y), 2(t,y)). The solution of this BSDE is
1
o(t.) = o B (T y)To(T. ) 7 (6:27)
where -
1 oS, Y 2
5) — = ——=)"ds}. 6.28
03 | D) (6.28)
In particular,
o = x(0,y) = E[I(cI(T,y))To(T, y)]. (6.29)

This is an equation which (implicitly) determines the value of ¢. When ¢ is found, we have
the optimal terminal wealth z(7,y) given by (6.26). Solving the resulting BSDE for z(¢,y),
we get the corresponding optimal portfolio 7(¢,y) by (6.25). We summarize what we have
proved in the following theorem:
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Theorem 6.1 The optimal portfolio 11*(t) for the insider portfolio problem (6.5) is given by

I (1) = / 7 (1, )0y (y)dy = 7°(£, Y), (6.30)

where
) _ z(ty)
) = (t,y)oo(t, y)

with x(t,y), z(t,y) given as the solution of the BSDE (6.26) and ¢ = p(0,y) given by (6.29).

(6.31)

6.2 The logarithmic utility case (N=0)

We now look at the special case when U is the logarithmic utility, i.e.,
U(x) =Inz; x> 0. (6.32)

Recall the equation for z(t,y):

{dw(t, y) = (t,y)x(t,y)bo(t, y)dt + oo(t, y)dB(1)] (6.33)

z(0,y) =29 >0

By the 1t6 formula for forward integrals, we get that the solution of this equation is

x(t,y) = o exp{/o [7(s,y)bo(s,y) — 17T2(s,y)aé(s,y)]ds +/O 7(s,y)oo(s,y)dB(s)}. (6.34)

2
Therefore,
U'(z(T,y))
— x(;, = iexp{—/0 [m(s,y)bo(s,y) — %ﬂ(s,y)ag(s,y)]ds —/0 (s, y)o0(s, y)dB(s)}

(6.35)
Comparing with (6.21) we try to choose 7(s,y) such that
1 T T 1
sl [ as)as, B ~ [ s ptn(s) - 57008 )lds)
0 0

~p0nel= [ (060 + 28+ L[ o) - B0y 60

Thus we try to put
1
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and choose 7(s,y) such that, using (6.19),

_ P(s bo(s,y) _ E[Dsdy(y)|Fs] | bo(s,y)
7(s,y)o0(s,y) = (s, y) + o) = Ebr I F] T oos) (6.38)

This gives

bO(Say) + E[DS(SY(y)LFs]
oi(s.y)  ools, y)E[0y (y)|F]
We now verify that with this choice of 7(s,y), also the other two terms on the exponents on
each side of (6.36) coincide, i.e. that

m(s,y) = (6.39)

b3(s,y)
o3 (s, y)

(5, 9)bo(s, 9) — o2 (5, 9)03 (5,) = (s, y) — (6.40)

2

Thus we have proved the following result, which has been obtained earlier in [@R1] by a
different method:

Theorem 6.2 The optimal portfolio 11 = 11I* with respect to logarithmic utility for an insider
in the market (6.2)-(6.3) and with the inside information (3.1) is given by

bO(Sv Y) E[DS(SY (y) |]:5]in
o5(s,Y)  oo(s, Y )E[oy ()| Fe] =y’

II*(s) = 0<s<T<Ty (6.41)

Substituting (2.18) and (2.19) in (6.41) we obtain:

Corollary 6.3 Suppose that Y is Gaussian of the form (2.15). Then the optimal insider
portfolio is given by

bo(s, Y (To)) | (Y(1o) —Y(s))B(s)

T = 56 v @) ool YTIBIE 7

0<s<T<T. (6.42)

In particular, if Y = B(T,) we get the following result, which was also proved in [PK], in
the case when the coefficients do not depend on Y

Corollary 6.4 Suppose that Y = B(1y). Then the optimal insider portfolio is given by

bo(s, B(Tp)) B(Ty) — B(s)

)= 6 BT T oot B T — )

0<s<T<Th. (6.43)

6.3 Utility maximization for an insider, part 2 (Poisson process
case)

Let N(t) be the Poisson process with intensity A > 0. Consider a financial market where the
unit price Sp(t) of the risk free asset is

So(t) =1, te[0,T] (6.44)
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and the unit price process S(t) of the risky asset has no jumps and is given by

{w@ = S(0)[bolt, Y )dt +70(t, Y )N (1)); T € [0,T)) (6.45)

S(0) >0.

where N = N (t) — At is the compensated Poisson process with parameter \. In this case
the Lévy measure is v(d¢) = Ad1(d¢) since the jumps are with size 1. As before YV is a
given random variable whose value is known to the trader at any time ¢ < 7" < Tj. Then
the wealth process X () = X'(¢) associated to a portfolio u(t) = II(t), interpreted as the
fraction of the wealth invested in the risky asset at time ¢, is given by

dX(t) =TI(t)X (t)[bo(t, Y)dt + 40 (t, Y)AN(t)]; ¢ €0, T) (6.46)
X(0) =umz5>0. '
Let U be a given utility function. We want to find IT* € A such that
J(II*) = sup J(II), (6.47)
e A
where
J(ID) := E[U(X™(T))). (6.48)
Note that, in terms of our process z(¢,y) we have
2(0,y) = zo(y) > 0,

which has the solution

ﬂtw—xdw@m(A{ﬂ&w%@w%+ﬂml+ﬂ&w%®wﬁ—Aﬂ&w%@wH%

+ [ w1+ (s, (0N ). (6.50)
The performance functional gets the form
J(m) = E[U(z(T, y))E[y (y)| F7]], (6.51)

where
I(t) = n(t,Y). (6.52)

This is a problem of the type investigated in the previous sections, in the special case
when all the jumps are of size 1. Then the Lévy measure gets the form v(d¢) = A\d; and
when we apply the results from the previous section we get:

The Hamiltonian becomes, with v = 7,

H(t,x,y,m p,r) = mx[b(t,y)p + Mo(t,y)r(y, 1)] (6.53)
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while the BSDE for the adjoint processes becomes

{dp(t,:w = —7(t, y)bo(t. y)p(t,y) + Myo(t.y)r(t,y, D]dt + r(t,y, 1)AN(t); ¢ € [0,T]
p(Ty) = U'(x(T,y)E[y (y)|Fr]
(6.54)

Since the Hamiltonian H is a linear function of 7, it can have a finite maximum over all
7 only if
(t, ) [bo(t, y)p(t, y) +v0(t, y)Ar(t,y,1)] =0 (6.55)
Substituted into (6.54) this gives

dp(t,y) = r(t,y, 1)N(dt) (6.56)
p(T,y)  =U'(x(T))Edy(y)|Fr]
If we assume that, for all ¢, vy,
z(t,y) >0, (6.57)
then we get from (6.55) that
bO (ta y)
r(t,y,1) = — p(t,y). 6.58
1) Mo(t,y) t9) (659
Substituting this into (6.56), we get the equation
bo(t, 5
dp(t,y) = —32p(t,y)dN (1) (6.59)
p(T,y) =U'(z(T,y)E[oy (y)|Fr]
Thus we obtain that (see e.g. [@S1],Example 1.15)
t t
bO(Say) 7 bO(Svy) bO(S7y)
p(t,y) = p(0, exp/lnl——st—i—)\/ Inj1— + ds), (6.60
() = 20, ) expl 0 | AW@(S,y)] ®) 0 (n Mo(s,y) Av@(s7y)) ), (6.60)

for some, not yet determined, constant p(0,y). In particular, if we put ¢ = 7" and use (6.59)
we get

bo(s,9y) ;-

U (@(T. ) Bl ()1 F1] = p(O.p)exp ([ 1t = 228 gani (e
O - S R 09

To make this more explicit, we proceed as follows:
Define
M(t,y) = E[oy (y)|F] (6.62)
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Then by the generalized Clark-Ocone theorem

M(0,y) =1

{dM(t,y) = E[D.10y (y)| FJAN (1) = U (t,y) M (t, y)dN ()

where

U(t,y) =

Solving this SDE for M(t) we get

E[D; 16y (y)|Fi
E[oy (y)|F]

M(t,y) = exp(/ot In(1 + U(s,y))dN(s) + )\/Ot[ln(l + U(s,y)) — V(s,y)]ds).

Substituting this into (6.61) we get

U'((T, y)) =p(0. y) exp ( / In(1 -

+>\/{1n

b0<87y)
Ao(s, )
bo(s,y) N bo(s,y)

) —1In(1+ \If(s,y))]dN(s)

Mo(s,9)"  Mols,y)

| = [In(1 +¥(s,y))

— U(s,y)]}ds) =: p(0,y)T(T,y),

ie.,

where

2(T,y) = I(cD(T'y))

I=U")"and c=p(0,y).

It remains to find ¢. We can write the differential stochastic equation of z(¢,y) as

{ dx(t,y) = 7 (t,y)(t, y)[bo(t, y)dt + o (t, y)dN (t)]

If we define

k(t7 y)) = ﬂ-(tv y)l’(t, y)'yO(t y)

then equation (6.69) becomes the

dx(t,y) =
a(T,y) = I(CF<T y))

BSDE

bo(t y

o (t,

k(1 y)AdE + k(t, y)dN (t)

in the unknown (x(t,y), k(¢,y)). The solution of this BSDE is

z(t,y) =

Fo(ta y)

B (cD(T, y)To(T, y)| 7],
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where

bo(sa?/) + bO(Svy)
Mo(s,9)" Mol(s,y)

b0(57y) \ s
oot V@) (673)

LCo(t,y) = exp{/o [In(1 — | Ads —I—/O In(1 —

In particular,
zg = x(0,y) = E[I(cI'(T, y))To(T, y)]. (6.74)  {eq39°}

This is an equation which (implicitly) determines the value of ¢. When ¢ is found, we
have the optimal terminal wealth x(7,y) given by (6.71). Solving the resulting BSDE for
k(t,y), we get the corresponding optimal portfolio (¢, ) by (6.70). We summarize what we
have proved in the following theorem:

Theorem 6.5 The optimal portfolio 11*(t) for the insider portfolio problem (6.5) is given by

() = [ # ()i o)y = (0, Y), (6.75)
where Kt y)
* . Y

with x(t,y), k(t,y) given as the solution of the BSDE (6.71) and ¢ = p(0,y) given by (6.74).

6.4 The logarithmic utility case (Brownian-Poisson process)

We now extend the financial applications in the previous sections to the case with both a
Brownian motion component B(t) and a Poisson process N(t) with intensity A > 0, here we
have N(t) = N(t) — At. Thus we consider a financial market where the unit price So(t) of
the risk free asset is
So(t) =1, t€]0,T] (6.77) {eq6.78}

and the unit price process S(t) of the risky asset is given by

{dS(t) = S()[bo(t, Y)dt + oo(t, Y)dB(t) +10(t, Y)AN(®)); ¢ € [0,T] (6.78) {oq6.70)

S(0) >0.
Then the wealth process X (t) = X'(t) associated to a portfolio u(t) = II(t), interpreted as

the fraction of the wealth invested in the risky asset at time ¢, is given by

{dX(t) = TI() X ()[bo(t, Y)dt + oo(t, Y)AB(t) + 70(t, Y)AN(£)]; t € [0,T] (6:79) {sq6.50}

X(O) =1x9 > 0.
Let U be a given utility function. We want to find IT* € A such that

J(IT*) = sup J(II), (6.80) {eq6.81}

IIeA
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where

J(I) == E[UX™(T))].

Note that, in terms of our process z(¢,y) we have

dl’(t, y) = W(tv y)ﬂ?(t, y) [bO(tv y)dt + UO(ta y)dB(t) + ’70(t7 y)dN(t)]7 te [07 T]
2(0,y) = xo(y) >0,

which has the solution

z(t,y) = o(y) exp (/0 {m(s,y)bo(s,y) — %WZ(s,y)US(s,y)

+ A1+ 7(s,9)0(s, ) — Am(s, y)70(s, y) tds

—|-/0 7(s,y)oo(s,y)dB(s)
+/0 ln(l+7r(s,y)70(3ay))dN(5)>'

The performance functional gets the form
J(m) = E[U(z(T, y))E[oy (y)|Fr]],

where

I(t) = n(t,Y).
In this case the Hamiltonian (4.1) gets the form
H(t> z,y, T D4, T) = Wl'[bg(t, y>p + UO(tv y)q + >‘70(t7 y)r(ya 1)]7

while the BSDE for the adjoint processes becomes

{ dp(tv y) = _ﬂ-(ta y)[bo (ta y)p‘(ta y) + 00(t7 y)q(tu y) + /\’70(t7 y)T’(t, Y, 1)]dt
+q(t,y)dB(t) + r(t,y, )dN(t); t>0
p(T,y) = U'(2(T, y))E[oy (y)| F7]

If U(x) is the logarithmic utility, i.e.
U(x) =Inz;z > 0,

then
Elln(e(T, y))Eldy (5)| )] = E[{ / w{ty)bolt ) — 370 )o3(Ly)
+ Aln(1+7(t, y)r0(t y) — An(t, y)v(t, y))dt
" / (£, y)ou(t, y)dB(t)

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)

(6.86)

(6.87)

{eq6.82}

{eq6.83}

{eq6.84}

{eq6.85}

{eq6.86}

{eq6.87}

{eq6.88}

+ /0 In(1 + 7 (t, y)v0(t,y)) AN (1)} E[dy (y)| Fr]]  (6.88) {eq6.89}
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We now use the duality formulas, Theorem 7.11 and Theorem 8.5. This enables us to
write (6.88) as the expectation of a ds-integral and we get:

Elln(z(T,y))E[0y ()| Fr]] = E[/O {m(t, y)bo(t,y) — %W2(t,y)0§(t) + An(1+7(t, )yt y))

— An(t,y)(t, y) ydtE by (y)| Fr

+ [ BB W) EFE I Do) (6.59)

n / E[Dy Elby ()| F2)\ R (1 + w(t, )t y)Ade]  (6.90)

Note that
E[dy (v)|Fr] = E[Didy (y)| Fr] (6.91)

and

Dy E[oy (y)|Fr] = E[Dy10y (y)[Fr). (6.92)

Therefore, if we substitute this in (6.89) and take for each ¢ the conditional expectation
with respect to F; of the integrand, we get

{eq6.90}

E[ln(x(T, y)E[y (y)| Fr]] = E[/O {W(t,y)bo(tyy)—%W2(t,y)0'§(t,y)+>\ln(1+7f(t,y)%(t,y))

— An(t,y)(t, y) ydtE by (y)| Fr

+ /O E[Dsdy (4)| Flm(t, y)oo(t, y)dt

+ /O E[Dy18y (y)|F] In(1 4 7 (¢, y)yo(t, y)) Adt] (6.93) {eq6.93

We can maximize this by maximizing the integrand with respect to m(t,y) for each t
and y. Doing this we obtain that the optimal portfolio m(¢,y) for Problem (6.80) is given
implicitly as the solution 7 (¢, y) of the first order condition

A (t, y)v(t, y)

1+ m(t, y)v(t, y)]E[éy(y”E] + 00(t, y)E[Didy (y) | F]

[bo(t, y) — m(t, y)og (t,y)

Mo(t, y)

Tt g) ot ) PO WIF = 0. (6.94)
If we define
VT By ()| 7 |
and
U(t,y) = E[Dy10y (y)| ] (6.96)

E[oy (y)|F]
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then (6.94) can be written

A (t, y)v5 (t,y)
1 + W(ta y)’YO (ta y)

/\’YO(tv y) _
L+ 7(t, y)(t, y)\w’ v) =0 (6.97)

bO(t> y) - W(tv y)ag(t’ y) -

+ 0-0<t7 y)q)(t7 y) +

Thus we have proved the following theorem:

Theorem 6.6 The optimal portfolio with respect to logarithmic utility for an insider in the
market (6.77)-(6.78)and with the inside information (3.1) is given implicitly as the solution
II(t) = II*(t) of the equation

i A1)
I(¥) =T Y) = e
b oot Y)B(Y) + M(’(t’ V) _yivy—o, (6.98)

1+ H(t)ﬂyo( >Y)

provided that a solution exists.

The equation (6.98) for the optimal portfolio II(¢) holds for a general insider random
variable Y. In the case when Y is of the form (2.20), then we can substitute (2.22), (2.24)
and (2.25) in (6.95) and (6.96), and get a more explicit equation as follows:

Theorem 6.7 Suppose Y is as in (2.20). Then the processes ®(t,y) and V(t,y) in the
equation (6.98) for the optimal portfolio m(t,y) have the following expressions:

i fu F(t,x,y)ede

O(t,y) = [NACERTE (6.99)
U(t,y) = Je ft ij(? . y);xl)dx (6.100)
(6.101)
where
F(t,z,y) = % exp [izN(t) + izBB(t)
ATy — 1) —1— iz) — %m?(% t) — iy (6.102)
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6.5 The general It6-Lévy process case

We now extend the financial applications in the previous sections to the general case with
both a Brownian motion component B(t) and a compensated Poisson random measure com-
ponent N(dt,d¢) = N(dt,d¢) —v(d¢)dt, as in Section 2. Thus we consider a financial market
where the unit price Sy(t) of the risk free asset is

So(t) =1, te0,T] (6.103)

and the unit price process S(t) of the risky asset is given by

{dS(t) = S(t)[bo(t,Y)dt + oo(t,Y)dB(t) + [ (t,Y, ON(dt,dC)]); te[0,T] (6.104)

S0) >0.

Then the wealth process X (t) = X'(t) associated to a portfolio u(t) = II(t), interpreted as
the fraction of the wealth invested in the risky asset at time ¢, is given by
dX(t) =T1(t)X(t)[bo(t,Y)dt + oo(t,Y)dB(t) + [ 10(t,Y, ON(dt,d¢)]); te[0,T]
X(0) =ux0>0.

(6.105)
Let U be a given utility function. We want to find IT* € A such that
J(IT*) = sup J(II), (6.106)
eA
where
J(I) == E[UX™(T))]. (6.107)

Note that, in terms of our process z(¢,y) we have

{dﬁ?(t, y) = 7T(t, y)%(t, y) [bO(t7 y)dt + 09 (t7 y)dB(t) + fR 70<t7 Y, C)N(dtv dC)], te [07 T]
2(0,y) = zo(y) > 0,

(6.108)
which has the solution
ott,0) = ) o ([ (s, p)u(s.0) = 37050150
[0+ (o005, = w01, ) s
+/0t7r(s,y)00(s,y)dB(s)
v t [ 1+ s, (5,3 )N s, ). (6.109)
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The performance functional gets the form
J(m) = E[U(2(T, y))E[oy (y)|F7]], (6.110) {eq7.8}

where
I(t) = n(t,Y). (6.111) {eq7.9}

In this case the Hamiltonian (4.1) gets the form

H(t,z,y,7,p,q,7) =Ww[bo(t,y)p+ao(t,y)Q+470(t,y,<)r(y,C)V(dC)]y (6.112) {eq7.10}

while the BSDE for the adjoint processes becomes

{ dp(t,y) = —m(t,y)[bo(t, ) (é y) + oot y)q(t,y) + Jp 0t y, Or(t,y, Qv(dC)]dt
+q(t, y)dB(t) + [pr(t,y,O)N(dt,d(); t>0
p(T,y) = U'(x(T,y))Eldy (y)|F1]

(6.113) {eq7.11}
If U(x) is the logarithmic utility, i.e.

U(x) =Inz;z > 0,

then
r 1 2 2
Bln(a(T,y) By ()1 Frl] = E[( [ {r(t.n)olt.n) = 5760}t
+ [ [ im0+ m ot .0) = mtw)rolt. . Ot
+ | wtyattpase

/ /m (1 + 7, y)vo(t, 9, )N (dt, dC)YE[Sy (4) | Fr]]6.114)  {eq7. 12}

We now use the duality formulas, Theorem 7.11 and Theorem 8.5. This enables us to
write (6.114) as the expectation of a ds-integral and we get:

Elln(z(T, ) BBy (1) )] = E| / (ol )bo(t, ) — 571 )3 (0, ) By ()| Fi]
n / / M1+ 7(t, y)10(t, 5. O)) — 7t 9)vo0(t, v, Ol (dC)dEELGy ()| Fir)
n / E[D/Elby ()| 1| Filn(t, y)ou(t, y)dt

= [ [ EDGEB @IFIFI + (g0t O] (6115) (o
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Note that
DE[éy (y)| Fr] = E[Ddy (y)|Fr]

and
Dy (E[dy (y)|Fr] = E[Dy 0y (y)| Fr]-

(6.116)

(6.117)

Therefore, if we substitute this in (6.115) and take for each ¢ the conditional expectation

with respect to F; of the integrand, we get

E[ln(x(T, y) EDy ()| Fr]] = E[/O {W(t,y)bo(t,y)—%WQ(IZy)ag(t,y)}th[@(y)lfT}

" / / M1+ 7t y)10(t, 5. )) — 7t 9)vo(t, v, Ol (dC)AEELGy ()] Fr]

n /O E[Diy (y)| Film(t, y)oo(t, y)dt

= [ [ ED IR+ A y)alt . Ol

(6.118) {eqT

We can maximize this by maximizing the integrand with respect to 7(t,y) for each ¢
and y. Doing this we obtain that the optimal portfolio 7(¢,y) for Problem (6.106) is given

implicitly as the solution 7(¢,y) of the first order condition

[bo(t, y) — 7 (t, y)og (¢, )|E[dy (y)|F2] + oo (t, y)E[Dedy (y) | F]

(t,y)%5(t,y, Q)
: /R Tttty g W

'70(25, Y, C) B
i /R L+ 7t y)70(t v, C>E[Dt,<5Y(y)|ft] = 0.

If we define o
- 0y (y)|Ft
9 = 5 GF]
and
Uit ¢, y) = PO W1

Eldy (y)|F]
then (6.119) can be written

m(t, 9)5(ty, Q)
L+ m(t, y)v0(t v, )
Y(t, v, Q)
L+7(t, y)v(t y, C)

Thus we have proved the following theorem:

bo(t,y) — m(t, 9)o2(ty) — / y(dC)

+ UO(ta y>q)(t7 y) + /]R
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Theorem 6.8 The optimal portfolio with respect to logarithmic utility for an insider in the
market (6.103)-(6.104) and with the inside information (3.1) is given implicitly as the solution
II(t) = II*(t) of the equation

bo(t,Y)—H(t)ag(t,Y)—/ RIOLGRAY

R 1+ H(t)IVO(ta Y7 C)

4 oo(t,y)B(LY) + /R - 1?((57 };(f,)y, VLY. 0ude) =0, (6.123)

provided that a solution exists.

The equation (6.123) for the optimal portfolio II(¢) holds for a general insider random
variable Y. In the case when Y is of the form (2.5), then we can substitute (2.8), (2.14) and
(2.12) in (6.120) and (6.121), and get a more explicit equation as follows:

Theorem 6.9 Suppose Y is as in (2.5). Then the processes ®(t,y) and V(t,y,z) in the
equation (6.123) for the optimal portfolio 7w(t,y) have the following expressions:

(t) Jg F(t,z,y)xdx
Pt 6.124
o) = Pt (6.124)
t zxw(t z) _ 1d
U(t,y, 2) = 2L BBV Jdz (6.125)
Jo F(t,z,y)d
(6.126)

where

F(t,z,y) = /exp //mp N(ds,d¢) + /tz‘xﬁ(s)dB(s)

Ty T(s:0) _ 1 — jir(s U 5 — - 252 s — izv)de
<[ = io(s, OldOds — [ 52 (s)ds — imlde. (6127

t

7 Appendix

For the convenience of the reader, we give in this Appendix a brief survey of the main con-

cepts and results from the theory of Hida-Malliavin calculus and white noise analysis needed
in the previous sections. For more details see e.g. [BBS], [DOP], [DMOP1], [HOUZ|, [OR2]
and the references therein.
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7.1 The White Noise Probability Space and Hida-Malliavin Cal-
culus for Brownian motion

Let S(R) be the Schwartz space consisting of all real-valued rapidly decreasing functions f
on R i.e.,

ll‘im 12" f® ()] =0, VYn, k>0 (7.1)
T|—00
For instance C* functions with compact support e, e~*", ... are all functions in S (R). For
any n,k > 0, define a norm ||.|,,, on S(R) by
1/ llnse = supla™ ()] (7.2)
Te

Then (S(R, {||-|ln.x, 7,k > 0}) is a topological space. In fact, it is a nuclear space.
Let §'(R) be the dual space of S(R), the space of tempered distributions. Let B denote
the family of all Borel subsets of S(R) equipped with the weak topology.

Theorem 7.1 (Minlos) Let E be a nuclear space with dual space E*. A complez-valued
function ¢ on E is the characteristic functional of a probability measure v on E* ,i.e.,

o(y) :/ eV dy(x), yekE (7.3)
if and only if it satisfies the following conditions:
1. 6(0) =1,
2. ¢ s positive definite,
3. ¢ 1is continuous.

Remark 7.2 The measure v is uniquely determined by ¢. Observe that ¢(0) = v(E*). Thus
when condition (1) is not assumed, then we can only conclude that v is a finite measure.

Let ¢ be a function on S(R) given by

46 =exp— e, €€ SR

where |.| is the L?(R) norm. Then it is easy to check that conditions (1) and (2) are satisfied.
To check condition (3) note that

€ = / (o) P

= /| e /| LGS

1
< 2swle@l+ [ leefds

lz|<1

1
< €2y + sup lyEw)P / L
lz|>1 &

ly|>1

< 2[i¢ll50 +201€NT
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This shows that ¢ is continuous. Therefore, by the Minlos theorem there exists a unique
probability measure P on §’(R) such that

Definition 7.3 The measure P is called the standard Gaussian measure on S'(R). The
probability space (S'(R), B,P) is called a white noise space.

The Schwartz distribution theory on the space R concerns with the following Gel’fand triple
S(R) c L*(R) C S'(R) (7.4)

7.2 The Wiener Ito chaos expansion

let the Hermite polynomials h,(z) be defined by

1.2 dn 1.2

hn(x) = (—1)"e2® %(eﬁz ) n=0,1,2,..

Let e, be the kth Hermite function defined by
en(@) i=m i (k= 1)) 2e 2y (V22), k=12, .. (7.5)

Then {ey}r>1 constitutes an orthonormal basis for L?(R) and ej, € S(R) for all k. Define

Or(w) == (w, ep) = / ex(v)dB(z,w), we (7.6)

R

Let J denote the set of all finite multi-indices o = (ay, g, ..., ), m = 1,2, ..., of non-

negative integers «;. If @ = (ay, ..., ) € J, 0 # 0, we put

Ho(w) = [ e, (5(w)), w € Q (7.7)
j=1
By a result of Ito we have that
In(e®) = [] ey (67) = H. (7.8)
j=1

We set Hy := 1. Here and in the sequel the functions ey, ey, ... are defined in (7.5) and ®
and ® denote the tensor product and the symmetrized tensor product, respectively.

The family {H,}qcs is an orthogonal basis for the Hilbert space L2(P). In fact, we have
the following result.

Theorem 7.4 The Wiener Ité chaos expansion theorem. The family {H,}o € J constitutes
an orthogonal basis of L2(P). More precisely, for all Fr -measurable X € L*(P) there exist
(uniquely determined) numbers c, € R such that

X =Y coH, € L*(P). (7.9)
aed
Moreover, we have
X122y = alcl. (7.10)
acJ
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Let us compare Theorem (7.4) with the equivalent formulation of this theorem in terms of
iterated It6 integrals. In fact, if ¥ (¢1, to, ..., t,) is a real symmetric function in its n variables
ty,...,t, and ¥ € L%(R"), that is,

||¢||L2(Rn) = [/ |’l/)(t1,t2,...,tn)|2dt1dt2...dtn]§ < 0

then its n-tuple Ito integral is defined by

I,(v) = »dB®"

_ j/i/:/:1.../t:ow(tl,tQ,...,tn)dB(tl)dB(t2)...dB(tn),

where the integral on the right-hand side consists of n iterated It integrals. Note that the
integrand at each step is adapted to the filtration F. Applying the It06 isometry n times we
see that

E[() vaB®)] = nll fEae

For n = 0 we adopt the convention that
() = [ wdB® = v = [Vl
R

for 1 constant. Let Z2(]R”) denote the set of symmetric real functions on R", which are
square integrable with respect to Lebesque measure. Then we have the following result

Theorem 7.5 The Wiener Ito chaos expansion theorem. For all Fy- measurable X € L*(P)
there exist (uniquely determined) functions f, € L*(R™) such that

X = fndB®" = i[n(fn) c L*(P) (7.11)
n=0

o0
n—=0 R”

Moreover, we have the isometry
IX[IE2y = > 0l fallgezm (7.12)
n=0

The connection between these two expansions in Theorem (7.4) and Theorem (7.5) is given
by
fn= Z Cat{M e ®...Qe2m  n=0,1,2,...
aeJ |al=n
where |o| = a1 + ag... + @, for a = (%,A---,Oém) € J,m=1,2,... Recall that the functions
€1, €a, ... are defined in (7.5) and ® and ® denote the tensor product and the symmetrized
tensor product, respectively. Note that since H, = Im(e®"‘), for a € J, |a| = m, we get that

m!He@o‘H%g(Rm) = al (7.13)
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by combining (7.10) and (7.12) for X = X,,.

Analogous to the test functions S(R) and the tempered distributions S’(R) on the real
line R, there is a useful space of stochastic test functions (S) and a space of stochastic
distributions (S’) on the white noise probability space.

In the following we use the notation

(2n)* = [ (2) (7.14)

m
j=1

7.3 The Kondratiev Spaces (S)i, (S)-1 and the Hida Spaces (S) and
(S)”

Definition 7.6 Let p be a constant in [0, 1].

1. Let k € R. We say that f = Y ., aaHo € L*(P) belongs to the Kondratiev test
function Hilbert space (S)k,, if

1F17, =) aZ(a)™(2N)** < oo, (7.15)
acJ
We define the Kondratiev test function space (S), as the space
(8)o = (S
keR

equipped with the projective topology, that is, f, — f,n — oo, in (S), if and only if
| fr — fllk, = 0, n — o0, for all k.

2. Let ¢ € R. We say that the formal sum F = % . boH, belongs to the Kondratiev
stochastic distribution space (S)_q_, if

1£17 =D ba(a) ™ (2N) ™ < oo (7.16)
aeJ

We define the Kondratiev distribution space (S)_, by

q€R

equipped with the inductive topology, that is, F,, — F,n — oo, in (S)_, if and only if
there exists q such that ||F, — F||_4—, = 0,n — oo.

3. If p =0 we write
(8)o = (8) and (8§)-o = (S)" (7.17)

These spaces are called the Hida test function space and the Hida distribution space,
respectively.
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4. If F =3 crbaHy in (S)_1, we define the generalized expectation E[F] of F' by
E[F] = by. (7.18) {expectati

(Note that if F € L*(P), then the generalized expectation coincides with the usual
expectation, since E[H,] =0 for all a #0).

Note that (S)_; is the dual of (S); and (S)* is the dual of (S). The action of F' =
Yowcgbala € (S)1on f=3% , a,H, € (S): is given by

(F.f) =) alaab,.

We have the inclusion

(S)1 € (S) C LAP) C (8)* C (S)_..

7.4 The Spaces G and G*.

We now introduce another pair of dual spaces, G and G*, which is sometimes useful.

Definition 7.7 1. Let A € R. Then the space G consists of all formal expansions

X=> [ fudB®" (7.19) {XinG}
n=0 7 R"
such that .
XN, = O n'e®"| fullf2gan))? (7.20) {norm G_lar
n=0
For each \ € R, the space Gy is a Hilbert space with inner product
(X,Y)g, = Zn!eg/\n(fmgn)m(ﬂ@n) (7.21) {inner proc
n=0
for every
X=) [ fudB®, Y=Y / GndB®".
n=0 v R" n=0 "

Note that A\ < Ay implies Go C Gy . Define

g= ﬂ G\ = ﬂ Gy, (7.22) {c}

AER A>0

with projective limit topology.
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2. G* is defined to be the dual of G. Hence
~Ua =0 (7.23) {G ast)

A€R A<0

with inductive limit topology.

Remark 7.8 Note that an element Y € G* can be represented as a formal sum
y=>" / gndB®" (7.24) {YinG_ast}
n=0 "

where g, € L2(R") and 1Y |lg, < oo for some X € R, while an X € G satisfies ||Y||g, < oo
for all X € R.

If X € Gand Y € G*. have the representations (7.19) and (7.24), respectively, then the
action of Y on X, (Y, X), is given by

=> ! far gn)c2@n). (7.25) {duality G-
n=0

One can show that
(S)cgcLi(P)cg c(S).
Finally, we note that, since
H,= [ ®dB®" = I,,(e®"), (7.26) {H_alpha}
R’ﬂ
with a € J, |a| = n, we get
1Ha g, = nle®™[|e®*[|Z2gn) = ale™™,
by (7.13). Therefore, for F' =3, coH, € G, we have
|Fallg, = > chale®™

acJ

for some \ € R.

7.5 The Hida-Malliavin derivative

Definition 7.9 1. Let F' € L*(P) and let h € L*(R) be deterministic. Then the direc-
tional derivative of F in (S)* in the direction h is defined by

DWF(X) = lim [F(X + eh) — F(X))]. (7.27) {defidirect

e—0 €

whenever the limit exists in (S)*.
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2. Suppose there exists a function ¥ : R — (S)* such that [, ¥(t)h(t)dt converge in (S)*
and

Dy F = / Y(t)h(t)dt, for all h € L*(R), (7.28)
R
then we say that F is Hida-Malliavin differentiable in (S)* and we write
W(t) = DiF, teR.

We call DiF the Hida-Malliavin derivative in (S)* or the stochastic gradient of F at
t.

3. More generally, if F'= 73 . ;boHy € (§)-1 we define the Hida-Malliavin derivative of
F att by the expansion
DtF = Z Z baakek(t)Ha,E(k) (729)
acJ k=1

In [Aa@PU] D, it was shown that this is an extension from the space D; 5 to (S)_; where D; 5
denotes the classical space of Hida-Malliavin differentiable Fr- measurable random variables.
The extension is such that for all F' € L?(Fr, P), the following holds:

Theorem 7.10 1. Let F € (S)_1. Then D.F € (S)_1 for all t.
2. Let F € G*. Then D:F € G* and E[D.F|F;] € G*.
3. Let F € L?*(Fr,P). Then D.F € (S)*.

4. The map (t,w) — E[D,F|F;] belongs to L2(Fr, A\ x P), where \ denotes the Lebesque
measure on [0, T].

5. Moreover, the following generalized Clark-Ocone theorem holds:
F =E[F]+ /OT]E[DtF|]-"t]dB(t) (7.30)
Notice that by combining Ito’s isometry with the Clark-Ocone theorem, we obtain
IE[/OTE[DtF\]-"t]Zdt] = IE[(/OTIE[DtF]}}]dB(t)f] =E[(F? — E[F]?)] (7.31)

As observed in [AQ)] and [DMOR], we can apply the generalized Clark-Ocone theorem to
show that:

Theorem 7.11 (Generalized duality formula)
Let F € L*(Fr,P) and let ¢(t) € L*(\ x P) be adapted. Then

E[F / o(t)dB(1)] = E| / E[D,F|F]é(t)dt] (7.32)
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Theorem 7.12 Ordinary chain rule.

1. Let F' € L*(P) such that F = [, f(t)dB(t), f € L*(R). Then F is Hida-Malliavin

differentiable and

D, /R £(s)dB(s) = f(t),t — a.a.

2. Let F € L*(P) be Hida-Malliavin differentiable in L*(P) for a.a.

(7.33)

t. Suppose that

¢ € CYR) and ¢'(F)D:F € L2(P x \). Then ¢(F) is Hida-Malliavin differentiable

and we have
Di(¢(F)) = ¢'(F)D:F,

7.6 The Wick Product

(7.34)

In addition to a canonical vector space structure, the spaces (S) and (S)*. also have a

natural multiplication given by the Wick product.

Definition 7.13 Let X =} ;aaHy andY =3 5 ;bgHpg be two elements of (S)*. Then

we define the Wick product of X and'Y by

XoY = Z aabgHa_,_g = Z( Z CLabﬁ)[{,y

a,BeJ V€T a+p=vy

For example we have

B(t)o B(t) = B*(t) —t

and more generally

/¢ )dB(s /¢ )dB(s /¢> )dB(s /1/; )dB(s /¢

for all ¢,v € L*(R).
We list some properties of the Wick product:

L. X,V (8= XoY € (5).
2. X,Ye(§)1=>XoY e(S)
3. X,Y e(S)=XoY €(S).

4. XoY =Y o X.

5. Xo(YoZ)=(XoY)oZ.

6. Xo(Y+2Z)=XoY +XoZ.
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In view of the properties (1) and (4) we can define the Wick powers X" (n = 1,2,...) of
X € (S)-; as
X":=XoXo..0X (n times) .

We put X := 1. Similarly, we define the Wick exponential exp® X of X € (S)_; by
oo 1
S L on
exp® X = §_0: — X € ()1 (7.37)

In view of the aforementioned properties, we have that
(X +Y)?=X24+2X oY +Y*? (7.38)

and also
exp’(X +Y) = exp® X o exp®Y, (7.39)

for X, Y € S_;. Let E[.] denote the generalized expectation. Then we see that
E[X o Y] = E[X]E[Y], (7.40)

for XY € (S)_;. Note that independence is not required for this identity to hold. By

induction, it follows that
Elexp® X| = exp E[X], (7.41)

for X € (S)_1.
Theorem 7.14 Wick chain rule.

1. Let F,G € (S)-1. Then FoG € (S)_1 and

Di{(FoG)=FoDG+ D FoG,teR. (7.42)
2. Let F € (S)_1. Then
Dy(F°™) =nF°™ Vo D,F (n=1,2,..). (7.43)
3. Let F € (S)_1. Then
exp® F = io %F” € (S) (7.44)
and
D;exp® F = exp® F o D, F. (7.45)

42



7.7 Conditional expectation
fF=5 . sbaHoy € (8)_1, we define its conditional expectation by the expansion
E[F|F) =) baE[Ha|F] (7.46)
acd

Then the following holds:

1. If F,G € (S)_1, then E[(F o G)|F] € (S)_, and
E[(F ¢ G)|F] = E[F|F] o E[G|F]

2. If F,G € (G), then E[(F ¢ G)|F] € (G)*.

7.8 The forward integral with respect to Brownian motion

The forward integral with respect to Brownian motion was first defined in the seminal paper
[RV] and further studied in [RV1], [RV2]. This integral was introduced in the modeling of
insider trading in [BO] and then applied by several authors in questions related to insider
trading and stochastic control with advanced information (see, e.g., [DMOP2]).

Definition 7.15 We say that a stochastic process ¢ = ¢(t),t € [0,T), is forward integrable
(in the weak sense) over the interval [0,T] with respect to B if there exists a process I =
I(t),t €10,T], such that

t B(s+e)— B(s)

sup | [ o(s) ds—I(t)] =0, e—0F (7.47)
te[0,7] Jo
wn probability. In this case we write
t
~ [ 6oy Bls)te 0.7), (7.48)
0

and call I(t) the forward integral of ¢ with respect to B on |0, t].

The following results give a more intuitive interpretation of the forward integral as a limit
of Riemann sums.

Lemma 7.16 Suppose ¢ is caglad and forward integrable. Then

/ o(s)dB(s) = lim Zcb () (B(t;) — Blt; 1) (7.49)

At—0

with convergence in probability. Here the limit is taken over the partitions
0=ty <ty <..<ty, =T oft €[0,T] with At := max;—y __;,(t; —tj—1) = 0,n — 0.
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Remark 7.17 From the previous lemma we can see that, if the integrand ¢ is F-adapted,
then the Riemann sums are also an approximation to the Ito integral of ¢ with respect to
the Brownian motion. Hence in this case the forward integral and the Ito integral coincide.
In this sense we can regard the forward integral as an extension of the Ito integral to a
nonanticipating setting.

In the sequel we give some useful properties of the forward integral. The following result is
an immediate consequence of the definition.

Lemma 7.18 Suppose ¢ is a forward integrable stochastic process and G a random variable.
Then the product G¢ is forward integrable stochastic process and

/OTG¢( /¢ t)d"B(t (7.50)

The next result shows that the forward integral is an extension of the integral with respect
to a semimartingale.

Lemma 7.19 Let G :={G;,t € [0, T|}(T > 0) be a given filtration. Suppose that
1. B is a semimartingale with respect to the filtration G.

2. ¢ is G-predictable and the integral

/0 " S(0)dB). (7.51)

with respect to B, exists.
Then ¢ is forward integrable and

/cb 1d- Bt /¢> HdB(1 (7.52)

As a consequence of the above we get the following useful result:

Lemma 7.20 Let p(t,y) be an F-adapted process for each y € R such that

/0 ot y)dB(1)

exists for each y € R. Let'Y be a random variable. Then ¢(t,Y") is forward integrable and

/0 St V) B(t) = /0 ot y)dB(),y. (7.53)

We now turn to the It6 formula for forward integrals. In this connection it is convenient
to introduce a notation that is analogous to the classical notation for It6 processes.
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Definition 7.21 A forward process (with respect to B) is a stochastic process of the form
t t

X(t)==z —i—/ u(s)ds —i—/ v(s)d”B(s), te€][0,T], (7.54)
0 0

(x constant), where fOT lu(s)|ds < 0o, P-a.s. and v is a forward integrable stochastic process.
A shorthand notation for (7.54) is that
d-X(t) = u(t)dt + v(t)d” B(t). (7.55)

Theorem 7.22 The one-dimensional Ito formula for forward integrals.
Let

d-X(t) = u(t)dt + v(t)d B(t) (7.56)
be a forward process. Let f € CY([0,T] x R) and define
Y(t) = f(t,X(t)), tel[0,T]. (7.57)
Y(t),t €[0,T], is a forward process and
d7Y(t) = %(t,X(t))dt + %(t, X(t)d~ X (t) + %%(t, X (t)v*(t)dt. (7.58)

8 White Noise and Hida-Malliavin Calculus for N(.)

The construction of a white noise theory and a stochastic derivative (Hida-Malliavin deriva-
tive) in the pure jump martingale case follows the same lines as in the Brownian mo-
tion case. In this case, the corresponding Wiener-I1t6 chaos expansion Theorem states

that any F' € L*(Fp,P) (where, in this case, F; = .E(N) is the o- algebra generated by
n(s) = [y fRo (N(dr,d();0 < s <t) can be written as

F= ZIN(fn)§ fn € IA‘2(()‘ X V)n)a (8'1)

where fJQ((A x v)") is the space of functions f,(t1,(y, ..., tn, Ca), t; € [0,T],(; € Ry such that
fn € L2((Axv)") and f, is symmetric with respect to the pairs of variables (t1, (1), ..., (tn, Ca)-
It is important to note that in this case the n-times iterated integral I,(f,) is taken with
respect to N(dt,d¢) and not with respect to dn(t). Thus, we define

(/) :n!/OT/RO /Ot" /R/Ot 3 Fults, Coy oot Co) N (dt, dC) (8.2)

for f, € L2((A x v)") The It6 isometry for stochastic integrals with respect to N(dt, d¢) then
gives the following isometry for the chaos expansion:

HFHLQ(P) - Z”!”an%?((Axl/)n) (8.3)
n=0

45

{forward f



As in the Brownian motion case, we use the chaos expansion to define the Hida-Malliavin
derivative. Note that in this case, there are two parameters t, (, where t represents time and
¢ # 0 represents a generic jump size.

8.1 The white noise probability space

From now on we assume that for every e > 0 there exists p > 0 such that
/ e’ dv(¢) < oo. (8.4)
R\(—e€,€)

This condition implies that the polynomials are dense in L?(u), where du(¢) = (*dv(C).
It also guarantees that the measure v integrates all polynomials of degree > 2.

As in the Brownian motion case, the sample space considered is 2 = S’(R), the space
of tempered distributions on R, which is a topological space. We equip this space with the
corresponding Borel o-algebra F = B(R). By the Bochner-Minlos-Sazonov theorem, there
exists a probability measure P such that

/Q D P (du) = expl / $(f@)dr); f e SR) (8.5)

where

(W) = /R (69 — 1 —iwa)w(dz): i = /=1 (8.6)

and (w, f) denotes the action of w € §'(R) on f € S(R). The triple (£2, F,P) defined above
is called the (pure jump) Lévy white noise probability space.

Let p;(2);5, defined as in [DOP] then it’s an orthogonal basis for L?(v). Let e;(t),5, be
the Hermite functions. Define

5ﬁ(i»j)<t7 Z) = ei(t)pj (Z>’ (87)

where

k(i j)=j+0G+j—-2)(i+j—1)/2. (8.8)

If « € J with Index(«) = j and |a| = m, we define 6% by
0%(t1, 21, ooy by Zm)
= 5?(11 ®...Q 5}80@' (tl, 21, ...,tm, Zm)
= (51 (tl, 2’1)...(51(750617 Zoz1)---5j(tm—aj+17 zm—aj+1>---5j<tm7 Zm).
We set 070 = 1. Finally, we let 6% denote the symmetrized tensor product of the §®*: For
a € J define )
Ko = 11 (557 (8:9)

As in the Brownian motion case, one can prove that {K,}.cs are orthogonal in L?(P)

and
[ Kallf2py = a'- (8.10)
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We have that, if |a| = m,
ol = [ KallEze) = m0% L2 (awyr) (8.11)

By our construction of §°* we know that any f € £2((\,r)") can be written as

P, 20, oty 2m) = 620 @ 1 @ 85 (1, 21, 1o by Zm) (8.12)
Hence
L(fa) = ) caKa (8.13)
|al=n

This gives the following theorem.

Theorem 8.1 Chaos expansion. Any F' € L*(P) has a unique expansion of the form
F=Y ckK, (8.14)
acd
with ¢, € R. Moreover,

IF 22y = ) alcl (8.15)
aeJ

Definition 8.2 The Hida-Kondratiev spaces, 0 < p < 1.

1. Stochastic test functions (S),.
Let (S), consist of all g =3 . ; Ko € L*(P) such that

lollz, = aZ(al)*P(2N)* < oo, for all k €N, (8.16)
aeJ

equipped with the projective topology, where as before
(o) = [ (2s) (5.17)
j>1
if o = (o, 9, ...) € J.

2. Stochastic distributions (S)_,.
Let (S)_, consist of all expansions F' =} ;b K, such that

IF|1%,, = Z b2 () P(2N) "4 < oo, for some q € N, (8.18)
acJ
endowed with the inductive topology.

3. As in Section 7 we put (S)y = (S) and (S)—o = (S)*, called the Hida test function

space and the Hida distribution space, respectively.

4. The space (S)_, is the dual of (S),. In particular, (S)* is the dual of (S).
IfF =% c;baKo€(S)pand =3 . a0Ka €(S), ,then the action of F' on ¢ is

(F.¢) =) asbaal. (8.19)

aed
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8.2 The spaces G and G* of Smooth and Generalized Random Vari-

ables
Definition 8.3 1. Let k € No. We say that f = > o Infm € L?(P) belongs to the
space Gy if
m>0

We define the space of smooth random variables G as

G=1) (8.21)

keNg
The space G is endowed with the projective topology.

2. We say that a formal expansion

G=> In(gm) (8.22)

m>0

belongs to the space G_,(q € Ny) if

||G||93q = Zm!HgmHi?((,\w)m) (8.23)

m>0

The space of generalized random variables G* is defined as

¢ =J g, (8.24)

q€Ny
We equip G* with the inductive topology. Note that G* is the dual of G, with action

<Ga f> = Z m!(fm7 gm)L2(()\><u)m) (825)

m>0

if G € G* and f € G. Also note that the connection between the expansions

F =Y Tu(fm) (8.26)
m>0
and
F=) ckK, (8.27)
acJ
15 given by )
fu = cad® (8.28)
la)|=m
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with the functions 6% as in (8.12). Since this gives
1T (£ | = ] fnl |2 (rsymy = D allKalleey (8.29)
|a|=m

it follows that we can express the G.-norm of F' as follows:

IFG, = > (> alKallgs )™ reZ (8.30)

®)
m2>0 |ajl=m
By inspecting Theorem/(8.3), we find the following chain of continuous inclusions

(S)cGcL*P)cC G cC(S) (8.31)

8.3 The Hida-Malliavin Derivative on G*

Definition 8.4 Let F' = Y _ coKo € G Then define the stochastic derivative of F at
(t,2) by

Di.F = ) e Ko a.0% (8.32)
= Y oY by Fooentem(t)pm(2) (8.33)
a k,m
= D O cppenteom Buihamy + Dew(t)pm(2)) K,
B km

with the map k(i, ) in (8.8) and € = ¥ = (0,0, ...,1,0,..,0) with 1 on the [ th position .

We need the following result.
Theorem 8.5 1. Let F € G*. Then D, ,F € G*, A\ X v - a.e.

2. Let F € L*(P) be Fr measurable , then E[D, ,F|F],t € [0,T),z € Ry is an element in
L2(\ x v x P) and

/ E[D,.F|F]N(ds, d2). (8.34)
Ro
3. Let F € L?(P) then

/ /RF N(ds, d2)] / . E[Dy . F|Fiv(dz)dl] (8.35)
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8.4 Ordinary Chain Rules for the Hida-Malliavin Derivative
Theorem 8.6 1. Product rule. Let I',G € D{,. Then F'G € D{, and

Dt,Z<FG> == FDt7ZG + GDtJF + Dt,ZFDt,ZG (836)

2. Let F € DS,
Dy.(F") = (F + D, .F)" — F". (8.37)

3. Let F € Dy and let ¢ be a real continuous function on R. Suppose ¢(F) € L*(P) and
O(F + D, F) € L2(P x A x v). Then ¢(F) € D12 and

Dy-9(F) = 6(F + Dy F) — 6(F). (8.39)

8.5 The Wick Product

Now we use the chaos expansion in terms of { K, }aec 7 to define the (Poisson random measure
type) Wick product and study some of its properties.

Definition 8.7 Let F'=}_ . ;a,K, and G =3 5 ;bsKp be two elements of (S)-1. Then
we define the Wick product of F' and G by

FoG= > aubsKars=Y () aubp)K,

a,BeT V€T a+B=y
We list some properties of the Wick product:
1. F;Ge(S)= FoG e (S):.
2. F,Ge(S)oi=FoG e (S).
3. FGe (S)*=FoGe (S
4. F,Ge(8S)=FoGe(S).
5. FoG=GoF.
6. Fo(GoH)=(FoG)oH.
7. Fo(G+H)=FoG+ FoH.
8. In(fn) © In(9m) = Tnsm(fa®Gm)

In view of the properties (1) and (4) we can define the Wick powers X" (n = 1,2,...) of
X € (S)- as
X":=XoXo..0X (n times) .
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We put XV := 1. Similarly, we define the Wick exponential exp® X of X € (S)_; by
exp® X = f:lXO” (8.39)
p°X: > " : .

In view of the aforementioned properties, we have that
(X+Y)?=X2?+2Xo0Y +Y*? (8.40)

and also
exp’(X +Y) = exp® X oexp’Y, (8.41)

for X, Y € S_1 As before let E[.] denote the generalized expectation. Then we see that
E[X o Y] =E[X]E[Y], (8.42)

for X,Y € (S)_;. Note that independence is not required for this identity to hold. By
induction, it follows that
Elexp® X| = exp E[X], (8.43)

for X € (S)_l
Example 8.1 Choose h € L*([0,T]) and define F = fo t)dn(t). Then

FoF = L(h(t)2)o Li(h(t)z)

= I t tz 2122

_ / / / / (t)h(t2) 21 22N (dtr, d2y )N (dt, dz)

. / ( / Bty )dn(t1)h(t:))h(t2)di(t2) (8.44)

By the Ité formula, if we put X(t) := fOT h(s)dB(s),
A(X ()2 = 2X (H)dX (£) + h2(1) / 2N(dE, d2).

Hence
F<>F_2/ X (s)dX(s) / /h2 )2*N (ds, dz). (8.45)

In particular, choosing h =1 we get

n(T) o n(T / / N{(ds, dz). (8.46)
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Example 8.2 Wick/Doléans-Dade exponential.
Choose v > —1 deterministic such that

/R /R (In(1 4 (¢, 2))| +42(t, 2)(dz)dt < oo (8.47)

and put

F = exp®( /R /R Y (t, )N (dt, d2)) (8.48)

To find an expression for F' not involving the Wick product, we proceed as follows: Define

Y(t) = exp® //RO s,2)N(ds, dz))

= exp® / /R $,2)N(s, z)v(dz)ds) (8.49)
Then we have IV _
0 _vipo /R (N 2l (8.50)
Ay (1) = V(1) / V()N (dt, d2) (8.51)
Using Ito calculus the solution of this equatio;)z I8
Y(t) = Y(0) exp(/ {In(1 4+ ~(s, 2)) — (s, 2) }v(dz)ds (8.52)
/ / In(1 4 (s, 2)) N (ds, d2)) (8.53)

Comparing the two expressions for Y (t), we conclude that

exp® s,2)N(ds,dz)) = exp( {In(1 4+ ~(s, 2)) — (s, 2) }v(dz)ds
L INA
+ /Ot /RO In(1 4 (s, 2))N(ds, dz)) (8.54)

In particular, choosing
v(s,2) = h(s)z with h € L*(R) (8.55)

we get
e><p°(/]R h(s)dn(s)) = exp(//R {In(1 4+ h(s)z) — h(s)z}v(dz)ds
- // In(1 + h(s)z)N(ds,dz)) (8.56)



8.6 The Wick chain rule for a Poisson random measure
Theorem 8.8 Let F € (S)_; and ¢ € C(R) then:

Dy ¢°(F) = (¢')°(F) o Dy . F (8.57)
Proof.  First note that if ¢ (s, () is deterministic then

exp® / /¢ s,C)N(ds,d()) = K exp / /m 1+ (s, ¢))N(ds,d¢)) (8.58)

where
K:wm(llému+¢@@»—¢@owwow) (8.59)

Using this and the Wick rule for exp we get
D , exp® / /w ds ,dC )
— KD, exp / /m (1 +1(s,¢))N(ds, d¢))
exp / /ln +1Y(s,()) (ds d¢) + In(1 + (¢, z)))
—ex In(1 N(ds,d
eMA‘4H(+M&O)(&CN

T ~

= K exp / /ln (14 (s, C))N(ds,d¢) [ exp(In(1 + (¢, 2))) — 1])

= exp® / /@Z) N(ds,d¢) Ju(t, 2) (8.60)
In view of this, and the fact that the set of linear combinations of exponentials of the form
above are dense in L?(P) we have the result. O

8.7 Conditional expectation

IfF =5 c;0.Ks € (S)_1, we define its conditional expectation by the expansion

E[F|F] = baE[Kq|F] (8.61)
acd

Then as in Section 7 we have::

1. If F,G € (S)_1, then E[(F ¢ G)|F] € (S)-1 and
E[(F o G)|F] = E[F|F] o E|G|F].

2. If F,G € (G)*, then E[(F o G)|F] € (G)*.
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8.8 The Forward Integral for Lévy processes

/ /RO (t,2)N(d"t,dz) (8.62)

with respect to the Poisson random measure N of a stochastic function (or random field)
0(t,z),t €[0,T],z € Ro(T > 0), with

Definition 8.9 The forward integral

0(t,z) :=0(w,t,2),w € Q, (8.63)

and caglad with respect to t, is defined as

= lim / / (t,2)1y,, N(dt,dz) (8.64)
m—ro0 RO

if the limit exists in L?(P). Here, U,,,m = 1,2, ..., is an increasing sequence of compact sets
Un CRy:=R\ {0} with v(U,,) < oo such that lim,, o Uy, = Ry.

Remark 8.10 Note that if H := {H,,t € [0,T]} is a filtration such that
1. Fy CH; forallt

2. The process n(t) = fot fRo 2N(ds,dz),t € [0,T], is a semimartingale with respect to H
3. The stochastic process 0 = 0(t,z),t € [0,T], € Ry is H-predictable and

4. The integral fo fR 2)N(dt,dz) exists as a classical Ité integral

then the forward integral of 0 with respect to N also exists and we have

//R (t, 2)N (dt, dz) //R (t, =) N (dt, d2) (3.65)

This follows from the basic construction of the semimartingale integral. Thus, the forward
integral can be regarded as an extension of the Ito integral to possibly nonsemimartingale
contexts.

Remark 8.11 Directly from the definition we can see that if G is a random variable then

// (t,2)N(d"t,dz) //G@tz (d™t,dz) (8.66)
Ro RO

As a consequence of the above we get the following useful result (compare with Lemma 7.20):
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Lemma 8.12 Let p(t,y,() be an F-adapted process for each y € R such that

/cbtyé (dt, dC)

exists for each y € R. Let Y be a random variable. Then ¢(t,Y, () is forward integrable and

/0 ot Y, Q)N (dt,¢) = / ot Q)N (dt, dC) - (8.67)

Definition 8.13 A forward process is a measurable stochastic function X(t) = X (t,w),t €
0,T],w € Q, that admits the representation

= :v+/ /Ro s,2)N(d~s,dz) + /Ota(s)ds, (8.68)

where x = X(0) is a constant. A shorthand notation for (8.68) is
d-X(t) = / O(t, 2)N(d"t,dz) + a(t)dt, X (0) = z. (8.69)
Ro

We call d= X (t) the forward differential of X(t),t € [0,T].

Theorem 8.14 [t6 formula for forward integrals.
Let X (t),t € [0,T], be a forward process of the form (8.68), where 0(t,z),t € [0,T], z € Ry,
15 locally bounded in z near z = 0,P X \- a.e., such that

T
/ 0(t, 2)|*v(dz)dt < 0o a.s.P. (8.70)
0o Jro

Also suppose that |0(t,2)|,t € [0,T],z € Ry, is forward integrable. For any function f €
C2(R), the forward differential of Y (t) = f(X(t)),t € [0,T], is given by the following for-

mula:

d7Y (t) = f/(X(t)a(t)dt + / (FX(E) +0(t,2)) — F(X(E) = f(XE))O(t, 2))v(dz)dt

Ro

+/R (FX(E) +0(t,2)) — FX(E ) N(d t, d2). (8.71)
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