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We consider the perpetual American put option when the underlying asset pays
no dividends. This is known to be the same mathematical problem as pricing an
infinite-lived American call option, when the underlying asset pays a continuous,
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The market value of the corresponding European perpetual put option is known
to be zero, but as shown by Merton (1973a), the American counterpart converges
to a strictly positive value. This demonstrates at least one situation where there is
a difference between these two products in the situation with no dividend payments
from the underlying asset.

We analyze this contingent claim when the underlying asset has jumps in its
paths. We start by solving the relevant optimal stopping problem for a general
jump-diffusion, and illustrate the obtained result by several examples. Our method
does not provide a general solution when jumps can be negative. Here we consider
some special cases, and demonstrate that our basic solution can still be used as
an approximation for negative jumps. In many types of scientific applications the
accuracy obtained this way is shown to be adequate.

In the pure jump model the probability distribution under the risk adjusted
measure depends on the equity premium, which is not the case for the standard,
continuous version. We briefly demonstrate how this difference may be utilized to
find equilibrium equity premiums.

Various market models are studied from the rather simple to the more complex.
As is usually the case, it is from the simple models we gain the most transparent
insights.

The paper is organized as follows: Section 2 presents the model, Section 3 the
American perpetual option pricing problem, Section 4 the solution to this problem
in general, Section 5 treats adjustments to risk, Section 6 compares the solutions
for the standard, continuous geometric Brownian model to the geometric Poisson
model. In this section we see how equity premiums may be calibrated the the US
data of the previous century. Section 7 presents solutions for a combined jump
diffusion, Section 8 discusses a model where there are different possible jump sizes,
Section 9 combines the latter case with a continuous component, and Section 10
treats the incomplete model, where jump sizes are continuously distributed. Section
11 concludes.

2 The Model

We start by establishing the dynamics of the assets in the model: There is an un-
derlying probability space (Q, F, {Fi}i>0, P) satisfying the usual conditions, where
Q) is the set of states, F is the set of events, F; is the set of events observable by time
t, for any ¢ > 0, and P is the given probability measure, governing the probabilities
of events related to the stochastic price processes in the market. On this space is
defined one locally riskless asset, thought as the evolution of a bank account with
dynamics

dﬂt = Tﬂtdt, ﬁo = 17

and one risky asset satisfying the following stochastic differential equation

dSy = Sy_[udt + 0dB; + « / n(z)N(dt,dz)],  So=xz>0. (1)
R

Here B is a standard Brownian motion, N(dt,dz) = N(dt,dz) — v(dz)dt is the
compensated Poisson random measure, v(dz) is the Lévy measure, and N(t,U)
is the number of jumps which occur before or at time ¢ with sizes in the set U



of real numbers. The process N(t,U) is called the Poisson random measure of
the underlying Lévy process. The function an(z) > —1 for all values of z. We
will usually choose n(z) = z for all z, which implies that the integral is over the
set (—1/a,00). The Lévy measure v(U) = E[N(1,U)] is in general a set function,
where E is the expectation operator corresponding to the probability measure P. In
our examples we will by and large assume that this measure can be decomposed into
v(dz) = AF(dz) where X is the frequency of the jumps and F'(dz) is the probability
distribution function of the jump sizes. This gives us a finite Lévy measure, and
the jump part becomes a compound Poisson process.

This latter simplification is not required to deal with the optimal stopping prob-
lem, which can in principle be solved for any Lévy measure v for which the relevant
equations are well defined, subject to certain technical conditions which we return
to later. The processes B and N are assumed independent. Later we introduce
more risky assets in some of the examples as need arises.

The stochastic differential equation (1) can be solved using Itd’s lemma, and the
solution is

S(t) = S(0)exp { (1 — 302)15 + 0By

—a/ot /Rn(z)y(dz)ds+/0t/Rln(1+an(z))N(ds,dz)}.

From this expression we immediately see why we have required the inequality
an(z) > —1 for all z; otherwise the natural logarithm is not well defined. This
solution is sometimes labeled a ”stochastic” exponential, in contrast to only an ex-
ponential process which would result if the price Y was instead given by Y (t) =
Y (0) exp(Zt), where Z; = (X — %0275), and the accumulated return process X; is
given by the arithmetic process

(2)

Xt :=put+oB; —i—a/o /Rn(z)]v(ds,dz). (3)

Clearly the process Y can never reach zero in a finite amount of time if the jump
term is reasonably well behaved !, so there would be no particular lower bound for
the term an(z) in this case. We have chosen to work with stochastic exponential
processes in this paper. There are several reasons why this is a more natural model
in finance. On the practical side, bankruptcy can be modeled using S, so credit
risk issues are more readily captured by this model. Also the instantaneous return
gft(f)) = dX;, which equals (udt + "noise”), where p is the rate of return, whereas
for the price model Y we have that

dy (t)
Y(t-)

= (p +/ (e2n®) — 1 — an(z))v(dz)) dt + odB, +/ (e2"®) — 1)N(dt,dz),
R R

which is in general different from dX;, and as a consequence we do not have a simple
interpretation of the rate of return in this model. 2

1i.e., if it does not explode. The Brownian motion is known not to explode.

2If the exponential function inside the two different integrals can be approximated by the two
first terms in its Taylor series expansion, which could be reasonable if the Lévy measure v has

Y ) dx,.

short and light tails, then we have - o)




3 The optimal stopping problem

We want to solve the following problem:

¥(x) = sup E${6_TT(K — ST)+}, (4)
T>0
where K > 0 is a fixed constant, the exercise price of the put option, when the
dynamics of the stock follows the jump-diffusion process explained above. By E*
we mean the conditional expectation operator given that S(0) = x, under the given
probability measure P.

For this kind of dynamics the financial model is in general not complete, so
in our framework the option pricing problem may not have a unique solution, or
any solution at all. There will normally be many risk adjusted measures (), and
if it is not even clear that the pricing rule must be linear, none of these may be
appropriate for pricing the option at hand. If one is, however, the pricing problem
may in some cases be a variation of the solution to the above problem, since under
any appropriate @ the price S follows a dynamic equation of the type (1), with r
replacing the drift parameter p, and possibly with a different Lévy measure v9(dz),
absolutely continuous with respect to v(dz). Thus we first focus our attention on
the problem (4).

There are special cases where the financial problem has a unique solution; in
particular there are situations including jumps where the model either is, or can be
made complete, in the latter case by simply adding a finite number of risky assets.
We return to the the different situations in the examples.

The stopping problem (4) has been considered by other authors from different
perspectives. Mordecki (2002) finds formulas based on extending the theory of
optimal stopping of random walks. It hinges upon one’s ability to compute the
quantity E(e’), where I = info<;<,() Z(t), and 7(r) is an exponential random
variable with parameter r > 0, independent of Z, and 7(0) = oco. No adjustments
to risk was considered. See also Boyarchenko and Levendroskii (2002).

In contrast, we base our development on the theory of integro-variational in-
equalities for optimal stopping. Although we do not obtain exact solutions in all
situations considered, our procedure is well suited to many applications of option
pricing theory.

4 The solution of the optimal stopping problem

In this section we present the solution to the optimal stopping problem (4) for
jump-diffusions. Let C denote the continuation region, and let 7 be the exercise
time defined by 7 = inf{t > 0; S(¢) ¢ C}. We make the assumption that

S(ryecC (C is the closure of C). (5)
We then have the following result:

Theorem 1 The solution ¥(x) := ¢ (x;c) of the optimal stopping problem is, under
the assumptions (5), given by

_JE=9(5), e
V() = {(K —x), if x <c, ©)



where the continuation region C is given by
C={(z,t):x>c},
and the trigger price ¢ is a constant. This constant is given by

vK

=T (7)

where the constant v solves the following equation

—r— o 5o+ ) + [ (1 an(e) 7~ 1+ arm(a)vla) =0 (9

Proof. As with continuous processes, there is an associated optimal stopping
theory also for discontinuous processes. For an exposition, see e.g., @Oksendal and
Sulem (2004). In order to employ this, we need the characteristic operator, or
generator A of the process S. For any smooth function f : R — R not depending
upon time, it is defined as

- 1
Af(z) = hm+ ;{Er [f(Sy)] — f(x)} (if the limit exists),
t—0
where E*[f(S;)] = E[f(S¥)], S& = x. Thus A represents the expected rate of return
of continuing at ¢ = 0. For a time-homogeneous problem this is the expected rate
of continuing at any time ¢ > 0 as well. For our price process and with this kind of
time-homogeneous function f, the generator for a jump-diffusion takes the following

form:
Af(z)) = xud{l(j) + %xQGQ dzj;(;>

+ [ Ut amo) - 5@ - L e i),

where the last term stems from the jumps of the price process S. Since the objective
function depends upon time via the discount factor, our problem can be classified
as a time-inhomogeneous one. The standard theory of optimal stopping, and in
particular the verification theorem, is formulated for the time-homogeneous case,
but augmenting the state space of S by one more state, namely time itself,

transforms the problem into a time-homogeneous one in the variable Z. (When
t = 0, the process Z(0) = (s,x).) Is is now convenient to reformulate our problem
as follows: We seek the discounted value function ¢(s,z) defined by

@(s,x) := sup E(s’x){e_’"(”ﬂ (K — ST)+}. (9)

7>0

The generator A of the process Z is given in terms of the generator A of the process
S by Af(s,z) = Af(s,x) + 2 f(s,x), where A works on the z-variable.



With a view towards the verification theorem - a version for jump-diffusion pro-
cesses exists along the lines of the one for continuous processes - we now conjecture
that the continuation region C has the following form

C={(z,t):x>c},

where the trigger price ¢ is some constant. The motivation for this is that for any
time ¢ the problem appears just the same, from a prospective perspective, implying
that the trigger price ¢(t) should not depend upon time. See Figure 1. In the

Figure 1: Continuation Region
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Continuation region of the perpetual American put option.
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This is a typical dynamic optimization criterion saying that it is not optimal to
exercise so long as the expected rate of change of the value function is not strictly
negative.

Furthermore we conjecture that the function (s, z) = e "%t (z). Substituting

this form into the above equation allows us to cancel the common term e~ ", and
we are left with the equation
0 1 02
— () + p V() 4 Zg202 1/’(5U)+
ox 2 0x? (10)

| wte+ () - o) - a2 gtz = 0
R

for the unknown function .
Thus we were successful in removing time from the PDE, and reducing the
equation to an ordinary integro-differential-difference equation.



The equation is valid for ¢ < x < co. Given the trigger price ¢, let us denote
the market value ¢ (z) := ¢ (x; ). The relevant boundary conditions are then

P(ooje) = 0 Ve>0 (11)
P(e;e) = K —c¢ (exercise) (12)
We finally conjecture a solution of the form (x) = ajx + asz™" for some

constants aj, ag and 4. The boundary condition (11) implies that a; = 0, and the
boundary condition (12) implies that as = (K — ¢)¢?. Thus the conjectured form
of the market value of the American put option is the following

D) — (K_C)(§)77 ifx > ¢
vl = {(Kx)v ifx <ec.

In order to determine the unknown constant -, we insert this function in the
equation (10). This allows us to cancel the common term z~7, and we are left with
the following nonlinear, algebraic equation for the determination of the constant ~y:

—r =y + 5027(7 +1)+ / {1+ an(2))™” =14+ ayn(z)}v(dz) = 0. (13)
R

This is a well defined equation in -y, and the fact that we have successfully been
able to cancel out the variables x and s, is a strong indication that we actually have

found the solution to our problem.
If this is correct, it only remains to find the trigger price ¢, and this we do by
employing the ”high contact” or ”smooth pasting” condition (e.g., McKean (1965)).
(¢ )

Ox |a:=c =-L

This leads to the equation
(k=) (=ye ™) = —1,
which determines the trigger price c as

vK
c=——o7f,
v+1

where v solves the equation (13) (or (8)). See Figure 2.

We can now finally use the verification theorem of optimal stopping for jump-
diffusions (see e.g. Qksendal and Sulem (2004)) to prove that this is the solution
to our problem. The main component of the verification theorem is the Dynkin
formula, which states that

EX{P(S()} = ¢(z) + EI{/OT Ap(S(t)) dt}. (14)

Here the requirement that S(7) € C comes into play, a sufficient condition for the
theorem to hold. (|



Figure 2: Perpetual American put option value
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Market value of a perpetual American put option as a function of stock
price.

1. If we use the exponential pricing model Y defined in Section 2 instead of the
stochastic exponential, where Y (t) = Y (0) exp(Z,), Z; = (X; — 30*t) and the the
accumulated return process X; is given by the arithmetic process in equation (3),
this problem also has a solution, the above method works, and the corresponding
equation for v is given by

o ut /R (e21) — 1 — am(2))w(d2))
(15)

1
+ 5027(7 +1) —|—/ (e_'m"(z) — 1+ 7(e"® —1))p(dz) = 0.
R

2. By the verification theorem we get smooth pasting for free.

3. We may interpret the term (%)77 Itr(w)et,t+dr)y (W) as the "state price” when
x > ¢, where I indicates if exercise happens at time ¢ or not: If exercise takes place
at time ¢, then (K — ¢) units are paid out at a price (x/¢)~7 per unit when z > ¢,
and (K — ) units are paid at price 1 per unit if z < ¢. Hence the term (z/c)™7
can be interpreted as an ”average state price” when x > c.

4. The assumption (5) may seem restrictive at this point, as it basically rules out
jump processes having negative jumps. The problem arises if exercise occurs at a
jump time of S. When this jump is negative it may carry S(7) inside the exercise
region where the value function ¢(-) is linear according to equation (6), in which
case Dynkin’s formula does not apply, since the value function has another form
inside the integral in (14), also illustrated in Figure 2.

In the examples we indicate a direct method to solve the problem when jumps
are negative, based on Dynkin’s formula. We also demonstrate that the solution
provided by Theorem 1 may still be a good approximation in this situation, espe-
cially when the current stock price x is away from the exercise boundary c. For the
calibrations we consider, it turns out that the solution of Theorem 1 works well for
price processes containing also negative jumps.



5 Risk adjustments

While the concept of an equivalent martingale measure is well known in the case
of diffusion price processes with a finite time horizon T' < oo, the corresponding
concept for jump price processes is less known. In addition we have an infinite time
horizon, in which case it is not true that the "risk neutral” probability measure @
is equivalent to the given probability measure P.

Suppose P and @ are two probability measures, and let P, := P|z, and Q; :=
Q| 7, denote their restrictions to the information set F;. Then P; and Q; are equiv-
alent for all ¢ if and only if 0¥ = ¢% and the Lévy measures v* and v9 are
equivalent.

We now restrict attention to the pure jump case, where the diffusion matrix
0 =0. Let 0(s,z) <1 be a process such that

&) == exp{/0 /Rln(l —0(s,2))N(ds,dz) +/0 /R O(s, z)v(dz)ds} (16)
exists for all ¢. Define @)y by

dQi(w) = &(t)dP(w)

and assume that F({(t)) = 1 for all . Then there is a probability measure @ on
(92, F) with the property that if we define the random measure N¢ by

NO(dt,dz) := N(dt,dz) — (1 — 0(t, 2))v(dz)dt,

/Ot/RNQ(dS’dZ):/Ot/RN(dSvdZ)_/Ot/R(1—9(S,z))u(dz)d5

is a Q local martingale. Notice that N9 (dt,dz) = N(dt,dz) + 0(t, z)v(dz)dt.
This result can be used to prove the following version of Girsanov’s theorm for
jump processes:

then

Theorem 2 Let Sy be a I-dimensional price process of the form

dSy = Sy [udt + o / n(z)N(dt,dz)].
R

Assume there exists a function 6(z) <1 such that

a/ n(2)0(z)v(dz) = p a.s. (17)
R

and such that the corresponding process & given in (16) (with 0(s, z) = 6(z) for all
s) exists, with E(&) =1 for all t. Consider a measure Q such that dQy = £(t)dP;
for allt. Then @ is a local martingale measure for S.

Proof. By the above cited result and the equality (17) we have that

dS; = S,_[udt + a / n(z)N (dt,dz)]
R

— S, [udt+ a /R ()N (dt, dz) — 0(=)v(d2)dt}]

=5, [oz/R TI(Z)NQ(dtadZ)]’



which is a local Q-martingale. O

We will call @ a risk adjusted probability measure, and 6 the market price of risk
(when we use the bank account as a numeraire). The above results can be extended
to a system of n-dimensional price processes, see e.g., @ksendal and Sulem (2004)
for results on a finite time horizon, Sato (1999), Chan (1999), Jacod and Shiryaev
(2002) and Cont and Tankov (2000) for general results, and Huang and Pages (1992)
or Revuz and Yor (1991)) for results on the infinite time horizon.

Recall that the computation of the price of an American option must take place
under a risk adjusted, local martingale measure () in order to avoid arbitrage pos-
sibilities. Under any such measure () all the assets in the model must have the
same rate of return, equal to the short term interest rate . Thus we should replace
the term p by r in equation (10). However, this may not be the only adjustment
required when jumps are present. Typically another, but equivalent, Lévy measure
v9(dz) will appear instead of v(dz) in equation (10). We return to the details in
the following sections.

6 Comparing two different models of the same un-
derlying price process.

In this section we illustrate the above solution for two particular models of a financial
market. We start out by recalling the solution in the standard lognormal continuous
model, used by Black and Scholes and Merton.

6.1 The standard continuous model: o = 0.

The standard geometric Brownian motion is given by

ds¢
S§

= pdt + odBy. (18)

Here the accumulated return process is defined by Rf := pt + o B;. It has mean ut,
and variance o?t.

The equation (8) has to be solved under a risk adjusted, local martingale measure
@ in order for the solution to be the price of an American put option, we know that
this is achieved in this model by replacing the drift rate p by the interest rate r,
and this is the only adjustment for @ required in this equation. Recall that the
process BtQ := By + 0.t is a standard Brownian motion for all ¢t > 0 under ), where
0. = (u —r)/o is the market price of risk, the Sharp ratio. Thus we have that the
dynamics of S¢ under @ is given by

dsg
L — pdt + ocdBP. (19)
St
The equation for - then reduces to
1
—r=ry+ 5oty +1) =0 (20)
which is a quadratic equation. It has the two solutions vy = 2r/0? and v = —1.

The solution 75 is not possible, since the boundary condition ¥ (co;¢) = 0 for all ¢

10



simply can not hold true in this case. Thus the solution is v = %7 as first obtained
by Merton (1973a).

Comparative statics can be derived from the expression for the market value in
(6). The results are directly comparable to the results for the finite-lived European
put option: The put price 9 increases with K, ceteris paribus, and the put price
decreases as the stock price x increases. Changes in the volatility parameter have
the following effects: Let v = o2, then

& _ {5 ()7 m(2), ifeze 21)
v 0, ifr<e

Clearly this partial derivative is positive as we would expect.
Similarly, but with opposite sign, for the interest rate r:

or 0, ifz<ec

The effect of the interest rate on the perpetual put is the one we would expect, i.e.,
a marginal increase in the interest rate has, ceteris paribus, a negative effect on the
perpetual put value.

Notice that we have used above that

Oy 0, ifx <e,

in other words the price is a decreasing function of v when z := S; > ¢, a result we
will make use of below.

From the derivation in Section 4 we notice that the relationship (23) is true also
in the jump-diffusion model, and because of this property, one can loosely think of
the parameter v as being inversely related to the ”volatility” of the pricing process,
properly interpreted.

6.2 A discontinuous model: The jump component is propor-
tional to a Poisson process.

In this section we assume that v(dz) is the frequency X times the Dirac delta function
at 2o, i.e., v(dz) = Ny, (2)dz, 20 € R\{0} so that all the jump sizes are identical
and equal to zp (which means that N is a Poisson process, of frequency A, times
29). We consider the pure jump case (02 = 0), and choose the function n(z) = 2
and a = 1. The dynamic equation for the discontinuous risky asset is then
d
% = pdt + z2od Ny (24)
where N, = (N; — Adt) is a compensated, mean zero Poisson processes, and N; is a
Poisson process having frequency A. This process is to be compared to the standard
geometric Brownian motion given in equation (18).
We see that the accumulated return process is here Rf = ut + zol\?t to be
compared to R¢. Both have means ut, and their respective variances are 22 (\t) and

11



o%t. Since the Poisson process is known to be infinite divisible, meaning that N;
can be ”divided” into an arbitrary number of i.i.d. Poisson random variables, the
Central Limit Theorem comes into play stating that for sufficiently large At, the
probability distribution of the return processes R{ will be approximately normal.

We now use the results of Section 5, where we employ the risk free asset as a
numeraire. By Theorem 2 the market price of risk §(z) in equation (17) must satisfy
the equation

/_O:/ 20(2)v(dz) = p—r. (25)

Due to the form of the Lévy measure v(dz), this equation reduces to

90 = 9(20) = 'UJZO_)\T. (26)

The constant 0 (or perhaps 6pA) could be compared to the familiar Sharpe ratio #-+
in the standard lognormal case. Here the term 22 ) is the variance rate corresponding
to the term o2 in the geometric Brownian motion model. This model is complete,
and there is only one solution to the above equation (25).

Consider the risk adjusted probability measure Q. If we derive the dynamics of
the discounted process Sy := e~ "S,, this process has drift zero under the measure
Q, corresponding to the market price of risk in (25), or equivalently, S has drift r
under Q. Turning to the American perpetual put option, we must e.g., replace u
by r in the equation (8). It turns out that this is not the only adjustment to Q we
have to perform in this regard. Let us first turn to the frequency A.

Recall that v(dz) = M., (2)dz so we have that N9(dt,dz) = N(dt,dz) +
0o NS0y (2)dzdt or

ANZ := dN;, — (1 — ) \dt. (27)

The term A(1 — ) can be interpreted as the frequency of the jumps under the risk
adjusted measure @, since 6y does not depend upon the jump size z, or

A = A1 = 0o) = A+ —E. (28)
0
Thus J
ds -
STi = rdt + 20dNZ, (29)

which is the analogue of (19) in the standard model.

Turning to the jump size parameter zg, consider two Poisson processes with fre-
quencies A and A9 and jump sizes zg and z(? corresponding to two measures P and
Q@ respectively. Only if zg = z(? can the corresponding P; and Q; be equivalent.
This means that changing the frequency of jumps amounts to ”reweighting” the
probabilities on paths, and no new paths are generated by simply shifting the in-
tensity. However, changing the jump sizes generates a different kind of paths. The
frequency of a Poisson process can be modified without changing the ”support” of
the process, but changing the sizes of jumps generates a new measure which assigns
nonzero probability to some events which were impossible under the old one. Thus
20 = zOQ is the only possibility here.

12



By the stochastic exponential solution formula (2), it follows from (27), (28) and
(29) that S? has the following representation under Q:

5S¢ = §d exp{rt + (In(1 + z0) — 20)A% + (In(1 + z0))NZ Y. (30)

By properly approximating the logarithmic function, this can be written

1 .
S ~ Sdexp{rt — 528)\@)75 + zoNtQ}, (31)
which can be compared to the representation for the standard price process S¢
under Q:

1
Sy = S5 exp{rt — 50275 +0BP}. (32)

An completely analogous comparison can be made under the probability measure
P.

Here we notice an important difference between the standard continuous model
and the model containing jumps. While it is a celebrated fact that the probability
distribution under @ in the standard model does not depend on the drift parameter
1, a direct consequence of (32), in the jump model we see from (30) that it does. The
risk adjusted frequency A% enters both the drift term, and is part of the variance
of N¥, and it follows from (28) that A2 depends upon the drift term . This will
have as a consequence that values of options must also depend on p in the latter
type of models. For the American perpetual put option we see this directly from
the equation for

A1+ 20)77 = (r — A%0)y + A9 + 7. (33)

Since this equation depends on the drift parameter p through the term A%, given
in equation (28), the solution v = 74 also depends upon pu, and finally so does the
option value given in equation (6).

Let us briefly recall the argument why the drift parameter can not enter into the
pricing formula for any contingent claim in the standard model: If two underlying
assets existed with different drift terms p; and po but with the same volatility
parameter o, there would simply be arbitrage. In the jump model different drift
terms lead to different frequencies /\1Q and )\2Q through the equation (28), but this
also leads to different volatilities of the two risky assets, since the volatility depends
upon the jump frequency (under @). Thus no inconsistency arises when the drift
term enters the probability distribution under @ in the jump model.

We may solve the equations (28) and (33) in terms of the equity premium e,
which we here define as e, := r — p. This results in a linear equation for e, with

solution
_, r(y+1) _
v °{<1+zo>—~—<1—m> A}' 39

Although this formula indicates a very simple connection between the equity pre-
mium and the parameters of the model, it is in some sense circular, since the param-
eter v on the right hand side is not exogenous, but depends on all the parameters
of the model.
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Let us focus on the equation (33) for . This equation is seen to have a positive
root 4 where the power function to the left in equation (33) crosses the straight
line to the right in (33). If zp > 0, there exists exactly one solution if r < AQazq
for positive interest rate r > 0. If 7 > A2azy > 0 there is no solution.

6.3 Solution when jumps are negative.

In this section we demonstrate a direct method based on Dynkin’s formula to deal
with the case of negative jump sizes. to this end, consider the pure jump model
with negative jumps only

o0

dS; = S,_[pdt + / 2N (dt, dz)] (35)

—1
where the Lévy measure v(dz) = M., (2)dz, and zg < 0 (o = 1). Define the
operator A by

oo

AY(z) = —rip(x) + po’ (z) + / (Y(z + zz) — Y(x) — Y (2)207)1(d2).

-1

We want to find a constant ¢ € (0, K) and a function ¢ on (0,00) such that ¢ is
continuous in (0,00) and (i) ¥(z) = K — x for 0 < & < ¢ and (ii) A¢(xz) = 0 for
x > ¢. We construct 1 on (¢, 00) by induction:

Case 1: z € Cy := (¢,¢/(1420)). Then z(1+2) < ¢ and therefore S jumps from
C1 down to (0, ¢) if it jumps, where 9 is given by (i). Thus condition (ii) becomes

Ap(z) = —rip(x) + par(z) + [K — 2(1 4 20) — ¢(2) — ¢’ (2)202]A = 0

for x € C;. This leads to the following standard first order in-homogeneous ODE

¥'(x) + G(x)y(x) = Hi(x)

where G(z) = — (Mf;}‘A)m and Hy(z) = —% The solution, denoted 1 ()
in Cy, is
x
wl(x) =e f: G(U)d’u[/ efc'” G(u)dqu(U)d'U + kl] (36)

By continuity of the value function we determine the integrating constant ki by
¥1(c) = K — ¢, implying that ky = K — c.

Case 2: = € Co := (¢/(1 + 20),¢/(1 + 20)?). Then x(1 + 2z) < ¢/(1 + z) and
therefore S jumps from Co down to C; if it jumps, where v is given by 1 (-) just
determined. Thus condition (ii) becomes

Ap(x) = —rip(x) + pay' (z) + [Pr(2(1 + 20)) = (@) = ¢ (2)202]A = 0

for x € C5. This leads to the same kind of ODE as above

¥'(x) + G(x)¥(x) = Ha(x)
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where G(x) = _#0)\)\)1- and Ho(z) = —%. The solution, denoted ()

in Cg, is
o) = e Jeraran GO / eleraen COM L () do + ky]. (37)
¢/ (1+20)

By continuity of the value function we determine the integrating constant ks by
Y1(c/(1 + z0)) = wa(c/(1 + z0)). Thus ko = ¥1(c/(1 + 20)), where 1 (-) is given
above. This determines the value function 1 on Cs.

Next we define C3 = (¢/(1420)?, ¢/(1+2—0)?) and proceed as above to determine
1 on Cs etc. We summarize as

Theorem 3 The solution of the optimal stopping problem

6(s,@) = sup B~ { e CHI (K — 5,)* },
7>0

with Sy given by (35) has the form ¢(s,x) = e " (x) where P (x) is given induc-
tively by the above procedure. In particular we have that

K-z, forO<z<g
Y(x) = vi(x)  forw € Cu;
a(x)  forx € Cy;

and Y(x) = Y, (x) for x € Cp, n = 3,4, , where 1 (x) is given in equation (36),
Ya(x) is given in equation (37), etc.

Since we here have a first order ODE, it is not a natural requirement that the first
derivative of the value function 9’(x) is continuous in the patching point z = ¢. It
is true that the function itself is continuous there, a requirement we have already
used. Thus we may seem to be lacking a criterion to determine the trigger price c.

The solution ¥ (x) above is the value of an American perpetual put option if we
adjust for risk, i.e., when p = r and A is interpreted as the risk adjusted frequency
under Q. If we consider the requirement ¢'(¢) = —1, we only get a solution for ¢
if © # 7, and hence this trigger value does not correspond to the solution of the
American put problem. One could perhaps conjecture that requiring the function
() to be C! in the point ¢/(1+ zy) would provide the "missing” equation, but this
turns out to yield a tautology, i.e., ¥4(c/(1 — 29)) = ¢ (¢/(1 4 z9) is automatically
satisfied by the solution provided above and thus does not give anything new. The
value of ¢ must in fact be determined in the other end, namely by requiring that
1(x) approaches zero as © — 0.

Let us turn to an approximate solution when jumps are allowed to be negative,
and focus on the equation (33) for 7. If —1 < zp < 0 this equation has exactly
one solution for » > 0 provided that azp > —1, and is accordingly well defined.
Reexamining the exact procedure above, notice that if we approximate the linear
function (K — x(1 4 zp)) by the curved one 9 (x(1 + 2p)) in the term dictating the
inhomogeneous part of the first order ODE, we would obtain the solution given in
Theorem 1. The effect of this perturbation will be more and more diluted as x
increases. This we can see by comparing 11 to 12, where the linear term in the
numerator of H; has already been replaced by a curved one in the numerator of
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H,. Thus we conjecture that for reasonably large values of the spot price x of the
underlying asset, the solution obtained using Theorem 1 is a good approximation.

In the next section we consider numerical results after risk adjustments of the
jump model. This leads to some interesting, economic results.

6.4 A calibration exercise.

We now use the two different models of sections 6.1 and 6.2 for the same phenomenon
to infer about equity premiums in equilibrium. In order to do this, we calibrate
the two models, which we propose to do in two steps. First we ensure that the
martingale terms have the same variances in both models, just as in Example 1.
Second, both models ought to yield the same option values. Let us present the
argument for the latter. Recall the accumulated return processes for the two models.
For the continuous standard model it is

th = Mt + O'Bt
and for the geometric Poisson processes it is (o = 1)

th = ,ut + Z()Nt.

In both cases E(R§) = E(R{) = ut and the variances are ot and 22\t respectively.
Furthermore the quantity N, / v/t converges in distribution to the standard normal
N (0, 1)-distribution as At increases, and of course, B;/+/t is N'(0, 1)-distributed for
any value of t. As a consequence, when we calibrate the variances, these two models
come across as almost identical, at least for large enough values of At. When a
reasonably large value of A is multiplied by the average time a typical investor would
choose to hold this option, the normal approximation should be very appropriate
for the Poisson process. Since the Poisson random variable is infinitely divisible,
the normal approximation is particularly adequate. Note that this argument does
not depend upon the size of the jumps parameter zg.

Also consider the solutions to the option valuation problem in these two cases.
The value functions are in both cases given by

w<x>={<K“’)(5)  Haze (38)

where the trigger price c is

(39)

If investors are convinced that the probability distributions are approximately the
same, they would typically equate the average state prices in the two situations.
These are both being given by (x/¢)” when & > ¢. Clearly for the same contracts
both the prices (x) of the underlying at initiation of the contract, and the exer-
cise prices (K) are the same, which means that it suffices to equate the two ~;
-parameters and the trigger prices ¢;, i = {¢,d}. From the equations (38) and (39)
we see that it is enough to equate the v-values, and this leads in turn to the same
values for the American put options in these two situations. Consider the following

16



example:

Example 1. Choose o = .165 and r = .01. (The significance of these particular
values will be explained below.) Our calibration consists in the following two steps:
(i) First, we match the volatilities. This gives the equation 22\ = o2 = .027225.
We start with zg = .01, i.e., each jump size is positive and of size one per cent. The
compensated part of the noise term consists of a negative drift, precisely ”compen-
sating” for the situation that all the jumps are positive. Then means that A = 272.27
which is a roughly one jump each trading day on the average, where the time unit
is one year.

(ii) Second, we calibrate the average state prices. From the discussion above,
it follows from the equations (38) and (39) that this is equivalent to equating the
values of 7. Thus we find the value of A9 that yields v4 as a solution of equation
(33) equal to the value 4, resulting from solving the equation (20) for the standard,
continuous model. For the volatility o = .165, the latter value is 7. = .73462. By
trying different values of A in equation (33), we find that the equality in prices is
obtained when A9 = 274.73.

Finally, from the equation (28) for the risk adjusted frequency A% we can solve
for the equity premium e, = (r — p), which is found to be .0248, or about 2.5 per
cent.

Equivalent to the above is to use the formula for the equity premium e, in
equation (34) directly, using v = . in this equation and the above parameter
values of zg, r and .

Is this value dependent of our choice for the jump size zy? Let us instead choose
20 = .1. This choice gives the value of the frequency A\ = 2.7225 in step (i), the risk
adjusted frequency A9 = 2.9700 in step (ii) and the value for the equity premium
is consequently (r — p) = .0248, or about 2.5 per cent again. Choosing the more
extreme value zg = 1.0, i.e., the upward jump sizes are all 100 per cent of the current
price, gives the values A = .0272 in step (i), the risk adjusted frequency A? = .0515
follows from step (ii), and finally the equity premium (r — ) = .0248, again exactly
the same value for this quantity. 0.

In the above example the value of 0 = .165 originates from an estimate of the
volatility for the Standard and Poor’s composite stock price index during parts of
the last century. Thus the value of the equity premium around 2.5 per cent has
independent interest in financial and macro economics.

Notice that p < r in equilibrium. This is a consequence of the fact that we are
analyzing a perpetual put option, which can be thought of as an insurance product.
The equilibrium price of a put is larger than the expected pay-out, because of risk
aversion in the market. For a call option we have just the opposite, i.e., u > r, but
the perpetual call option is of no use for us here, since its market value equals z,
the initial stock price.

Notice that in the above example we have essentially two free parameters to
choose, namely zy and A. The question remains how robust this procedure is re-
garding the choice of these parameters. The example indicates that our method is
rather insensitive to the choice of these two parameters as long as the volatility 22\
stays constant.

Example 2. Set ¢ = .165 and r = .01, and consider the case when zy < O.
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Using Theorem 1 to approximate the put price also for negative jumps, first choose
zo = —.01. i.e., each jump size is negative and of size one per cent all the time.
The compensated part of the noise term will now consist of a positive drift, again
”compensating” for the situation that all the jumps are negative. Now we get
A = 272.27 in step (i) and the risk adjusted frequency is A? = 269.78 in step (ii).
This gives for the equity premium (r — ) = .0247, or again close to 2.5 per cent.

The value zp = —.1 gives A = .0273 in step (i), the risk adjusted frequency
A? = 2.473 in step (ii) and an estimate for the equity premium is (r — pu) = .0251.
The more extreme value of zyp = —.5, i.e., each jump results in cutting the price in

half, provides us with the values A\ = .1089 in step (i), A2 = .0585 in step (ii) and
(r — p) = .0252 follows. This indicates a form of robustness regarding the choice of
the jump size parameter and frequency. O

Note how well the results of this example match the results in the previous one.
This we take as an indication that the procedure of approximating the value of the
American perpetual put option in Example 1 by the one obtained in Theorem 1, is
fairly accurate, at least for our purposes.

Comparative statics using numerical solutions of the equation for v show that
when zp > 0 and increases, the values of v decreases, so by (23) the put price
increases. When zg < 0 and decreases to —1, the parameter v decreases, and conse-
quently the option value increases. When A? increases, the parameter v decreases,
and the option price increases.

This can be used to show that when the drift rate p decreases, the put option gets
more valuable. Similarly, when the equity premium e, increases, the put option gets
more valuable. An increase in the risk premium typically go along with an increase
in the risk aversion in the market, in which case it is natural for for the put price
to increase, since this product can be interpreted as an insurance product.

Notice that this kind of economic reasoning does not apply to the standard
model, which must be considered as a weakness of that model, compared to the
equally simple, pure jump Poisson model.

In turns out that the results of the examples 1 and 2 are robust to the choice
of the parameter values zy and A\ (as long at they produce the same volatility).
We have tried ranges of zg from zg = —0.9 to zg = 100, and the variations in the
corresponding equity premiums are insignificant. When we change r to 0.04, the
corresponding values for the equity premium is about 0.045. The full explanation
behind this really requires a jump version of the Consumption based Capital Asset
Pricing Model (CCAPM), and is pursued elsewhere (see Aase (2005)).

7 A combination of the standard model and a Pois-
son process.

7.1 A complete model.

We now introduce diffusion uncertainty in the pure jump model of the previous
section, and choose the standard Black and Scholes model as before for the diffusion
part. Taking a look at the equation (8) for ~, at first sight this seems like an easy
extension of the last section, including one more term in this equation. But is is
more to it than that. First we should determine the market price of risk. We have
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now two sources of uncertainty, and by ”Girsanov type” theorems this would lead
to an equation of the form

o0y + azgAla(z0) = p—r,

where 6 is the market price of diffusion risk and 65(z) is the market price of jump
size risk for any z. This constitutes only one equation in two variables, and has
consequently infinitely many solutions, so this model is not complete. The problem
is that there is too much uncertainty compared to the number of assets. In the
present situation we can overcome this difficulty by introducing one more risky
asset in the model. Hence we assume that the market consists of one riskless asset
as before, and two risky assets with price processes S; and Ss given by

484 (£) = S (t=) [pdt + o1dB(t) + /A SN (dt, d2)), (40)

where S1(0) = 21 > 0 and

S (t) = Sa(t—)[adt + o2dB(t) + a / N (dt, d2)], (41)

where S3(0) = xo > 0. Here the set of integration A = (—1/ay,00) X (—1/asg, 00),
and z = (21, 2z2) is two-dimensional. We now choose the following Lévy measure:

v(dz) = ANz, o (21)02,  (22)d21d22

meaning that at each time 7 of jump, the relative size jump in S; is 23 units
multiplied by o, and similarly the percentage jump in Sy is 22,0 units times as.
(One could perhaps say that the jump sizes are independent, but since there is
just one alternative jump size for each ”probability distribution”, we get the above
interpretation.)

These joint jumps take place with frequency A. These returns have a covariance
rate equal to o109 from the diffusion part and Aa;asz; 0220 from the jump part, so
the risky assets display a natural correlation structure stemming from both sources
of uncertainty. This gives an appropriate generalization of the model of the previous
section.

In order to determine the market price of risk for this model, we are led to
solving the following two equations:

o161 + al/ z102(2)v(dz) = pup —
A

and
o901 + 0[2/ 2005(dz)v(dz) = pa — 7.
A

Using the form of the Lévy mesure indicated above, the market price of jump size
risk 02(z) = 03, a constant. The above two functional equations then reduce to the
following set of linear equations

0101 + Ao z1 062 = p1 — 1,
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and
0201 + Aoz oby = po — 1,

which leads to the solution

(u1 —r)agzag — (p2 — T)a1z10
0102220 — 02011 21,0

0, =

for the market price of diffusion risk, and

) =)o (o= 1)
y =
Nogai21,0 — 0100222,0)

(42)

for the market price of jump size risk. Here (0201210 — 010222 002) # 0, and the
constant 65 < 1 . This solution is unique, so the model is complete provided the
parameters satisfy the required constraints.

Consider the risk adjusted probability measure @ determined by the pair (61, 62)
via the localized, standard density process for the infinite horizon situation of Sec-
tion 5. If we define N9(dt,dz) := N(dt,dz) — (1 — 0a(2))v(dz)dt, and BO(t) =
01t + B(t), then fot [, N@(dt,dz) is a local @Q-martingale and B? is a -Brownian
motion. The first risky asset can be written under @,

dSi(t) = Sy (t—)[rdt + 01dBP(t) + o / 21N (dt, dz)], (43)
A

and thus Si(t) := S;(t)e"" is a local Q-martingale. A similar result holds for the
second risky asset.

We are now in the position to find the solution to the American put problem.
Consider the option written on the first risky asset. It follows from the above that
the equation for y can be written

1
A1+ a1210)77 = (r— Aanz10)7 — 5057(7 +1)+ A9+, (44)

where \? := A\(1 — 6,), and 65 is given by the expression in (42). Again we have
dependence from the drift term(s) p on the risk adjusted probability distribution.
Here both of the parameters of the second risky asset enter into the expression for
the risk adjusted frequency A9, which means that the market price of jump risk
must be determined in this model from equation (42) in order to price the American
perpetual put option.

In the case when z1 o > 0 (and a; > 0), this equation can be seen to have one
positive solution for > 0. (When r < 0 there is a range of parameter values where
the equation has two positive solutions, then one solution, and finally no solutions.)

Turning to calibration, with two risky assets we quickly get many parameters,
and it is not obvious that we can proceed as before. We choose to equate both the
drift rates and the variance rates, but use different characteristics for the latter.
This way the market price of risk parameters will be well defined. According to the
CCAPM for jump-diffusions we may then get different equity premiums, but the
discrepancies may be small if the jump sizes are small, so we shall ignore them here.
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Example 3. We choose a; = a3 = 1, and consider the two equations o? =

o} + \27 o = .027225 and o2 = 03 + A\z3, = .027225, where we choose o1 = .01
(o1 < .165 is the obvious constraint here), and 219 = .1, 29,0 = .01. This leads to
A =2.7125 and o9 = .1642. Then we calibrate the solution 7. 4 to the equation (44)
to the value for the standard continuous model . = .73462 for the US data, and
find that this corresponds to the risk adjusted frequency A\? = 2.9593. Assuming
that (41 — ) = (u2 — ) := (u — r), the relationship A9 = A(1 — ) can now be
written, using the expression (42) for the market price of jump risk 65:

09 — O
NN+ (r—p) >l .
O2(121,0 — 01012220

The only unknown quantity in this equation is the equity premium, which leads
to the estimate (r — ) = .0261 when r = .01. The market price of diffusion risk

0, = —.14, and the market price of jump risk is §; = —.09.
The same procedure when r = .04 leads to A? = 3.1658, and the estimate
(r —p) = .048. Now the market prices of risk are §; = —.26 and 6, = —.17. O

7.2 An exact procedure when the jumps are negative.

Again we attempt to solve the problem by a direct method when jumps can be
negative, using Dynkin’s formula. To this end consider the above jump-diffusion
o0

-1

where the Lévy measure v(dz) = Ay, (2)dz, and p, 0 and zy € (—1,0) are all
constants (o = 1). Define the operator A by

Av(z) = —r(a)+pad!(0)+ 302620 @)+ | (la-+za) = vla) o (2)saa)o(dz).
-1

We want to find a constant ¢ € (0, K) and a function ¢ on (0,00) such that ¢ €
C1(0,00) (continuously differentiable) and (i) ¥(z) = K —x for 0 < x < ¢ and
(ii) AY(xz) = 0 for > c¢. Let us adjust for risk and set y = r and interpret the
frequency A to be under the risk adjusted measure Q. We construct ¢ on (¢, o) by
induction:

Case 1: z € Cy := (¢,¢/(1420)). Then z(1+29) < ¢ and therefore S jumps from
C1 down to (0, c¢) if it jumps, where 1 is given by (i). Thus condition (ii) becomes

A (z) = —rip(z) +ray’ (x) + %azanw"(x) +[K —x(1+420) —¢(z) — ¢ (z)z0z]A = 0

for x € Cy. This leads to the following second order inhomogeneous ODE

%UQwa"(a:) + (r — 20Nz () — (r + N)(x) = M1+ z9)z — K. (46)

The general solution solution of (46) in C; we denote by 1 (x). It has the following
form

K\

1/)1(.’17) = Clx’yl + 021772 — T+ m,

(47)
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where C7 and Cy are arbitrary constants and 3 < 0 < 5 are the two solutions of

%az'y('y —1)+(r—=dz)y—(A+r)=0. (48)

By continuity of the value function and the assumption that ¢ () is continuously
differentiable (high contact) we determine the integrating constant C; and Cy from
the following two equations:

K\
A+T

(I) Crc™) + Coc? — ¢+ =K-c

and
(II) 01710(%71) + 02728(7271) =0.

The solution is

Kr Y2 _
C, = c=m), 49
) (e (49)
and K
Co= ~l T (=), (50)

(A+7) (11 —72)

Case 2: © € Cy := (¢/(1 + 20),¢/(1 + 20)?). Then x(1 + 29) < ¢/(1 + 2) and
therefore S jumps from Cy down to C; if it jumps, where v is given by 1 (-) just
determined. Thus condition (ii) becomes

1 ! /
A () = —ri(@) + pay! (@) + 50%2*Y" (@) + [ (2(1+ 20)) = (@) = ¢ (@) 202]A = 0
for € Cy. This leads to the following second order ODE:

S0P E (&) + (r = e (2) = (r + A)(a) =

K2
A1 —
(1+20)x r+ A

— A0 ((2(1 4+ 20))" — ACo((2(1 + 20))".  (51)

Then we solve this equation in Cq, denote the solution by s (z), and proceed to
C3 = (c/(1+ 29)2,¢/(1 + 2z — 0)3) etc.

In this situation we have required that the solution satisfies the high contact
condition in x = ¢, and this led to the determination of the two constants C; and
Cy from equations (I) and (II) above. However, we still seem to lack a criterion
to determine the trigger price ¢. One could perhaps conjecture that requiring the
function 1 (x) to be C? in the point ¢/(1+ 2) would provide the "missing” equation,
but again this turns out to be void, i.e., ¥4 (c/(1 — z)) = ¥{(c/(1 + zp) is auto-
matically satisfied by the solution provided above. The determination of ¢ must, as
before, be attempted in the other end as x — oo, where ¥ (z) — 0. We summarize
as follows:

Theorem 4 The solution of the optimal stopping problem

— (s,2) [ —r(s+7) +
s,r) =supE e K-S, ,
o(s, ) 7-2% Q { ( ) }
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with Sy given by (45) is, under adjustments for risk, equal to the value of an Amer-
ican perpetual put option, and has the form ¢(s,z) = e~ "*1p(x) where (x) is given
inductively by the above procedure. In particular we have that

K-z, forO<z<g
Y(x) = i(x)  forz € Cyy
Yo(x)  forx € Co;

where 11 (x) is given in equation (47), the two constants Cy and Cy are provided in
(49) and (50) respectively, and v1 < 0 < 7o are the two solutions of the equation

(48); etc.

8 Different jump sizes.

We now turn to the situation where several different jump sizes can occur in the
price evolution of the underlying asset. Suppose the Lévy measure v is supported
on n different points a1, a9, ,an, where —1 < a1 < as < -+- < a, < 0, a; # 0
for all ¢. In our interpretation we may think of the jump size distribution function
F(dz) as having n simple discontinuities at each of the numbers a1, as, - - , a, with
sizes of the discontinuities equal to p1,pa, - - , Pn, p; being of course the probability
of the jump size a;, i =1,2,--- ,n.

A purely mechanical extenison of the model in section 6.2 leads to an incomplete
model, since by proceeding this way we end up with one equation of the type

oz)\z a;f(a;)p; = p—r,
i=1

containing 7 unknown market price of risk parameters 6(aq),6(az), -+ ,0(ay). In-
stead we consider the following market. A riskless asset exists as before, and n risky
assets exist having price processes S(t) = (S1(t), Sa(t), -+ ,Sn(t)) given by

o0

dsi(t) = pmdt + / aNj(dt,dz),  i=1,2- 0. (52)

j=1 —1/ai

Here N; is a Poisson process, of frequency J\;, times a;, independent of N; for

i # j, and Nj is the corresponding compensated process. If we define the re-

turn rate process R; of asset i by dR;(t) = %, this means that the jump

distribution of R; is ;a1 with probability p; := Zn’\l > Qi2a2 with probabil-
j=173

ity pg 1= ﬁ, -, ay pan with probability p, := ﬁ The covariance rate

between returns R; and R; is given by (Y. _, a; xa xAkai), which can vary freely
because of the relatively large freedom of choice of the parameters «; ;. Also note
that jumps occur in any of the price processes with frequency A := Y7 | A;.

This model gives us the following n equations to determine the market price of
risk processes 0(z):

Z aiyk)\k/ 20k (2)0ayy (2)dz = pi — 1, 1=1,2,--- n. (53)
k=1 —1/aix
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Since d(4,}(2) are the Dirac delta distributions at the points {ay}, this system of
equations reduce to the following system of n linear equations in n unknowns

Z oG pap Atk = i — T, 1=1,2,--,n, (54)
k=1

where
0:(z) = 0;(a;) :=0;, a constant for all z. (55)

This system of equations has a unique solution if the associated coefficient de-
terminant is non-vanishing. The solution to the system (54) is

o=A"(u—r) (56)

where 6 is the vector of 6;’s, A™' is the inverse of the matrix A with element
a;; = a; jAja;, 1,57 =1,2,--- n, and (u —r) is the vector with i-th element equal
to (u; —r), i = 1,2,--- ;n. A unique solution exists when det(A4) # 0, which is
equivalent to det(&) # 0, where & is the matrix with (¢, j)-th element «; ;. As an
illustration, if n = 2 this means that the requirement is (a1 1022 — a2 10012) # 0.

We now turn to the density process associated with the change of probability
measure from P to @. It is given by

) =exp {33 /O /_OO (1 — 6;)N;(ds, dz) + 07,60y (2)dzdt]}. (57)

i=1 j=1 1/a,;

This means that the restriction @Q; of @ to F; is given by dQ¢(w) = &(¢)dP;(w) for
any given time horizon ¢, where P; is the restriction of P to F;, and E£(t) = 1 for all
t, then P, and ); assign zero probability to the same events in F;. As before we call
Q the risk adjusted measure for the price system S in the infinite time horizon case.
This means that if we define the processes N2 (dt, dz) := N;(dt, dz)—(1—6;)v;(dz)dt,
i =1,2,---,n, the processes fg ffj/ai ; NE(ds,dz) are local Q-martingales for

7 =1,2.---  n, where the risky assets have the following dynamics under @:
dsSi(t) & / > <Q .
= rdt + Q) ZNZ(dt,dz), 1=1,2,--- ,n, 58
Si(t*) ]z:; J 1o, J ) ( )

implying that S;(t) := S;(t)e~"" is a zero drift local Q-martingale for all i.

This model is accordingly complete provided 6; < 1 for all i = 1,2,--- ,n, and
pricing e.g., the perpetual American put option written on, say, the first asset, is a
well defined problem with a unique solution. The equation for « for this option can
be written

—r—r’y—«—z A?[(l—i-al,jaj)*v — 14 ja;v] =0, (59)
j=1

where )\? =\;j(1—-46;),j=1,2,---,n. Note that this equation follows from equa-
tion (8) after the appropriate risk adjustments of the various frequecies, if we set
a1 ; = afor all j, and Lévy measure v(dz) = A9 F(dz), where the probability distri-
bution function F' has discontinuities at the points a1, as, - - - , a, with probabilities
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pl,pd, -+, pl, where p! = i—z and A€ is the frequency of the jumps under the prob-
ability @ (\¢ =Y, /\?) Thus our model captures the general situation, under P,
with a frequency of jumps equal to A and a pdf of jump sizes F' with support on n
different points. Here is an example:

We notice that also in the situation with several jumps prices of contingent claims
depend on the drift rates u; of the basic risky assets. In addition to requiring a
risk adjustment of the frequencies \;, the probabilities p; of the different jump sizes
must also be risk adjusted under @. Thus the system (54) of n linear equations in n
unknowns for the market prices of jump risk 6; must be solved in order to correctly
price options and other contingent claims in this model.

8.1 Calibration when n =2

An attempt to calibrate this model to the data from the Standard and Poor’s
composite stock index during the time period 1889-1979 is not likely to succeed,
since only estimates of the short time interest rate and the stock index volatility are
not enough to determine all the parameters in this model. Consider for example the
case of n = 2. For the model to be complete, we need one risky asset in addition to
the index,

From the solution (56) of the system of equations (54) when n = 2, we get for
the market prices of risk parameters 6; and 6, the following two expressions:

6, — aga(p — 1) —a12(p2 — 1) (60)

Mai (oo — arpa1)

and

062,1(#1 - 7”) - 041,1(,“2 - 7’)

0y = .
Aotz (o 2021 — 01,1002 2)

(61)

From the equations )\lQ =X\(1—6;),i=1,2, we find the risk adjusted frequencies,

042,2(T - m) - 041,2(7“ - Mz)
&1(@1,1042,2 - 041,2042,1)

A=+ (62)

and

a1 (r—p1) —ar 1 (r — p2)

2 =\ +
az(al,zaz,l - a1,1a2,2)

(63)

We must choose the constants in the matrix & such that the determinant (c 100 2—
aq,202.1) # 0. Choosing the first risky asset similar to the composite stock index,
its variance rate must satisfy

2 2., 2 2 _ 2
aiA1ay +aq pheay = 07, (64)

where 0% = 0.027225 as for the index. The variance rate of the second risky asset
is given by
a%ﬁl)\la% + ag’z)\gag. (65)

In equilibrium there is a connection between the equity premiums and the standard
deviation rate, which we now wish to utilize. By the CCAPM for jump-diffusions
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(Aase (2004)), while a linear relationship is almost exact for the model of Section
6, for the present model this is no longer the case. By Schwartz’s inequality this
linear relationship is at the best approximately true when the jump sizes are small
and different in absolute value. Assuming we can use this approximation here, we
get the following:

2 2 2 2

05 (A 1a] + a5 9 Aoas5
0 —T) & -r ’ ’ . 66
(M ) (Ml )\/a%,lx\wﬁ + 05%72)\2(15 ( )

We are now in position to derive an approximate expression for the equity pre-
mium e, = (r—p;). Using (66) in the expressions (62) and (63), we get A? = \j+ke
and /\59 = Ao + koe, where

o —a chyl/\laf-'ragj/\ga%
22~ 12\ GF Kol eat

k1=
ar(ai1og2 — a12021)
and

2 2, .2 2
ajMaitag pAza3
« — 5T o 1y o
2,1 1,1 ocil)\laeraiz)\gag

ko =

C12(011,2042,1 - 0l1,1a2,2)

Inserting these expressions in the equation (59) for v when n = 2, we get a linear
equation for e,, which solution is

€p :[7“(7 +1)+ /\1((1 —ajag1y) — (1 + alam)_“’)
+22((1 = azen27) = (L +azan2) )]/ [k (L + ar010) ™7 = (1 = ar01,17))

—+ kg((l + (1,204172)7’y — (]. — CLQO[LQ"}/)):I.
(67)

A numerical example is the following.

Example 4. Choosing the parameters a1 = a2 = a12 = 1 and az; = 2,
the absolute value of the determinant |&| equals one, so the risk premiums are well
defined. We choose a; = 0.02 and as = —0.01, and p; = 0.5, and consider first
the case where the short term interest rate r = 0.01. Since p1 = A1/(\1 + A2), we
obtain that A\; = Ao = 54.45 from equation (64). From the relation (66) we find
that (r — p2) = 1.84(r — p1), and this enables us to compute the market price of
risk parameters 6, and 65, and hence the risk adjusted frequencies, which are

AT = 5445+ 42.16(r — 1), A = 54.45 — 15.69(r — 1)

in terms of the equity premium (r — pq1) of the index. By inserting these values in
the equation (59) for y24, we can find the value of the risk premium that satisfies
Yad = 7, Where . is the corresponding solution for the standard model. For r =
0.01 this value is . = 0.73462. This calibration gives the value (r — p;) = 0.0226,
or 2.26 per cent equity premium for the composite stock index. The forgoing can
alternatively (and computationally less requiring) be accomplished by using v = 7.
in the expression for e given in (67), together with the other parameter values
indicated.
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A similar procedure for the spot rate r = 0.04 calibrates vo4 to 7. = 2.93848,
and this gives (r — 1) = 0.041, or an equity premium of 4.1 per cent for the stock
index. Both these values are reasonably close to the values obtained in Section 6.
O

Our results for the present model indicate that linear relationship implied by
the CCAPM does not hold, so any calibration to the continuous, standard model
becomes less interesting here than for the simpler model in Section 6. This is not
to say that our results in Section 6 are not valuable, or correct, it only means that
the present model is not as well suited to produce these results as the geometric
Poisson.

For the present model one could instead proceed as follows: (a) Observe option
prices in the market. (b) Estimate the parameters of the index from historical
observations. From this one could find a market estimate of «y. Then the correct
version of the CCAPM should be used to improve the approximation (66), and
finally use the corresponding expression to (67) to compute e,. This procedure
would presumably need some consumption data when using the CCAPM.

9 A combination of the standard model and the
jump model with different jump sizes.

By introducing also diffusion uncertainty in the model of the previous section, there
will be ”too much uncertainty” compared to the number of assets, but again we may
use the method of Section 8 to enlarge the space of jumps and add one risky asset.
This will lead to a complete model, and our valuation problem again becomes well
defined. The equation for ~ is now

n

1 _
—r =7y + 5057(7 + 1)+ A1+ ;) = 1+ a1 5a9] =0, (68)

j=1

where o7 is the volatility parameter of the continuous part of the first risky asset.

10 The model with a continuous jump size distri-
bution.

We round off this paper by considering the situation with a continuous distribution
for the jump sizes in the jump part of the model. In this case the model is incomplete
as long as there is a finite number of assets, since there is ”too much uncertainty”
compared to the number of assets.

The case with countably many jump sizes in the underlying asset could be
approached along the lines of Section 8, by introducing more and more risky assets.
In order for the market prices of risk 61, 05, - -+ to be well defined, presumably only
mild additional technical conditions need to be imposed. One line of attack is to
weakly approximate any such distribution by a sequence of discrete distributions
with finite supports. This would require more and more assets, and in the limit,
an infinite number of primitive securities in order for the model to possibly be
complete.

27



Here we will not elaborate further on this, but only make the assumption that
the pricing rule is linear, which would be the case in a frictionless economy where
it is possible to take any short or long position. This will ensure that there is some
probability distribution and frequency for the jumps giving the appropriate value
for v, corresponding to a value for the perpetual American put option.

Below we limit ourselves to a discussion of the prices obtained this way for two
particular choices of the jump distribution, where the risk adjustment is carried out
mainly through the frequency of jumps.

The model is the same as in Section 2 with one risky security S and one locally
riskless asset 3. The risky asset has price process S satisfying

o ~
dS; = Si_[pdt + a/ zN(dt,dz)], (69)
-1/

where the density process of S is given by

£(t) = exp{ /0 t /_ O:/a In(1— 0(=))N (ds, dz) + /O t /_ O:/a 0(:)\F(d=)ds},  (70)

Here 6(z) is the market price of risk process and F(dz) is the distribution function
of the jump sizes, assumed absolutely continuous with a probability density f(z).
According to our results in Section 5, if the market price of risk satisfies the following
equation

I CICE = (71)

-1/«

then the risk adjusted compensated jump process can be written
NO(dt,dz) = N(dt,dz) — (1 — 0(2))\f(2)dzdLt. (72)
This means that the term

ACf(z) = A1 = 0(2)) f(2) (73)

determines the product of the risk adjusted frequency A9 and the risk adjusted
density f@(z), when @ satisfies equation (71). If the market price of risk 6 is a
constant, there is no risk adjustment of the density f(z). The densities f(z) and
f9(z) are mutually absolutely continuous with respect to each other, which means
in particular that the domains where they are both positive must coincide.

Clearly the equation (71) has many solutions 8, so the model is incomplete.

In solving the American perpetual put problem for this model, it follows from
our previous results that the equation for «y is given by

—r —Try+ /_O:/ {(14a2)™ =14+ ay2}\?f9dz) = 0, (74)

where we have carried out the relevant risk adjustments.

As before, the corresponding solution in Theorem 1 is only an approximation
when jumps can be negative. The problem arises if exercise can happen at a time
of jump of the underlying price process S. For a given stock price S; = = and
jump size z, we are asking what is the probability that x(1 4+ «z) < ¢. In this case
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the term ¥ (z + azz) in equation (10) should be replaced by the linear function
(K — (z 4+ axz)). This probability is

which is seen to become small as z increases. Thus we conjecture that the error
committed can not be large if we approximate the linear function by the curve
in this situation, which is what Theorem 1 does. Below we consider two situations
where the jumps can be both negative and positive, but still we use Theorem 1, so
one may interpret our results as approximations, and relatively more accurate the
larger the values of x.

We now turn to the illustrations by considering two special cases for the jump
density f(z).

10.1 The truncated normal case

Here we analyze normally distributed returns. In our model formulation, where we
have chosen the stochastic exponential, we observe from the expression (2) for S
that we can not allow jump sizes less than —1/«, so the domain of F' is the interval
[-1/a,00). In this case we choose to consider a truncated normal distribution at
—1/a. By and large we restrict our attention to risk adjustments associated with
a constant 6 only. In the present case the most straightforward risk adjustments of
the normal density f(z) having mean m and standard deviation s would be another
normal density having mean m® and standard deviation s?, with a similar adjust-
ment for the truncated normal distribution. Here we only notice that a joint risk
adjustment of the jump distribution f to another truncated normal with parameters
m®@ and s, and of the frequency X to A%, means that the equity premium can be
written

ep = a(AYE?{ZIm?, S} — \E{Z|m, s}), (75)
where the expectations are taken of the truncated normal random variable Z with
respect to the parameters indicated. The above formula then follows from (71) and
(73). Notice that o does not change under the measure @, since the supports of f
and f% must coincide.

The exponential pricing model with normal jump sizes was considered by Mer-
ton (1976). In that case the probability density of the pricing model S; is known
explicitly. In contrast to Merton, who assumed that the jump size risk was not
priced, or, he did not adjust for this type of risk, we will risk adjust precisely the
jump risk, and our model is the stochastic exponential, not the exponential as he
used.

Below we have calibrated this model to the standard continuous one using the
same technique as outlined earlier. Since the equity premium is not proportional to
the volatility of S in this model, we can not expect to confirm the simple results of
Section 7. For Z a random variable with a truncated normal distribution at —1/a,
we first solve the equation A\a?E(Z?) = o2 = .027225, or

[e'e] 2 1 _1 z;m 2d
)\an_l/az Vs C 2( ) ’ — g2

— 2 c
S ;ﬂse—%(%) iz
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for various values of m and s, and find the frequency A. Then we solve equation (74),
using the relevant values for r and v = 7.(r), to find the risk adjusted frequency A%,
and finally we use equation (71) to find the equity premium e, = (r — u), assuming
6 is a constant, so that A2 = A\(1 — 6) and f = f9. Some results are summarized
in tables 1 and 2.

a 1 1 1 01 8 3
(m,s) || (1,.1) | (4,.7) | (4,2.0) [ (10, 10) | (.01, .01) | (.01, .01)
A 1.36 042 0.0065 1.36 212.70 15.13
@ 1.60 079 .019 1.60 215.78 15.94
ep 0.024 | 0.026 0.025 0.024 0.025 0.024

Table 1: The equity premium e, when 7 = 0.01 and vy = 0.73462, for various values
of the parameters. The jumps are truncated normally distributed.

By decreasing the parameter o we notice from the above equation that this has
the effect of increasing the frequency of jumps A. Alternatively this can be achieved
by decreasing the values of m and s, as can be observed in Table 15, where the spot
rate is equal to 4 per cent. A decrease in the standard deviation s, within certain

limits, moves the present model closer to the one of Section 7.

a 1 1 1 9 2 10
(m,s) || (.1,.1) | (-.01,.01) | (1.0, 0.1) || (.01,.01) | (.011,.01) | (.01, .01)
) 1.36 136.13 0.027 136.06 30.80 1.36
X 1.79 131.62 076 173.01 32.91 1.79
e 0.043 0.045 0.049 0.045 0.046 0.043

Table 2: The equity premium e, when 7 = 0.04 and v = 2.93848, for various values
of the parameters. The jumps are truncated normally distributed.

10.2 Exponential tails

In this model the distribution of the jump sizes is an asymmetric exponential with
density of the form

f(2) = pae™ U1 0)(2)/ (1 = e=/*) + (1 = p)be™"* I ) (2)

with @ > 0 and b > 0 governing the decay of the tails for the distribution of
negative and positive jump sizes and p € [0,1] representing the probability of a
negative jump. Here I4(z) is the indicator function of the set A. The probability
distribution of returns in this model has semi-heavy (exponential) tails. Notice
that we have truncated the left tail at —1/«. The exponential pricing version of
this model, without truncation, has been considered by Kou (2002).

Below we calibrate this model along the lines of the previous section. Also
here we restrict attention to risk adjusting the frequency only. We then have the
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following expression for the equity premium:

—a/« 1 1

ep=a(A? =) (p(a(le_e_a/a) - 5) + (1 _p)b)’ (76)
where the frequency is risk adjusted, but not f. A formula similar to (75) can
be obtained if also the density f is to be adjusted for risk. The simplest way
to accomplish this here is to consider another probability density f@ of the same
type as the above f with strictly positive parameters p&,a? and b®. This would
constitute an absolutely continuous change of probability density, but there are of
course very many other possible changes that are allowed. In finding the expression
(76) we have first solved the equation (71) with a constant 6, and then substituted
for the market price of risk using the equation A? = A\(1 — 6).

Proceeding as in the truncated normal case, we first solve the equation \a? E(Z?2)
= 02 = 0.027225, which can be written

)\042 (p(l - e_a/a) 1( 2 — e_a/a(i + i + %)) + (1 —p)(;)) = 02.

— 7
a? o?  aa (77)
Then we determine reasonable parameters through the equation a«E(Z) = R, for
various values of R.. This equation can be written:

== R

In order to arrive at reasonable values for the various parameters, we solve the two
equations (77) and (78) in a and b for various values of the parameters «, p and R,
where we have fixed the value of A = 250. Then for the spot rates » = 0.01 and
r = 0.04 with corresponding values of v = v.(r) respectively, we solve the equation
(74) to find the value of A?. Finally we compute the value of the equity premium
from the formula (76). Some results are the following:

(78)

(a,p) [ (1,.45) | (1, .55) | (1, .60) [ (.01, .40) | (.01, .45) | (.01, .60)
R. 004 | -.004 | -.004 0045 004 .0035
a 350.23 | 104.07 | 110.34 3.76 3.50 5.54
b 140.07 | 350.23 | 278.21 1.08 1.04 87
2@ | 255.92 | 243.92 | 244.55 || 255.85 | 25271 | 257.41
e 0.024 | 0.024 | 0.022 0.026 0.024 0.026

Table 3: The equity premium e, when r = 0.01 and v = .73462, for various values of
the parameters, where A = 250. The jumps are truncated, asymmetric exponentials.

Since the equity premium is not proportional to the volatility of .S in this model,
we can not expect to obtain the simple and unique results of Section 6. As in the
case of several jumps in Section 8 and the truncated normal case of the previous
section, we typically get a wide variety of equity premiums for a given standard
deviation of the price process, as the parameters vary. There is simply too much
freedom in these models to obtain the unique results of Section 6. The volatility of
the stock is not a ”sufficient statistic” for its risk premium in these models.
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(a,p) [ (1, 40) [ (1, .45) [ (1, .60) || (.01, .40) | (.01, 45) | (.01, .60)
R. || -.0035 | -.0035 | -.0035 0045 004 0035
a 8729 | 93.62 | 113.58 3.76 3.50 5.54
b 554.30 | 420.88 | 224.41 1.08 1.04 87
A7 [[236.24 | 23753 | 241.29 || 26054 | 260.67 | 263.38
e 0.048 | 0.044 | 0.048 0.047 0.043 0.047

Table 4: The equity premium e, when r = 0.04 and v = 2.93848, for various
values of the parameters, where A = 250. The jumps are truncated, asymmetric
exponentials.

The tables 1-4 identify parameters that are consistent of the simple results ob-
tained in Section 6, and are not meant to be representative of the variation one may
obtain for e,. Obviously there is a large amount of parameter values that satisfy
this. These tables primarily illustrate numerical solutions of the basic equation (8)
for 7, and how the calibration procedure works to infer about e, in more complex
models.

Notice that, as for the simple case of the geometric Poisson process, the proba-
bility distribution of returns under any risk adjusted probability measure (Q depends
on the equity premium here as well, as we have demonstrated in this section. This
means that once we have estimated the various process parameters from, say, time
series data, and observed option prices in the market, we may find implied equity
premiums in much the same manner as implied volatility is found in various option
pricing models. This method does not require a comparison to the standard model.

11 Conclusions

In this paper we have solve an optimal stopping problem with an infinite time
horizon, when the state variable follows a jump-diffusion. Under certain conditions,
explained in the paper, our solution can be interpreted as the price of an American
perpetual put option, when the underlying asset follows this type of process.

We present several examples demonstrating when the solution can be interpreted
as a perpetual put price. This takes us into a study of how to risk adjust jump-
diffusions. One key observation is that the probability distribution under the risk
adjusted measure depends on the equity premium, which is not the case for the
standard, continuous version. This difference may be utilized to find intertemporal,
equilibrium equity premiums, for example.

We applied this technique to the US equity data of the last century, and found
an indication that the risk premium on equity about two and a half per cent is
consistent with the option model if the risk free short rate was around one per cent.
On the other hand, if the latter rate was about four per cent, we similarly find that
this corresponds to an equity premium of around four and a half per cent.

Our basic solution is exact only when jump sizes can not be negative. We
investigate when our solution is an approximation also for negative jumps.

The advantage with our approach is that we needed only equity data and option
pricing theory, no consumption data was necessary to arrive at these conclusions.
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Various market models were studied at an increasing level of complexity, ending
with the incomplete model in the last part of the paper. In these models the equity
premiums are no longer proportional to the volatility of the assets. An econometric
investigation, where option prices are observed in the market, would enable us
to find implied equity premiums also for these more complex models, since the
probability distribution under the risk adjusted measure still depends on the equity
premium.
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